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INTRODUCTION 

This book provides programming techniques and programs to make the 

fully programmable calculator a valuable design tool for the working 

engineer. This book is not specifically intended to be a textbook on 

calculator programming, although documented programs can serve this pur­

pose. Three books can be recommended for programming methods and algor­

ithms: Jon M. Smith, "Scientific Analysis on the Pocket Calculator," 

Wiley 1975, John Ball, "Algorithms for RPN Calculators," Wiley 1978, 

and Richard W. Hamming, "Numerical Methods for Scientists and Engineers," 

McGraw-Hill 1973. 

Many programs in this book are meant to be used in sets, i.e., the 

output of one program becomes the input for another through common stor­

age register allocations. The description of each program is meant to 

stand alone, and consists of ,the following parts: 

1) Problem description with pertinent equations, 

2) Program operating instructions, 

3) One or more program examples, 

4) Equation and method derivation, or references, 

5) Annotated program listing, which is its own flowchart. 

Part 4 is not present in every program. 

This program ordering was chosen so the variable definitions and 

operating instructions are immediately available to the experienced 

user. Should the user wish more information or background on the pro­

gram and equations, or the details of the program operation, this mater­

ial is also available, but is placed after the operating instructions. 

Although the program language, and resulting program flow is 

tailored to the Hewlett-Packard (HP) fully programmable calculators, 

the HP-67/97, the annotated program listing/flowchart can be used as 

a basis for gene~ating programs in other languages. 

The language of the Texas Instruments (TI) fully programmable 

calculator, the TI-59, is not very different from the HP-67/97 language 
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4 INTRODUCTION 

when considered on a gross scale, therefore, the HP-67/97 programs may 

be easily translated into the language of the TI-59. While it is easy 

to write a program from equations and flowcharts, the new program must 

still be debugged. Translating a program that has already been tested 

and debugged can lead to a new program that has no bugs at all. The 

TI program translation will also closely follow the flow of the original 

HP program. 
The differences between the HP and TI languages are mainly in for-

mat and not in form. Because the TI-59 has few merged keycodes, must 

use parentheses to set hierarchy, and must branch to a label or line 

number as the result of a true conditional test, the TI-59 program will 

be longer than the mating HP-67/97 program. This increased program 

length is generally not a detriment as it is accommodated by the larger 

program memory available in the TI-59. Because the TI-59 always starts 

label searches from -the top of the program, the program execution time 

can also be longer unless direct addressing is used, or the labeled 

subroutines are placed at the beginning of the program. 

Since the TI-59 does not have a stack to hold the results of an 

equals operation, a set of scratchpad registers must be set aside to 

hold those intermediate results normally retained in the HP-67/97 stack. 

Results residing in the TI-59 display register after the equals operation 

will permanently disappear unless stored before subsequent operations 

are performed. 
The arithmetic hierarchy of the Algebraic Operating System (AOS) 

can sometimes be a problem which becomes particularly apparent when 

calling subroutines. If an equals operation does not precede the sub­

routine call, the subroutine hierarchy will be dependent on the hier­

archy set up in the main program. To make the subroutine hierarchy 

independent of the main program, the subroutine should always start 

with an open parenthesis and terminate with a close parenthesis. This 

rule can be extended to the "go to" command also. The last statement 

prior to the unconditional jump should be an equals to terminate all 

pending operations. It will cause no harm to have an open parenthesis 

as the first statement after the label that is the jump destination. 

The TI-59 has enough program memory so that, whenever in doubt, paren­

thesis can be inserted to ·establish unconditional arithmetic hierarchy. 

The TI-59 does not have the equivalent of the 'ff2-67/97 flag 3 

function where flag 3 is automatically set whenever numeric data 

INTRODUCTION 5 

is entered from the keyboard. Because of this difference, the conveni­

ence feature existing in most of the HP-67/97 programs herein where the 

execution of a user definable key such as "A" without numeric entry re­

sults in the currently stored parameter value being displayed cannot be 

translated to the TI-59 program. 

None of the TI-59 flags are test cleared, while flags 2 and 3 of 

the HP-67/97 are test cleared, thus, clear flag statements may be re­

quired in the TI-59 program and subroutines involving the use of flags 

2 and 3. 

lhe HP-67/97 and the TI-59 both have user definable labels A 

through E, and a through e (the latter are designated A' through E' on 

the TI-59). Executing these keys from the keyboard acts like a sub-

routine call on either machine•. th · e program pointer jumps to the desig-

nated label, and program execution begins. The HP-67/97 and the TI-59 

are different in the labels called "common labels" by TI, i.e., labels 

other than the user definable ones. HP uses the label designators o 
through 9, and a given label may be used more than once as label searches 

start from the present place in program me100ry, hence a "local label" 

such as label 6 in Program 2-4 is used many times within the program. 

The TI-59 cannot use numeric labels, but uses other function keys as 

labels, e.g., "sin," "fix," etc. Th 6 ere are 2 such keys available for 

labels. The TI-59 always starts label searches from the top of the 

program, hence, a given label can only be used once within the program. 

The TI-59 is internally set up to be most efficient, time wise, 

when jumps and branches are made to line numbers rather than to labels. 

searc as t e TI-59 is in The HP-67/97 appears to be as fast lll. a label h h 

a line number search. The HP-67/97 cannot go to a specified line num­

ber under program control, hence, it is restricted to label searches 

only. There is a simple program trick shown on page IV-98 of the TI-59 

owner's manual where a program is initially written with labels, and 

the label calls have "NOP" statements following so the program can 

easily be modified for line number addressing after the program is 

debugged and complete. 

Care should be exercised when translating program coding contain­

ing rectangular-to-polar (~P) and polar-to-rectangular (~R) conversions 

as the TI-59 and HP-67/97 operate on the variables in opposite manner. 

The HP-67/97 takes the x and y coordinates from the x and y registers 
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and places the magnitude and angle equivalents back into the x and y 

registers respectively for the+ P conversion, and vice-versa for the 

+R conversion. The TI-59 uses the t and x registers for the two vari­

ables, and takes the x and y coordinates from the t and x registers and 

places the equivalent magnitude and angle back into the t and x regis­

ters respectively for the +P conversion, and vice-versa for the +R con­

version. Both machines display the contents of the x register, so the 

TI-59 will display angle or y coordinate whereas the HE-67/97 will dis­

play magnitude or x coordinate after respective+ P or+ R conversions. 

To guide the reader in this translation, several programs in this 

book have been translated into the TI-59 language. These programs have 

user instructions, examples, and program coding in both languages. Pro­

gram 1-1 has been flowcharted in addition to provide a common point of 

reference between the two program listings. 

The preceding paragraphs mention anomalies in the TI-59 language. 

The HP-67/97 language has its idiosyncracies also. Reading the program 

listings, one will notice some "non-standard" program coding. The 

prime consideration was to fit the algorithm into the program memory. 

Within this constraint, the program coding was selected to minimize pro­

gram execution time whenever possible. Numeric entries within the body 

of the program are to be avoided, and should be recalled from register 

storage. Entry of each numeric digit requires 72 milliseconds to exe­

cute while a register recall only requires 35 milliseconds typically. 

Numeric entries such as "10," "100," or any other power of 10 should be 

entered as a power of ten through the "EEX" key. The number 11111 should 

be entered as "EEX" alone and requires only 48 milliseconds to execute. 

Similarly, the "CLX" function will result in a zero in the display, and 

only requires 30 milliseconds to execute. Multiplication of a number 

by two (2, x) requires 179 milliseconds to execute, while addition of a 

number to itself (ENT t, +) requires 82 milliseconds execution time 

and yields the same result. Register arithmetic is executed faster than 

stack arithmetic when the register recalls are considered, and register 

arithmetic can save program steps. Whenever the algorithm allows, sub­

routine calls should be minimized as they typically require 240 milli­

seconds for the label search and return. Likewise unconditional jumps 

such as GTOA require 160 milliseconds for the label search typically. 

By paying attention to small details such as these, the program 
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execution time can be shortened considerably expecially when iteration 

or looping is required. For more information on execution times and 

programming hints with the HP-67/97, see "Better Programming on the 

HP-67/97" edited by William Kolb, John Kennedy, and Richard Nelson, and 

available from the PPC Club (new name for the HP-65 Users Club), 2541 W. 

Camden Place, Santa Ana, Calif. 92704. 

Even though the program coding has been chosen for minimum execu­

tion time, the program LNAP may require more than a minute of computa­

tion time before output is provided when the number of branches is large. 

Likewise, the same time requirement may exist for the filter programs 

when the filter order is large. 

An attempt has been made to choose self-explanatory label des­

criptions for the user definable keys; hence, once familiar with a par­

ticular program, the user need only refer to the magnetic card label 

markings to run the program. 

To restate a point made in the preface of this book, it is not 

possible to include programs and descriptions covering all areas of 

engineering analysis and design. The programs herein are only repre­

sentative of areas in networks and circuits (the terms "networks" and 

II • • II b d • ) 39 circuits may e use interchangeably • The programs contained in 

this book have been selected from the author's library, and have p!!oved 

to be quite useful to the author; hopefully, they will prove equally 

useful to the reader. 

The program description not only shows the equations used by the 

program, but gives a reference, or has a derivation of the equations so 

these programs may serve as a base for the generation of other related 

programs as may be needed by the reader for his or her particular appli­

cation. 

Because the programs herein cover several different disciplines in 

electrical engineering, a problem with nomenclature arises. To the con­

trol systems oriented engineer, the term "transfer function" implies 

system output divided by system input. On the other hand, to the filter 

design engineer, "transfer function" implies system input divided by 

system output, or the reciprocal of the control system engineer's defini­

tion. To avoid confusion, the term "transmission function" is used to 

mean system output divided by input and "transfer function" is used to 

mean system input divided by output. This convention will be followed 

--~-----------------------....... ______________________________________ ~ 
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throughout the book. 

The appendix has a list of a list of abbreviations used, along 

with the bibliography give the reader an easily fomld place to go should 

confusion or uncertainty to variable or abbreviation meaning arise. 

HANDBOOK OF 
ELECTRONIC DESIGN AND 
ANALYSIS PROCEDURES USING 
PROGRAMMABLE CALCULATORS 

~~~---------------------11111------------~-



Part 1 

NETWORK ANALYSIS 

~~---------------------



PROGRAM 1-1 LOSSY TRANSMISSION LINE INPUT IMPEDANCE. 

Program Description and Equations Used 

This program uses Eq. (1-1.1) to determine the complex input impe­

dance, Zs' of a lossy transmission line of length Q, loaded with a com­

plex impedance Z , and having a characteristic impedance Z , an attenu-r o 
ation constant adB in dB per unit length, and a phase constant B in radi-

ans per unit length (or velocity of propagation C ). For solid dielec­
m 

tric cables, C is typically 1/2 to 2/3 the free-space speed of light, 
m 

and is approximated by Eq. (1-1.9) for low loss coaxial cables, or cal-

culated from Eqs. (1-1.5) and (1-1.6) if the cable impedance and admit­

tance per unit length are known at the operating frequency. The unit of 

length has purposely not been given because it is to be selected by the 

user. As long as the same length unit is used throughout, length will 

cancel out of Eq. (1-1.1). Figure 1-1.1 shows the general circuit 

topology. 

r ·1 

Figure 1-1.1 Transmission line setup. 

13 



14 NETWORK ANALYSIS 

The equation that describes the problem is: 

z = z 
s 0 

1 + pe-2yQ 

1 - -2y.Q, pe 
(1-1.1) 

where P is the reflection coefficient and y is the propagation function. 

These quantities are given by the following equations: 

If the 

p 
Z /Z - 1 

r o 

y = a+jS 

a = (adb)/(20 

(3 
2ir 2Tif = -= 
7\ c 

m 

per unit length series 

log e) 

impedance, R+ jwt, 

admittance, G + jwc, are available at the frequency of 

then the propagation function is given by: 

y = J< 'R + jwL) (G + j wC) " 

(1-1. 2) 

(1-1.3) 

(1-1. 4) 

(1-1. 5) 

and shunt 

operation, 

(1-1.6) 

If Z is desired in terms of Z , Z is replaced by Z in Eq. (1-1.1), r s r s 
Z is replaced by Z in Eq. (1-1.2), and Q is replaced by -Q in Eq. s r 
(1-1.1). 

This quasi-symmetrical property allows the use of the same program 

to calculate the transmission line input impedance with a complex load 

by using a positive line length, or to calculate the complex load that 

will provide a specified input impedance by using a negative line length. 

A duality also exists with Eq. (1-1.1) and Eq. (1-1.2). The 

same equation form holds for the transmission line input or output 

admittance providing each Z is replaced by the corresponding Y, i.e., 

Y = l/Z , Y = l/Z , and Y = 1/7. • The admittance forms of Eqs. s s r r o l:l 

(1-1.1) and (1-1.2) are as follows: 

y = y 
s 0 

1 + p'e-2Y Q, 

1 -
I -2y Q, pe 

(1-1. 7) 

wher e 

LOSSY TRANSMISSION LINE INPUT IMPEDANCE 

Y /Y - 1 r o 
p ' = - -.,----

y /Y + 1 
r o 

( p I = -p ) 

(1-1.8) 
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Because the equation form is the same, the program will work with admit­

tances as well as impedances. 

In this HP-67/97 program, keys "A" through "E" and "a" through "c" 

on the calculator have a dual function role. Execution of these keys 

following a data entry from the keyboard is interpreted as data input by 

the program, and the numeric entry is stored. Execution of these keys 

following a nonnlfmeric entry, or following the "e" (clear) key is inter­

preted as an output request, and the currently stored values are printed 

(HP-97 only) and displayed. This feature cannot be translated into the 

TI-59 program. 

The data required by the program is entered in either cartesian 

(real and imaginary) or polar (magnitude and angle) form through keys 

"b" and "c," or "B" and "C" respectively. On large coax cables such as 

underwater telephone cable, both the cable attenuation and phase con­

stants are provided as a function of frequency by the manufacturer, and 

are loaded into the program using the tmits of dB per unit length and 

radians per unit length respectively. If (3 is unknown, it can be calcu­

lated from the velocity of propagation in the transmission line. If the 

transmission line has less than 1 dB loss in the length being used, and 

is of coaxial construction, the velocity in the medium (phase velocity) 

may be approximated by 

speed of light in free space c "" - - (1-1.9) 
m 

where s and µ are the relative dielectric constant and relative per-
r r 

meability of the cable dielectric and conductors respectively. For ca-

bles constructed of nonmagnetic parts, or for cables with a steel 

strength member within the center conductor of the cable and operating at 

frequencies where the skin effect keeps currents from flowing within the 

strength member, the relative permeability, µ becomes unity. 
r 



1·1 Us(•r lnsfrueflc•ns 
HP-67/97 PROGRAM 

~ 
U>SSY TRANSlISSIOll LIMI IIPUT IMPEDAROI: 

rto 17/o 
llJO i 0 compu'te c-rear en"t.r; 

f t Om Re Z0 f Im lo Re Zr Im Zi lzs l..t.Zs mode <:~ 
Xia lr/o IXlo "" o{dB+~ t f .,IZolt4Zo .1Zrlf4.Zr .1('114~ !'4 .R. 

STEP INSTRUCTIONS INPUT KEYS 
DATA/UNITS 

l Load both sides of t>rol!:ram card 

J Enter transmission line Parameters 
Une loss in dB/unit l_ength o<dB [ ( _I 
phase constant in radians/unit length ~ f" • _I 
frequency in hertz f I 

Tf' v.,,1,...,-1+.v nf' ,,.,.n!'n~a+4,...., 1 s ,,...,,....,.., 4 ... .,+ .... arl 
of phase constant, enter dummv value of 1 

for Phase constant in stet> 3 above. then 
Enter frequency in hertz f CT=1 
Enter propagation velocity• c... []' J C.!--:J 

• note• 
The units of len~th must be consistent 

+'lo. ..... ·1~hout t.h .. da+.a i . e al 1 in ... A+A-s 

or feet. or ..,41aa ett? 

3 Enter the transmission line characteristics 
at the chosen analysis frequency 

magnitude of Z in ohms lz,..I CD 
phase angle of-Zo in degrees 4 z,, [. B] 

OR 

real part of z,, in .. 1ohms Re z,, CD 
imaginary part of Z0 in ohms Im Z0 LLJCLJ 

4 &1.ter load impedance 
magnitude of load impedance in ohms lz ... I CD 
phase angle of load impedance.in lt. Zr CTI 
degrees 

OR 

real tiart of load imnedance in ohms Re Z- ITJ 
imaginarv part of load imt>edance in n. Tm z .. coco 

OUTPUT 
DATA/UNITS 

STEP 

5 

6 

O!n 

7 
~ 

8 

9 

1-1 

U>SSY TRANSlISSIOM LINE INPUT IMPEDANCE 
HP-67/97 
CONTINUED 

INSTRUCTIONS 
INPUT 

DATAJUNJTS 

Enter transmission line length ± .P, 

+Jl. to calculate Zs given z .. 
-2 to calculate Zr given Zs 

Optional, printout or enter refl coef 

P entrv l~I t 4. ~
0 

tJ printout 
\ 

Of the three variables 7.,.. z- R.. 0 
\ 

either Zo & Zr or z,.., & P 

are required, 

Comnute lzsl . x z,. ( lencrth po si ti ve ) 
IZrl. !Zr ( length negative ' 

To clear input mode and initialize nro"'ram. 

To review int>ut data 

NOTE1 
The angular mode of the program is degrees. 
All an1n1lar data input and output is in 

de'1;rees with the exce'Ption of e . The 
angular mode should not be changed as program 
malfunction will occur because of R•D and 
O.R conversions that are used. 

KEYS 
OUTPUT 

DATA/UNITS 

ITl 

~ ri~ 
[D~ 1~1.4('

0 

L~ .I I D J lzl,4Z
0 

COITJ 

I r J ITJ 
[f=:J CA:.:] f • Om 
u::J O(,i.,,(:l,f 

[f=:J CLJ ReZo,ImZo 

ITJ lzol .1..z; 
IT_] C::::U ReZy-,ImZr 
[L] lzrl • .tz .. 

0 

LILJ I~ l.~P 0 

LLJ J!_ 



1·1 Ust•r Insfru~flc•ns 
__ • .,..., Tl-59 TRANSLATION ... ..__ 

~ 
LOSSY TRANSMISSION LINE INPUT IMPEDANCE TI-">Q) 

STEP 

Om ReZ0 , ImZ0 ReZr, ImZr calculate 
IZrl ,4.Zr 

o(d81 $' f lzol , 4. Z0 lzrl,.2\..Zr fputputp I t.is. 
Tl-59 TRANSLATION 

INSTRUCTIONS 
INPUT 

DATA/UNITS 

.... ?. __ b~~-~!J.E.~l~~-~-~-~J}/uni ~ lei:i.&!-1:1 ____________ ~~-~L-
,_ ____ Loa_~~in!_E~~~!--~-~nst~:i~ _ _;E__:.~ L~i:i.~~!1~.~h ___ -·---~-----
··- ______ Jf.~_~!:_~ __ !.~.!~"?~~Y..J~-~--~~~--~~~!um, is __ ----·-··---

··- -----··- --~~~E_ in_s._~:ad !-~~-':--~--!_~~--@_?!. .. ~----·--·-········ -·····----·-
. Load analysis frequency in hertz f' ,___ -·-----···--··--··-----..-----... --·---..--·-----~·-·----------· ..... _____ _ 

---~ --~!-_~~-~-L~he transmi s-~~~-.!.i:E~_5:?arac teri ~~ --·-------
--- _ _!_~-~dance in -~~ la! __ o r -~ctan~.!.~~ -~~~!-~-- - -·--- ·--····---·-
---- ____ _.Eo lar .'?.'?.:~~~i.E.1:.~-~-.!!1-~~~-~~c!.!'___ -· _J~oL.:£ .. 

phase angle ~ Zo 0 

---··- - ---.-----·---·---------· .... ---·-··-··- · · ------·--~-----·- ---·-·--L-..... 

,____ ----~-!-.~E..~l~-~~.::<?!.~~~-.!-.E!.~L!.~l.J>!:.~~-----··· •... Re _ z.9.! n 
imaginary part Im Zo n 

~----- ----------------------~-------·-------- .. ...- .......... ~ ..................... .......__.._ - .................. ... __ , __ 
5 Enter load impedance at the analysis freq as 

1---- ---·-------------· ________ .,. ___ _______________ 1.....---·--·-
>---- -~~-~~~-!'. . .P.<?}~_!'_.<:_~taEZ_\:l]_i:_~-~!:_"!.-!: _______ '-·-----

>----o------_p-~J.-~LlE.::<?.!'dina te s !----···--·-------- ~-.J~.rL.E-_ 
4 Zr ., 

>--- ~--------·-~--------------- ------- ----------------------- L--·-------'·--

.___ ·----------·-····--·-·--·-·------------------------- ·--~~.-~.I:.•ll 

£ 

KEYS 

,_____~ ___!B~~ - tr~nsm!_s~io.!!J-2-E~-~-~~g_!'._~ ------------- '-·---~g______ U=:J 
~--- ,_ _______ :t:g __ !:?_~~lcul~ t~--~§.._g_!_y~~-!l:_ __________ ~----·-

~- ,_ ______ :g __ !'.? __ ~alcu_~a te Zr gi ":~:'--~--------- '-----------

8 To calculate Zs (or Zr given negative length) ------ ----.--·----·-····-·---------·------·---------···----- ___________ ..,... 
t----·-~------....._----~-----·-----·-----·---·--·--·-- --------·---·- l-----·· 

• If the TI-59 is attached to the PO-lOOA ---~---------------------------·-·------··----~---·- ~----·-

,___ • ._ _____ E.!:~~~er , ___ th~~2.C:!1i~!:.~.\.1!.~...! !__!>~---·-- '-·-----·-
,____ _ ______ _p_~~-~te~ __ wi thou!-_!-.ELflLU~mm~d ·------- ---------

c;~ 

OUTPUT 
DATA/UNITS 

>-·---

>-------
·----·--·-

r--------------
------··----

,__Jf_l_ __ _ 
--~f~---

t--------
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Example 1-1.1 

2.8 n-rni. 

1000 pF 

Figure 1-1.2 SD coaxial cable circuit for Ex. 1-1.1. 

Type SD underwater telephone coax is to be used at 0.72 MHz. 

cable section is 2.8 nautical miles (n-mi.) long and is loaded by a 

series RC network of 100 ohms and 1000 pF as shown in Fig. 1-1.2. 

the cable input impedance, Z , at this frequency. 
s 

At 0.72 MHz the electrical parameters of SD coax are: 

z 
0 

= 2.070 dB/n-mi. 

= 42.511 radians/n-mi. 

44.625 ohms at -0.315 degree 

The RC load impedance is: 

Re Z = 100 ohms 
r 

Im Z -j/(2TlfC) = -j221 ohms r 
The input impedance of the loaded coax is 66.902 + jll.167 ohms as 

obtained from using the program and shown in the printout below: 

PROGRAM INPUT PROGRAM OUTPUT 

2. 6?6 ENH adB' dB/n-!!d.. 
G·S'B1:J calculate 4i:.511 ENTT s, rad/n-mi. z 

67.82? izs 1, s 
• 72+06 GSBA frequency, Hz 

."f:."f::;: ohms 
9.476 --+: .-;:i;: 4 Zs degrees ' 

44.2t.5 ENT-1 IZo 1, ohms '\·' ...,. ~ .. 

The 

Find 

~ "'' GS Bf 4 zo, degrees 1 .. 1 +- 1 
-, -5.J. ._I 

-tF-: 
convert to re ct 

100.00& Etfrt Re Zr, ohms 66.962 -l*--+: Re Zs, ohms 
-221. [11]0 11. 16? :+: :+: :;: Im Zs, II 

G·sec= Im Zr, II 

2.806 GSBE length, n-mi. 
;·.s-EJ,\ calculate Cm 

72130[10.l][!ft *-*:•: frequency, Hz 
1e6417. 60B :#::+..-.. Cm, n-mi./ sec 
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Example 1-1.2 

Using the type SD underwater telephone coax of Example 1-1.1, find 

the load impedance at 0.72 MHz that will result in an input impedance 

of 60 + jO ohms. The length of the coax is 2.8 n-mi. as in the pre­

vious example. 

When using a lossy cable, a negative real part in Z will be re­r 
quired to obtain values of Z greatly different than Z • s 0 

if at is greater than 30 dB, the input impedance will be 

Furthermore, 

nearly Z , in­
o 

dependent of the load impedance. 

In this example, a negative line length is loaded to use the quasi­

symmetric properties of Eqs. (1-1.1) and (1-1.2) for calculating Zr 

given Z • s 
The HP-97 printout reproduced next shows a load impedance of 

67.396 - j73.338 ohms is required. The equivalent load network is also 

shown. 

2.670 
42.51i . 72+66 

44.265 
~.,,. 

- • ,; J. ._, 

60.eioe 
6. 0itti 

-2. E;(f(i 

PROGRAM INPUT PROGRAM OUTPUT 

ENT-t adB ,dB/n-mi. 
ENTT S, rad/n-mi. 
GSB~ frequency, Hz 

ENT ·t 
12 0 I ' ohms 

l;'jt:t; 4 Zo, degrees 

Et.JT"t Re Zs, ohms 
;;·sac Im Zs, II 

G:.SBE 

67.4 ohms 
0 ,,, 

Zr ......... 

0 

GE:Bc~ 
:..~~;. 663 .'f:.y .+. 

-41 .418 **·'-· 
;x; ;. -~. 

-:tF: 
61. 3~t: :o;:i;:i;: 

-73. J.3B ;f:i;:i;: 

2.t166 Pi 

.;-z+0c. x 

1.·' ·,:/ 

calculate load 
lzr I, ohms 
~Zr, degrees 

convert to rect 

Re 
Im 

z ' ohms r II Zr, 

calculate 
equivalent 
capacitor 

3.014-09 *** C, farad 

1 
3014 pF 

T 
Figure 1-1.3 Equivalent load network. 

z r 
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Example 1-1.3, TI-59 Program Example 

This example is the same as Example 1-1.2 where the problem is to 

determine load impedance, Zr, that results in an input impedance, Zs' 

of 60 + jO ohms. The line length is 2.8 n-mi. Because Z is to be cal­
r 

culated given Z , a negative line s length is used. The PC-lOOA printer 

output is shown below. 

Note: 

PROGRAM INPUT 

~'.:'.11 !) ~-' 
L~<2 u ~=; i j 

.:f r·+ , ;2 E, ~:; 

-· Ci • :3 1 ~:; 

t.1). 

o. 

t"': c:; 
!_! .. ) 

PROGRAM OUTPUT 

1 5 ! ) :~i :_:; ::::~ ::~; :s ::: :.:.: 
1 = Ci .t ;:.~ .? f 1 ~:·:~ ;::~ :3 .:::. 

:::1 ::~ .. 1.:' !] : :: C1 ·~:: ti ~l 1:::1 

- 4 '? = -=i 1 ·;. t ~) a:.} •3 1 :~ : 

adB, dB/n-mi. 
S, rad/n-mi. 
frequency, Hz 
C (output), n-mi. /sec 

m 

jz
0 

j, ohms 
4 Z0 , degrees 

Re Zs, ohms 
Im Zs, " 

line length, n-mi. 

IP!, dimensionless 
4 p, degrees 

lzr I, ohms 
4 Zr, degrees 

the PC-lOOA printer will not print the mnemonic representing the 
input key. The HP-97 does this automatically when in the "norm" 
mode. 
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PROGRAM FLOW DIAGRAM 

LABEL A, Input/Output of o(_, ~, and frequency. 
... 

Temporarily store the frequency in register A, 

I Input data format: 
e<, (:3, and freq 

set flag O to indicate label A as subroutine 1 entry, 
clear flag 2 to indicate R•P not needed, 
place 0 in X redster as r/o index. 

Go sub subroutine i to store I/O index and I/O I 
the data in polar fo rma·t. 

J. 

Calculate Om::. (2itf)/e and store in secondary register 5.I 
J. 

Go to label 7 for paper space and return.I 

l,.A;a~~ 12' Input/Output of Z0 , the characteristic 
impedance, in polar format. 

J. 
Place i in X register as I/O index and go sub 
subroutine ! to store I/O index and store/recall 
I/O in polar format. 

~ 

Go to label 6 for data entry test and p calculation 
if' new data has been entered. 

LABEL O,Input/Output of load impedance, Zr, 
in olar format. 

Place 2 in X register as I/O index and go sub 
subroutine 1 to store the I/O index and I/O data 
in olar format. 

Go to label 6 for data entry test and ~ calculation 
if new data has been entered. 

LABEL D, Input/Output of reflection coefficient, p, 
in polar format. 

Place ' in X register as I/O index and go sub 
subroutine 1 to store I/O index and I/O data 
in polar format. 

Clear data entry flag 3 , space, and return.I 

Input data format: 
IZol ' 4- Zo 

I 

Input data formats 
I Zr,, 4 Zr 

Input data format: 

If I , ~ p 

LOSSY TRANSMISSION LINE INPUT IMPEDANCE 

PROGRAM FLOW DIAGRAM 

LABEL E, Input/Output of the line length 

Flag 3 7 

Recall and print R4, 
o to label 9. 

Space paper and return control to keyboard. 

LABEL a , I/O of frequency and velocity 
in the medium, cm. 

L 

Place 5 in X register for I/O index and go sub subroutine ii 
to store I/O index and store/recall data. 

Calculate and store ~ .. ( 2nf')/Om.I 
,&, 

Space paper and return control to keyboard.I 

LABEL b , I/O of characteristic impedance, Z
0

, 

in rectan ular format. 

i • X for I/O index, go sub 0 to store I/O index, convert 
data to olar format and store olar data. 

Go to label 6 for data entry test and f calculation if 
new data has been entered. 

LABEL c , I/O of load impedance z 
' r' in rectangular format. 

2 • X for I/O index, gosub 0 to store I/O index, convert 
data to polar format, and store polar data. 

Go to label 6 for data entry test and p calculation if 
new data has been entered. 

23 



24 NETWORK ANALYSIS 

PROGRAM FLOW DIAGRAM 

LABEL d , Calculation of complex input impedance, Zs, 
in 'DO lar format . .. 
Calculate and store pe-2tJl. I 
Calculate and store K = ( 1+fe-2U)/( 1-f)e-2

i1'.1?) in scratch 
registers R8 and s8. (m~qn1tude and anQle). .. 
Use register arithmetic to form Z6 = Z0 •K.I -Recall, store, and print jz0 I and+ Z0 • f 

.L 

Space paper and return control to keyboard.I 

, Clear input mode and setup fla s. 

Clear flag ~ to indicate non-numeric entry, and 
set fla i to indicate output is required. 

Return control to keyboard. 

LABEL O , Change rectangular input to polar and store. 

store index; X • I 
convert data to polar 
set flag 2 to indicate conversion was performed. 

Polar data storage. 

LABEL 2,(first label 2) 
4 ( ) .. seoondary regi eter ( i) 
j( )I - primary register (i) 
recall A re ister to X register. 

Continued on next page. 

LOSSY TRANSMISSION LINE INPUT IMPEDANCE 

PROGRAM FLOW DIAGRAM 

LABEL 4 • 
Recall P(i) & S(i) 
to X & Y registers . 

LABEL 2, 
Convert P • R 

Print X and Y 

Recall register 5 to X register. 

Flag 0 1 -

Return to main ro ram. 

Calculate (Z~Z0 - 1)/(Zz/Z0 + i) = p , 
and store magnitude and angle in R3 and S3 

ectively. 

space pa er and return control to ke board. 

25 



1·1 

001 .tLBUi I/0 OF o<dB' ~ , AND FREQ 
002 STOP! 
063 F..' 4 
!304 SFfl 
005 CF2 
006 f1 
007 GSB1 
0138 CF@ 
B09 CF3 
0Hl Pi 
011 Pi 
t112 + 
013 RCL5 
014 x 
1315 
016 
01? 
018 
&19 
@2[1 
02 1 
022 
823 

RCLB 

ST05 
GTO? 

:+:LBLB 
EEX 

GSE:1 
GT06 

I/O OF J~Q I , 'X- Zg, THE 
CHARACTtJUSTIC IMPEDANCE 
IN POLAR CO-ORDINATES 

l~24 

025 
.tLBLC I/O OF l~rl '4. zf, THE 

.::. WAD IMPt:UANCE N 
026 GSB! POLAR CO-ORDINATES 
02? GT06 
1328 !f:LBLD I/O OF I ~I ' £ ~ ' THE 
(l?Q 

030 
031 
832 

3 COMPLEX REFLECTION COEF 
GSB1 IN POLAR CO-ORDINATES 

CF3 
GT09 

BJJ * LBL£ I/O OF THE LINE LENGTH 
034 

038 
039 
fJ4B 
&41 
042 
843 
044 
!345 
04£ 
047 
048 
049 
850 
t151 
&52 
053 
054 

F3? 
GT02 
RCL4 
GT08 

.tLBL2 
ST04 
GT09 

nBLeo. 
5 

GSB1 
CF3 

RCL5 
£NH 

+ 
Pi 
)( 

P-<c· .. ~. 
P.CL5 

STOB 
GTO? 

I/O OF FREQUENCY AND 
VELOCITY IN THE MEDIUM, cm 

057 GS80 IN OAR'!'.t;~l,J\l'j uu ,... N&' 1,',C..;) 

058 GT06 
059 tLBLc I/O OF Re Z , Im Zr, THE 
060 2 WAD IMPEDANCE IN 
061 GSB0 CARTESIAN CO-ORDINATES 
062 GT06 
063 :tLBLd CALCULATION OF IZsf, 4 Zs, 
064 l<:CU THE COMPLEX INPUT 
065 RCL8 IMPEDANCE 
066 F.:CL4 
067 x 
868 
069 
0?8 
(3? 1 
072 
t1?3 
&?4 
0?5 
076 
[1?7 

078 
079 
08t1 
081 
082 
083 
084 
085 
086 
L18? 
088 
089 
090 
L191 
092 
093 

EEX 
1 

CHS 
lflX 

_:{ 

STOP. 
P:s 

RCL3 
RCL0 

p;s 
RCL4 

_:{ 

£NT1 
+ 

RCLP. 
7R 

STOP. 
ff.\ 

+ 
V·+'.! 

'' ~ I 
STOB 
X:\' 

.;.p 
094 8TO? 
095 x:·r· 
1'.196 ST09 

1e1·e-20(Y = l~e-2H I 
4p 
~ , radians/length 
~ , degrees/length 

i 

Re(pe-2i.P) 

1 + Re(~e-2H1) 

Im(~e-2t.e) 

Ii + f>e-2~.Rj 

4( i + ~e-28.0) 
09? RCLB 
098 CHS Im(i - fe-21i) 
099 ffX 
100 RCLP. 
101 - Re(i - ~e-2 ' 1 ) 
182 .;.p 
Hl3 SH-? 
104 x:r 
105 ST-9 
106 RCL1 IZ0 I 
10? STx7 
108 P:S 
109 RCL1 4Z0 
110 P:s 

055 
056 

ll:LBU:, 
EEX 

I/O OF Re Z0 , Im Z0 , THE 111 ST+9 
OHARAOTERISTIC , IMPED~OEIREGISTERSl 112 /t.'CL9 4 Zs 

o 0(. 'dB/.£ 1 lzol 2 lzrl 3 I~ I 4 .P. 5 freq ~~,scratcl 7rr\ z j B lz I 
soQ. rad s1 
~-y:- 4-Zo 

A scratchpad 1° IC 
scratch pad scratchpad 

D 

SB 
4Z 

59 

index 

RCL? 
7R 
7F' 

ST08 
Pl?T>r.' 
x:r 
p;s 

1·1 

IZsl 
}- eliminates neg magnitude 

\Zs\ 

113 
114 
115 
116 
117 
118 
119 
128 
121 
122 
123 

ST08 4- Z8 p;s 
GSBB 
GT09 

124 
125 
126 
127 

fLBLe CLEAR INPUT MODE 
CF3 initialize and set flags 
SFl 
RTN 

u~ 

129 
lJ0 
131 

*LBL8 change reotangµlar input 
STOI to polar format 

RJ· 

132 
133 
134 SF2 

139 •LBL2 
[g~ *f~~~ data I/O in polar mode 

137 STOI 
138 RJ. 

140 F3? test for input 
~_14_1~-~-~S~·B_2 _ goj.o _inpu~ routine _ _ _ _ 

142 F1 9 test fpr output 
~-143 GSB4 _go~ outp~t routine _ _ _ _ 

144 SF1 
145 RTN 

~146 *LBL2 input data storage routine 
147 SF3 (data stored in polar fonn) 
148 P:s 
149 STOi 
150 
151 
152 
153 
154 
155 
156 
157 

P-+c +-·-· 
IU 

sro; 
RCLR 

FtJ? 
ST05 

CF1 
RTN 

t.LBL4 data output routine 
159 
16!!1 
161 
162 
163 

-164 
165 
166 
167 

P~.S 

RCLi 
P:S 

RCU 
Fr 

GT02 
PRTX 

RJ. 
PP.T.~' 

-p .... R required? - - - - . 

LABELS 

168 RCLS 
169 F0? 
170 PRTX 
171 RTN 

L+-172 •LBL2 
173 -*R 
174 PRTX 
175 RJ. 

recall frequency 
print required 1 
print frequency 

convert polar data to 
rectangular format and 
print results 

176 tLBLB print and space subroutine 
'' 177 PRTX 
'-178 GT09 iz:oto SD.aoe subroutine 

179 •LBL6 ~ calculation 
180 CF2 
181 F3? ~calculation needed? - -
182 FJ? 
_1_83_--'-G_T0:....;.9 ~to_!!Pac~and ret urn subr _ 
184 PtS 
185 RCL2 
186 RCL1 
187 
188 
189 
198 
191 

1-o-192 
193 
194 
195 
196 
197 
198 
199 
W0 
201 
202 
203 
204 
285 
286 
207 
288 
209 
218 
211 
212 
213 
214 
215 
216 
?17 

'-218 
219 
220 

PtS 
RCL2 
RCL1 

4-Zr 
4Zo 
4(Zr - Z0 ) 

IZ~ 
IZol 

X=8? 
GT09 

exit if' I Z0 1 is zero - -

-*R 
STOA Re(Zr/Zo) 

ED:: 
- Re(Zr/Zo - 1) x:Y 

STOB Im( Zr/Z0 - i) 

7p 
STO.J 
x:i' 

ST06 
RCLB 
RCLR 

EEX 

IZr/Zo - ii 
4 (Zr/Zo - i) 
Im(Zr/Zo) 
Re(Zr/Zo) 

+ Re(Zr/Zo + i) 
-+P 

sr-:;:; lfl 
XtY 

ST-6 4 p 
RCL6 
PtS 

ST03 

- - - - -

•LBL 7 P~S & space subroutine 
PtC: 

•LBL9 space and return subr 
SPC 
RTN 

FLAGS SET STATUS 

f/o:len~th 0
1abel A? FLAGS TRIG DISP 

1/o:r.o .... bI/O:ReimZn ~/O:Reimzr'balc. Zs 
e clear 1 input or ON OFF 
input mode outnut o • DEG • 

GRAD 
RAD 

FIX • 
4 pr1nt. 1n 2cot1 ""'".L''-n 1 • 
DOlar data fmt 2 • 

7pil!s,spc,rt 8prt,spc,r 9 spc, rtn ilata entry 3 • 

0 
P - R 1!/0 index 2.tocal lbl 3 SCI 

~~ s 



1 ~1C1;? 
Ci i]:::; 
r~1Ct 1;!. 

006 
00'? 
oo:::: 
00'~~ 
c: :! Ci 

;J l :: 
01 :~: 
() :i :~ 

Ci 1 ~.~ 
C! 1. (1 

(117 
0 :;::: 
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1-1 Tl -59 PROGRAM LISTING 

:i 1 fi -----------
g~ to-pri;t-;;,-R/s-

.c:. ~:: ::n n store and print routine 
00 UU o( dB 
·~ ... F r· T (J :::~ ~~~ lj :::: f: -r f .. ! I,,'.) I::! Ir::: I - - - - - - - - - - - - .J... _ _,__....;;;;,.;;;;;...;_..o;;..;.~~.U---....,..-------t 
":.fl R.····:::; r f'lan t=l U~:·,~) ,- ·i::, L.E:L LOAD jZ0 1 

~~ -r- - - - - - - -
.. 1-2 STD store and print U ~7i6 1 c~ t:: __________ _ 
1 O 1 (I f3 0 5 ? 4 ~~ ::; ·n J store and print 
':~ '3 Pf.:'. T _ _ _ _ _ _ _ _ _ _ () '5 :=,:: Cl 1 C 1. I Z0 I 
·:.11 f(.·'S -~A...P _F8$gUJ:tiO.I_ _ U5 9 99 f' Vi" ________ "--
.:: .. 2 ::;TfJ store and print U6 U 9 1 F:/::;; -~~D-~EQ... ______ _ 
c15 c~:; frequency 06 J 42 :::;T!.J store and print 
•;1 9 pp T _ _ _ _ _ _ _ _ _ _ _ _ _ UC ~::: ; l :i. :i. 4 Z0 

Ci ( , ::::: '::! 1:.i F1 F'. T. 65 
O? .-. 

.:::. 
£, ~i ::< 
:::: 9 11" 
'9 :s ·-

c@,lculate and 
store 2rrf 064 

Ci tc ~j 

cit, ( : 

1:1::: AII\?1 
--------------· 

6 i CTiJ goto ~ calculation 
?Cl ~~·i::P .. i subroutine 

iJ t i::.. .. : '.1.· ~-·· F!:: 
....:::.....;;;;_:;;__~-=-- - - -- -- - --- - - -- -

019 ?6 2'.1:. 
_,,....,..,.,.....--=r= .. , -~--"-"-~---------------

!J t, ~:~ 
07 U 
1)7-1 

9 •;; PF:T print and store 
C? Ci ~:i;:-) calculate and 
U:~: :I. 43 F'. CL. store Om 
u2~;; : :: J. u Jc 

Ci2.::~ 
9 ~~; -· Cm = _2Jrf_A_ 
.::~. 2 :::; ·r LJ I 

c~~:: s 1 :5 1 ~5 
-.,..;,;,...-',-----'~-~ - - - - -- - --- ---
(t2f. c12 2 

uo 
set flag 7 if 
calculator 
attached to 

Cl? 0 '? printer 
6 ·:) [] F' 

o ·t ~~ 

07' :=: 
074 
075 
076 
077 
c17::: 
0 79 
OGC! 
1)8 .L 

:::::2 :=-u T _B_e~.o _______ __ _ 
·::i t R/S _ !:QAP_I~~- ____ _ 
2 ;:;:: I NV convert to polar 
:::: .? F' . ...- F.: - - - - - - - - - - - - :... - - -
42 STD store 4 Z0 
11 1 1 
:32 ;:.:: t l - recalfand-stor_e __ 

4 2 STD lzoJ 
01 0 1 _________________ ,_ 
-::i ::: fiIIV go to~ calculation 
6 1 Gi"O subroutine 
7 0 RA D 

:·": .·-1 .· 1 : ... :.:_' :.~.-~.! i.·.·.: i_, • • '.;1 . ....,,L=_,,.:....;,,1 1:~,_ • ........;;;;...;;.....__;;...=..:....:.. - ___________ _ 1J::::2 
c1:=::3 ~J ::.: ::::: ~· :3 f~'. c: L_ 

!):35 
F~): ~: (, 

Ci4 ~:
1 

c14.::! 

., t:" 

·' · •. I 15 

I~ ::: i=t ll \i 
9? E'T t·l 

z::~ :~: F.~ c: L. 
2:E~ 2E1 
'}5 = 
4.2 ':; ro 

recall Cm and go 
to IVs or print 
routine 

~= 
2nf 
a;-

CJ~:: ~) 

!J ::~ t::i 
(1;::·? 

NOTE: The register assignments are the same as the HP-97 program. 
Read SO as Rio, and RA as R2o' etc. R26 - R28 are scratohpads 
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1-1 Tl· 59 PROGRAM LISTING 

100 
1 0 l 
tCI? 
j o:·:: 
1 (IL.r 

J I) :,i 
1 oi:.. 

1 1 :,1_1 
: :1 J 

~09 
I 10 

l :! ;.: ~ 

} j 3 

-: : .. -
t .L ._: 

13 ::: Ft It 11.i1 __________ _ _ _ 

C~2 Il··~ 1~11 convert to polar 
:37 P/r;:'. 

~·i:. L.BL ~ calculation 
70 F::AD _ _ ____ __ _ __ _ _ 
,:;1.::,: ~'.CL cal culate & store : 

r:t ::::; F~ c: L_ 
t 1 l 1 

t 1 (t :.:: 2 :-:: .. 1 .. 
-.- .. -. -, -=-=~-'--- -- - - --- - - - - -

12 :~: 
1 .-, • 
_ .:.~ 

; .-, -.. 
... L. : " 

l ;?!~: 
I 2:~ 
1 :31] 
: .·-: .· 
i. .::: .L 

:.:; . :~; F'.C:t... calculate & store: 

= •. . . · F~ c:: l._ 

:3 2 ~:-:; .r T _____ __ ____ _ 
:::_: 7 P / F'. _ ~ol.}yey_t _t.Q.. .r~c_t __ _ 

;~ ::;J~ store Im( Z/Z
0

) 

--- - ----- --:32 ;:-=: ~ .. T 
42 STD store Re(Z/Z0 ) 
·-i ,--, .. :. 

r::.. •:1 ::::: ::'1 - - - - - - - - - - - -
'"'7 c:.-
i' ·-

1 calculate & store: 
u]. 1 

42 ~TD -------- -- -----

--"-i ....;;..:::....;..? _ _;;1;..:::=-: ___ ,-....:· ::: ...... -. _ ~t~r_e~ ~~r~~o-: !~ 
43 F'.CL recall & store: 

_1_;;.::-":·.-_.I ..__;;c::...~-.:....{ _-=:~~7 __ IE1(_ Zl'lZ_g _~ .!) __ _ _ 
1 ·:1-IJ :::2 :,.:: l T 
141 .::!·2 STD store lzr/Z0 - i I 

_1_,4,.,.:::._· _ C_1 :_3 _-=0-"'-:~: _____________ _ 
4 :~; Li :.:: F.~ c: L .. 

2t: form Zr/Z0 + i 

= 
4 ·:· ·-· 
4 ·~ ,. 

:3 2 >=: i T _ _ _ _ _ _ _ _ _ _ _ _ _ 
22 I t·~\·1 convert to polar 

~ !~" ·: 
: . _ _: .L 

:~:; .? F1 
•• ••• r~'. ____________ _ 

:::::·~: 1 I !··.i\=: use register 
.:.!A ::::;:::-.-: arithmetic to form: 
: .·-; y e. 

_.:..-'-'·-·_;:. ·_' ---' .. "-'·. · -;;;_~: -=-·~ ""-.. ::: - - - "'±. - - - - - -
.. ::;,:: \ :· T use register 
?? ~: !··i\i arithmetic to form: 

1 5 t• 4 '3 p RD I f! I 
157 o::::: 03 ---------------
15::.: 92 PTi·~ rtn to main UP'lll 

l '.::1'~ /6 LBL ~ OUTPUT ROUTINE 
..::.1...:::t:."""'C;;....1 __,-=-j ·..!..·:i. _ .::D _____________ _ 

:.... ·.: 
· ... =::._ 

•• - I : 
ij :;a 
.. .,=--·= 
; : . .: ., -
,. J 

43 F'.C:L . recall I~ I 
C) :::; CL? _ _ _ _ _ _ __ _ _ ___ _ 

I:~: ~5:~; _ ~~~-P~:n_t_o~ -~~-
4::: F:'. CL recall 4 ~ 
l ::.: i ·:· 
71 SE:R - ~t; irint -;;r-i/s -
f: ;:; i· ·~ Q F' _ _ _ _ _________ _ 
'3::: HD) space and return 

? C L. t; L. CALCULATE Zs 
-:i · -:• -J; :_::~ T! = _ .. ...;;;.~_. ___;;..._;;_....;-"'----- - - - - - - - - - - - - -

::+ . ··; !? C: L_ 
C) C! C~ (J 
::.~. ~ · ... ... : . . 
: '.~ . :~: f:'. c: j_ 

form 0( R.. in dB 

~ -·-:. . - · • .I 

..,....::, ... ,....,, .. _· _t;;;,.,.i :...;..+ --=lj-'-::~. - - - - - - - - - - - - - -

,":::: 5:::; convert to nepers 

t.i l 

2 :3 L. 1 ·~.1 ::< 
~-='. ;::: t .. rJ c~ 

.·-. 
· ... · 

:-- ~ : i ::+ 
;:; ;::; :=-i~ 

..;....;;;....:::..._=-=... __ - -- --- -----------
:~:·:! ·~ : 4 + / ·- calculate: 

e -2c<P. 

4 :~: f.: 1 __ : L. recall 4f 
1 .-, ·- .:.: 
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1-1 Tl-59 PROGRAM LISTING 

200 
·::· ri i :.1··- · ... 

:2U9 
2li) 
211. 

( 

F.:CL. fonn ~.Q in radians 
10 
::{ 

PCL 

.-, .. •••• t::' .-! • .. ! 
-=···"-'· -::..i· :;:::.:.~. _ _;·.._-.i __.,. _ __...'--.. - - - - - - - - - - - - - - - .. 

+ 
~: 21 01 1 

form: _2 '8.£ 
1 + ~e .··1·-· ·-· ,·-,c:- '.""".'. 

.::.::.:_:'-:_" L==·"·--·=-""-=-·-·---- - - - - - - - - - - - -
·:1 ·-· ·::: .:.._...._._, 

224 
22~i 

.-,-.L (1 -2 ~f2) r:.~ 0 Re -\e 

= 

246 22 Ir-~ '/ subtract from 
;:~4? 49 F'F'.D memory 
24 ::: 07 07 _____________ _ 
249 43 ~'.CL recall IZ0 j 

·::r=:c: 
~ ._i ._1 

c·~ ihi 
._ : 1_: ! ! 

2::5;=: (i '/ 

use register arith 
to form IZrl 
use register arith 
to form 4. Zr 

- - - -

...::;:.::...;: ::::...i :~3 _ _;::::..;-: :.._=='":)~::·: __ : i;_. -_1· - - - - - - - - - - - - - - - -

;~'. €:= Ci ;;1- :_:; F ~ r_: L. recall 4 Zr 
• •• :_.

1 1.·~_-, •• () ,;~ Cr ;! 
-=-.::......;;-_;;...,=.,.--,,,--~ - - - - - - - - - - - - - - -

:,~::'.<: :~(? F:' ..'i? eliminate negative 
I H '/ magnitude 

.-. .... ... ·._:,_. ·.::-: ,.... .• 1-. 

-=:::_::...;i:=-"....;..i·_--=-.:,,--~~~~:--'.. ·~"'.'."'~:::--;·; - - - - - - - - - - - - - -
2C 5 ,::1.2 ::::, i U store 4 Z 

· ... =~ 
: .. : i· "i'" 
/·1; ! 

=-i :·::: 

;tc,;e-lzf- - -- - - -

::;B~~ -ioto-;ri;t_o_r_F/s- -
~~ ? :t (:= ;:::; 1"·! CJ F> _____________ -
Z?C1 71 

...:::· :~""".: -"""? ..::;.··::: _ ____:;;_...;:_--',-'-., =:-··""""• 
=i· . .:: r::. ! ... · ! .... recall 4 Z 

~~~ ·7 ::::; 1 ~:~: ~ = ... : _______ -' _:,_:_ - - - - - - - - - - - - - - -
;~?4 ,. l ::;r:.::r-z: goto print or R/S 

··, .-. c--
~ () ._ 1 

"
0
wll

0
"1":: 

:::~ ;:1 :· 

;~~ ;:'. :;i 

u ( Ci? 
:;: ::: ::; I t·~ 

91 F.:/S 
92 RTH 

stop & await start 
return to ma in pgm 

print 
rtn to main program 
U>AD LINE LENGTH 

_~_::'. _'~_() __ l _'.~")----'t-""-·~ - - - - - - - - - - - - - -
;:::'?- :t 4:2 ::: T[J store line length 
;;~:~!2 

~~ 13:3 print line length 
;2 1:,4 ::i :-:_:~ ;: __ ; .A _r.·1 :1_.:1 

-...:::..~--=-...::..........:....:..::::.......:._ ____ --- - -- -

;29~) ·~;;2 F'.T!-1 rtn to keyboard 

PROGRAM 1-2 VOLTAGE ALONG A LOSSY LOADED TRANSMISSION LINE. 

Program Description and Equations Used 

This program calculates the voltage V(x) in dBV, at any distance, 

x, along a doubly loaded transmission line (a line with terminating Y's 

or Z's at both ends). Both the source and load impedances are allowed 

to be complex quantities. This program is parasitic to Program 1-1, 

and that program must be run first to properly load the registers for 

this program. The same line length and units must be used with both 

programs. 

Given a section of transmission line of length l (Fig. 1-2.1) 

which may be a coax as shown, or open wire line, stripline, microstrip, 

or other, the input impedance, Z , can be expressed in terms of the load 
s 

impedance, Z , and the cable parameters as given by Eqs. (1-1.1) and r 

(1-1.2). With the input impedance, Z known, and given the transmitter 
s 

source impedance, zt, the voltage at the input of the transmission line, 

V , is given by: s 

v 
s 

where Z is given by Eq. (1-1.1). s 

;a I 

Figure 1-2.1 Transmission line circuit topology. 
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The voltage and current distribution of the transmission line can 

be written in terms of the voltage and current at any point along the 

transmission line as the reference. Most commonly, the voltage at the 

receiving end is taken as the reference, but for this problem, the 

voltage and current at the transmitting end are more convenient refer­

ences. The voltage at any distance, x, from the transmitting end is 

given by Eq. (1-2.2), where the reflection coefficient at the transmit­

ter is designated pt and is defined by Eq. (1-2.3). The derivation of 

Eq. (1-2.2) is given later. 

V(x) 
Vs [-YX + pte yx] 

1 + 
. e 

pt 
(1-2.2) 

Z /Z 1 
s 0 

p = Z /Z + 1 t s 0 

(1-2. 3) 

In Eq. (1-2.2), y is as defined in Eq. (1~1.3). With these equations 

in mind, the program operation is now described (Program 1-1 has al­

ready calculated and stored Z using Eq. (1-1.1)). s 
The routines under labels 11A," 11 a, 11 and "B" provide for data 

entry and storage. All impedances are stored in polar form; hence, 

impedances entered in cartesian form (real and imaginary) under label 

"a" are converted to polar form and stored using the routine under 

label 11A, 11 which is the polar impedance entry and storage routine. The 

routine under label 11B" causes the source voltage strength in volts to 

be stored. 

Label "E" is the start of the data output routine. On the first 

execution of label "E" after program loading and data entry, pt is 

calculated and stored. Flag 2 is tested on each execution of label 

"E" to determine if the reflection coefficient calculation is needed 

(pt). Since flag 2 is test cleared, and is only set by card loading, 

the pt calculation is skipped after the first execution of label 11E, 11 

Following the pt calculation decision, is a routine to evaluate 

Eq. (1-2.2) without the V term (lines 050 and 096 in the program 
s 

listing). V is calculated using Eq. (1-2.1) in lines 097 through 118 
s . 

and combined with the results of Eq. (1-2.2) in lines 119 to 125. The 

output is provided as magnitude (in dBV) of V(x) and its angle. 

Label 9 is a space and return subroutine used by labels "a, 11 "A, 11 

"B," and "E. 11 

1-2 

VOLTAGE ALONG A LOSSY LOADED TRANSMISSION LINE 

~ 1oaa load load dist 
ReZtf ImZt source from :xmit 

& oalo: .load 
IZt t 4 Zt 

voltage 
IV(ir.) lr1P. 4. V(x.) 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

______ ?'-1_~~-~---ll-~?-~~~---~-~--~E-~ .. ~-~ed -~~junc~~9E--·----- --~----­
with Program 1-1. Run that program first __ .. , ~·~-----·---------· .. -·----------------------· --~------~ 

---- -~~-~~~--~~~--~-z_:equency, cab le_ pa:._8:meters..!_ __ ----- ________ __. 
and total line length which are germane --·· -------------------~---~----------.._ _____ ... __ . ________ ·-----

-- --~~-this pr~~am _ ---·---- ----·---------- ------

--- ------~---- - - ------------·-------·-..-----~ ~-~~-----.---

-------------·-·-··- ______ __. 

2 Load both sides of Program 1-2 magnetic card ---- ·----------------------------------- - -· - -------~ -----~ 

__ 2 __ !>_(_)_~~-.. !-.!'.~E_f3_~!j;._!-_~.!. ou !-.P~!-il!IP edar:£.~ ---·-- ------ -·--------­
a) If data is in cartesian coordinates: --- ------ ------------------~---------..- ..... .._...- .. --~ ---~-·----···----~ 

_ __ _real ..E_art~!'.J:~ed~::_~_in ~hms _________ --~_e- ~ ·--· 
imaginary part of impedance in ohms Im Zt ------ --------------------·-··-·-------·--·--·------· --- -----

or --·- -----------·-··-------------------------··· -----·---
________ ?J ___ J_~ data_~~!!..J?£.~_;:__C?~O_!'_~inates: _ ----------

- ---·---~-~gni tude __ c_>!'_ impe!!i:::_~~-'-'~~-----·- ____ l~j;J__ 
____ _____ a_~_!_e o~~E_edanoe _l_I1_ __ g_~_g~~es ____ , __ 4_~1,_ _____ _ 

KEYS 

4 Load source voltage of transmitter in volts Vt i=:B_""] ---------------·- -----.. ~ -------~-

.L_ --~?-~-~_}_:i~g-~_1:1 ___ ~-~-!-_'ft_~_i:_n tr~~ tt~.!_.,!pd ana_~x_si ~--- ______ _ 

- ----- _.P_C>J_l_l_'!;. __ 1=1_13J_i:i_g __ '!;_l_i_~ ___ 13_~-~---~J_t_? ___ f!._? __ ~-~-~-g __ !!_~.:t;.h_____________ -----

-~~~g~~--- -~-':"-~------·-------------------· __ x ____ _ 

6 QQ back to step 5 for another case ·--------------------------------------------.. -·-----·----

..,_______ ----------------~---------~----- '--·------
~ --------------·--------------------------
L.-... _____ ------~-·-~--~--------------------------- -----~---

------- ~--~-------------~---------------·-------- ---------

f---.--, .. ----·-·--·~----..·•-·------------------- -•m-----.... -
1---- --------~---~--·-··-------------------~------ ---·--~~ 

---- -------------------------------------------------- --------·-~ 

-·- ·--------·----------~----~ ------- ---- · ··~-~------ -------------------·--------~---------·--- ~ .. ------

z~ 

OUTPUT 
DATA/UNITS 

_ _. ______ _ 

--~-----·- · 

20 }_?_~_l_Y.(~)j 
4 V(x) 0 

---·-

-~-..--..-- --- --

---------
-·----··-
------

f----.. ----..i 

------

~----=======-------------------------------------------................................ ._ ... ______________ __ 
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Example 1-2.l 

Given the coax cable with source and load impedances as shown in 

Fig. 1-2.2, find the voltages on the cable at the transmitting end, 

the receiving end, and 1 n-mi. from the transmitting end. 

1V@ 
.72 MHz 

Figure 1-2.2 

Type SD Coax ) 

Doubly loaded coaxial. cable for Ex. 1-2.1. 

At O. 72 MHz, the characteristics of the SD coax cable are: 

a.dB 
f3 

2. 070 dB/n-mi. 

42.511 radians/n-mi. 

Z 44.265 ~ @ -0.315 degree 
0 

At the same frequency, the complex source and load impedances are: 

Re zt = 20 ohms 

Im zt = j2nfL = j99 .53 ohms 

Re z = 100 ohms r 
Im z = -j/(2 nfC) = -j221 ohms 

r 

Since this program is parasitic to Program 1-1, that program is 

run first with the line length required here (2.8 n-mi.). The print­

out from that program is included here for clarity. 
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HP-97 printout for Example 1-2.1 

First, Program 1-1 is run to calculate and store Z and to load the 
s 

registers. 

2.fl?6 ENT -r-
42. 511 EN T-t 
. 72+86 L:;SBH 

44. 265 ENi1-
-. 315 L-::BBB 

mo. 000 rnr-t 
-221.866 GSB e: 

load a. in dB/n-mi. 
load S~n radians/n-mi. 
load frequency in hertz 

load lz I in ohms 
load 4z0 in degrees 

0 

load Re Z in ohms 
load Im Zr in ohms 

r 

2.806 GSBE load line length in nautical miles 

GSBd 
67. E:2? .; : )f .-+: 

calculate Z (will be automatically stored) 
1zs I' ohms s 

+z , degrees 
s 

Second, load and run this program. 

~:f< 60 ct-TI load Re Z 
55. '5~ ·~SB~ load Im zt 

t 

i • t1t1 1_, .: .1::;1:: load source voltage in volts 

- t . • -~· -;- .f . . -;: :f 

2.86 GS5£ 
-e. 54 *·+::;: 

-34 . ;;;:; ~::+:.+: 

1. t:.16 GSBE 

load line length to transmitting end and start 
20 log Iv J, dBV 

s 4 Vs, degrees 

load line length to receiving end and start 
20 log IV I, dBV 

r 4 V , degrees 
r 

load line length to 1 n-mi.from xmit end and start 
20 log jV(x) J, dBV 
~V(x), degrees 
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Derivation of Equations Used 

A transmission line provides a conduit for the propagation of 

electrical power. If the transmission line is not terminated in the 

characteristic impedance of the line, Z0 , then not all of the power that 

propagates down the line is absorbed in the termination, and thus some 

is reflected into the line and propagates back to the source. The "re­

flection coefficient," p, is a measure of the amount of power that is 

reflected. A reflection coefficient of zero (p = O) implies no power is 

reflected, and all of it is absorbed by the load. When p = ± 1, all the 

power is reflected. The reflection coefficient in terms of the charac­

teristic impedance (Z 0 ) and the load impedance (Z ) is given by Eq. 
r 

(1-1. 2). 

If the transmission line is doubly terminated, then there will 

be a reflection coefficient for both ends, and Eq. (1-1.2) is used with 

Z replaced by Z , the cable input impedance at the transmitter end. r s 
This is the transmitter reflection coefficient and is designated pt. 

The receiver reflection coefficient is left unsubscripted. 

The power propagates along the transmission line as a voltage 

wave and a current wave. Considering both the voltage wave from the 

transmitter directly, and the reflected wave from the receiver, there 

exist points along the cable where these waves are in phase, and con­

structively add together; while there are other points where the waves 

are 180° out of phase and produce a voltage null. 

Reference [43] (chapters 8 and 9) contains the solution to the 

wave equation for voltage and current waves traveling along a transmis­

sion line. The voltage and current along the transmission line can 

conveniently be expressed in terms of hyperbolic functions and a refer­

ence voltage and current taken at any point on the line. If x represents 

the distance from the transmitter (or source) to the point under obser­

vation, then the voltage and current (V(x) and I(x)) at this point are: 

V(x) 

= 

I (x) 

{Cosh (yx)} {-Z0 Sinh (yx)} 

{- l Sinh (yx)} {Cash (yx)} 
Zo 

v s 

I s 

(1-2.4) 
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where the hyperbolic functions are defined by: 

Sinh (Yx) = 
Yx -yx e - e 

2 (1-2.5) 

e Yx + e-yx 
Cosh (yx) = 

2 (1-2.6) 

Remembering that I = V /Z , and using the transmitter reflection coeffi­s s s 
cient defined by: 

Z /Z - 1 s 0 p = 
t Z /Z + 1 

s 0 

Equation (1-2.4) may be solved for V(x) yielding: 

Vs [ -yx V(x) = --- • e + p 
1 + pt t 

(1-2.3) 

(1-2.2) 



0 

so 

A 

1•rogram IJslln~ I 
"·' "" '·.' ,.,.,..., 

IJ03 -;f' 

LOAD transmitter output Z 
in cartesian coordinates 

004 li :'r' 
00s *LBLA - w!D t.raiismi tter output z - -
006 P:S in polar coordinates 
80? STO? 
008 Xt '1' 
009 ST06 
810 P:S 
811 GT09 goto space and return eubr 
01 2 *L BLB LOAD source voltage in volts 
013 p:s 
014 ST09 
015 P:s 
816 GT09 goto space and return subr 
817 *LBLE LOAD distance, x, t'rom 
818 ST04 Ei!~a!!_d _c~~u_!!l.!:_e_ ~tx)... __ 
1319 F2? calculate ~t on the first 
020 f?':' execution of label E 

~ 021 GT01 -=:..i'2ioJtxl.9alculati~ - _= -__: 
022 PtS ~t calculation routine 
023 RCLB 4. 7,.., • 
824 RCL 1 4 r,0 

025 p:s 
026 -
027 RCL8 
028 RCLl 
o~·Q 

030 ?R 
831 STOR 
032 EEX 
033 -
034 Xti' 
035 STOB 
036 x:\' 
03'? +P 
038 ST03 
039 
040 
041 
042 
043 
044 
045 
046 
047 

ST06 
RCLB 
RCLP. 
ff,\' 
+ 
?P 

SH3 

Re ( Z.s/ Zo) 

~ (l.s/Zo -1) 

Im (l.s/Zo) =Im (ls/Zo -1) 

J Zs/Zo -11 

4. ( ~s/Zo - O 
Irr. (Zs/ 1!.o)"' I..., ( "l.,, /~o -l- 1) 
Re. (r.s / Zo) 

Re (Zs/~o + i) 

l~tl 

_0_48 __ s'""'"r_-~6 _ ~ ~- _________ _ 

..._ 049 t.LBL 1 V("-) calculation routine 
050 RCL4 ,i, 
051 RCLB o<.dB 
052 x 
053 2 
054 0 
055 q.,R_ /A to , M pers 

856 
857 
858 
859 
868 
861 
862 
863 
864 
865 
866 
86? 
868 

rnx 
STOA 
RCL3 

x 
RCL6 
p:s 

RCL0 
p:s 
R?D 

RCL4 
x 

STOB 
+ 

869 x:1· 

e'1(.L. 

I pt.et.e I 
4 ~t 

~' radians/length 

~ , degrees/ length 

€3Q, degrees 
(3 fl. + 4 ~t' degrees 

070 +R 
't IL) 011 sro7 Re (ae 

012 x:1' 
~0.;,,.:?3~-=-S~T0~9- I_m_(£l~i_l _____ _ 
874 RCLB calculate e- 'tP.. in real and 
875 CHS 
876 

· imaginary parts 
RCLA 

877 1/ ."< 
078 ?R 

...::8-=-7_=-q-s-T~+~7 - ;onti~e-n~;;r;-to~ calo ~f -
080 .">::'r' ( 1-2.4) using reg arith 

...::0-=-8=-l __,S...,,T~+9,._ _ _ _ _ _ _ _ _ __ _ _ 
882 RCL9 oon•rsrt nUD1erator to polar 
883 RCL7 coordinates 
884 +P _ ·u t.e. 
885 ST07 I e -+ t{e I 
886 x:v '>fi t 't.Jl 

-..::0~8"":,....' __,s::....:r-=-o-::..q 4_ ( e - 4- _a e ) 
888 RCL6 - calculate 1-:;. ~in pola; -
889 RCL3 coordinates 
898 
091 

?R 
EEX 

892 + 
893 +P 
094 ST~? - divid-; f:;. ~"=into - - - -
095 x:y numet'a.to:r 
896 ST-9 
897 p:s 
898 RCLB 
899 p:s 
188 ST+9 
101 RCL8 
182 STX7 
183 +R - - - - - - - - - - - - - -

104 STOA Re Zs 
105 x:'r' 
186 STOB Im z8 

-=1:..::0-=-7---'P'-":'-"-S ___ __: _ _ 
108 RCL7 

- -- - ---
189 RCL6 
118 p:s 

REGISTERS 

o(dB 
1 

!Zol 
2 

lzrl 
3 

!Ptl 
4 5 6 7 8 9 

.R. freq "'~t scratch I Zs I scratoh 

~ s14-Zo S2 4- Zr 53~ E> 54 SS Om 56 
!Zt! 

57
4Zt 

sa 
4 

S9 
Zs Vt 

soratchpad f 0 scratchpad le scratohpad 
D IE II 20log e 211' index 

1·2 NOTE FLAG SET STATUS 

111 +R 
112 RCLA 
113 + Re( Zs .. Zt) 
114 x:v 
115 RCLB 
116 + Im(Zs + Zt) 

' 117 x:'r 
118 +P 
119 SH7 IZs + Ztl 
128 x:v 
121 ST-9 4(Zs + Zt) 
122 PtS 
123 RCL9 Vt 
124 P:s 
125 STX7 complete IV(x)/ calculation 
126 RCL7 
12? LOb 
128 2 
129 8 
138 x 
131 PRTX 20 log V(x) 
132 RCL9 
133 PRTX _ 4_ VixL ___________ 
134 •LBL9 space and return subroutine 
135 SPC 
136 RTN 

NOTEFLAGSETSTATUS 

LABELS FLAGS SET STATUS 

A IZtJ f..l.zt B v~~~~! c D E calc V(x) 0 
FLAGS TRIG DISP 

a ReZt f ImZt b c d e 1 ON OFF 
0 DEG • FIX • 0 

1 ~ ~~!~C 2 3 4 2 ?· calo ? 1 GRAD SCI 

s 6 7 8 9spc & rtn 3 
2 Iii RAD ENG 
3 n__z._ 



PROGRAM 1-3 SECOND ORDER ACTIVE NETWORK TRANSMISSION FUNCTION. 

Program Description and Equations Used 

This program provides the coefficients of the numerator and denomi­

nator polynomials of the transmission function T(s) = N(s)/D(s), of the 

generalized second order active network shown in Fig. 1-3.1. A second 

part of the program provides the polynomial roots. If ~ real (non­

ideal) operational amplifier (op-amp) is used, the amplifier will have 

both finite gain and bandwidth. The compensation pole of the op-amp will 

introduce a parasitic pole causing D(s) to become third order even 

though the RC network is set up to provide second order response. This 

program accepts the gain and 3 dB bandwidth of the amplifier and calcu­

lates the resulting third order transmission function. 

Each Yi represents the 
admittance of either a 
resistor or capacitor 

Figure 1-3.l Generalized second order circuit. 

If the natural frequencies of the response governed by the RC 

network alone are many decades removed from the amplifier unity gain 

crossover frequency, then the transmission function T(s), will be 

practically equal to the transmission function of the second order net­

work with an ideal infinite bandwidth amplifier. The component values 

dictated by many active filter references assume ideal operational ampli­

fier characteristics. 

41 
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When the natural frequencies are within a decade or two of the 

amplifier unity gain crossover frequency, then the parasitic pole 

will cause a noticeable shift in the natural frequencies governed by 

the RC network alone. The network can be predistorted so the natural 

frequencies shift to the desired positions (see Program 2-11). 

The transmission function is determined by writing the nodal 

equations for the network, and solving for E t in terms of E . . 
OU in 

This 

derivation is done later and provides: 

where 

E out 

D(s) 

(1-3.1) 

(Y1 + Y2 + Y3) [(Y4 + Y5) (1 + TS) + Y5 (1 - Ao + Ts)] + 

Y4 [ Y5 + (1 + TS) + Y5 (1 - Ao + TS) - Ao Y2 ] 

and where a one-pole model of the amplifier is assumed: 

A 

A = 1 + TS (1-3. 2) 

The sign of A may be either positive or negative depending upon the 
0 

amplifier characteristics (see examples). The first program uses Eq. 

(1-3.1) to form the numerator and denominator polynomials, and the 

second program finds the zeros of these polynomials (polynomial roots). 

When the element values are loaded, capacitors are signified by 

a negative mantissa. The subroutine under label 8 tests the sign of 

the entry; if it is negative, the absolute value is stored; if it is 

positive, it is a resistor, and the reciprocal is taken to convert to 

conductance, and then multiplied by 1050 before storage. 

The magnitude of the stored element value is used to signal 

whether the element is a resistor or a capacitor. Other programs use 

the sign of the stored value to differentiate between resistors and 

capacitors, but that indicator cannot be used in this program because 

algebraic operations are performed on the element values in the main 

program before the element type subroutine is entered and the resistor/ 

capacitor test is done, i.e., the term Ys (1 - Ao) can have either sign 

depending upon the magnitude and sign of Ao, and Ys can legitimately 

represent the admittance of either a resistor or a capacitor, 

The magnitude test is done in the sunnning routine under label O. 
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If the absolute value of the coefficient is greater than 10 3 0 , it is as­

sumed to be a conductance (s 0 term), the value is divided by l0 5 0 to undo 

the original storage operation, and the summation is done in the stack. 

If the absolute value of the coefficient is less than 10 30 , it is assumed 

to be a capacitance (s 1 term), and the summation is done in the desig­

nated i register. 

Some terms in the denominator of Eq. (1-3.1) contain the factor Ts. 

These terms generate s 1 and s 2 coefficients. Subroutine 3 is used to 

perform multiplication by TS and to append the s 1 and s 2 terms to the 

presently stored so and s 1 terms to form the complete admittance sum set 

for the denominator segment being evaluated. 

After each set of admittance sums (s 0 , s 1 , & s 2 ) are calculated 

and stored, polynomial multiplication is done to generate the coeffi­

cients of the various powers of s in the denominator polynomial. This 

multiplication is accomplished by the routine under label 6. If flag 0 

is set, the polynomial coefficient registers are cleared before multipli­

cation. This condition exists for the first product-of-sums. Flag 0 

is cleared for the second product-of-sums to indicate continued summa­

tion into the polynomial coefficient registers. 

After the denominator has been calculated, the polynomial coeffi­

cients are normalized by dividing by the s 0 polynomial coefficient. The 

numerator coefficient is likewise normalized, and the polynomial coef­

ficients are provided as output. This normalization process can cause 

the program to halt displaying "ERROR" for certain classes of degenerate 

networks, e.g., a differentiator constructed with capacitors in loca­

tions 1 and 4, no elements in locations 2, 3, and 6, and feedback 

resistor in location 5. The series capacitors should be combined into 

a single capacitor in location 1 or 4 with the feedback resistor in 

location 2 or 5 and no elements in locations 3 and 6. The unspecified 

series elements can be 1 ohm re,Lstors. 

The second program finds the zeros of the denominator polynomial 

(poles of the transmission function). The numerator polynomial will be 

either a constant, a single zero at the origin, or a double zero at 

the origin depending on whether the filter is lowpass, bandpass, or 

highpass, respectively. The second program also indicates t'.he degree 

of the zero, and the gain constant of the second order pair, K, after 

the third order root has been removed (if any), i.e.: 
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Lowpass: T(s) K 
1 

=: 

s 2 s 
1 --+-- + 

(1-3.3) 

w 2 w Q 
n n 

s 
w Q 

T(s) K 
n (1-3.4) Bandpass: 

s 2 s --+--+ 1 
w 2 w Q n n 

s2 

w 2 

Highpass: T(s) K ~~-n~~~~~ (1-3. 5) 
2 _s_ + _s_ + 1 

w 2 
n 

If the denominator polynomial is second order, the quadratic for­

mula is used to find the zeros. If it is third order, a Newton-Raphson 

iterative technique is used to find the real third order zero (there will 

be at least one), then the third order polynomial is deflated to second 

order, and the quadratic formula is used to find the remaining zeros of 

the polynomial. If the zeros of the denominator polynomial are complex, 

the program will also calculate the natural frequency, f == w /2rr , and 
n n 

the Q, or quality factor of the complex pair (see the equation deriva-

tion part of this description for equations and details). 

STEP 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

1-3 

INSTRUCTIONS 
INPUT 

KEYS 
OUTPUT 

DATA/UNITS DATA/UNITS 

Load both sides of nroi;rram ca,...i 

Enter element 1 

a) if resistor (valn"'!t: Cl) R, ohms r A 1 

b) if capacitor, enter negative value C, farad jchs-l I _i _j 

Enter element 2 

a) if resistor R, ohms I B I 
b) if capacitor c, farad [c ha II B l 
c) if no element present zero B 

-

Enter element 3 
a) if resistor R, ohms ,-c--J 
b) if capacitor C, farad [ch-~ [ C ::::J 
c) if no element present zero LLJ 

Enter element 4 
a) if resistor (value\< 0) R, ohms u =1 
b) if capacitor C, farad ~ r-·n---] 

Enter element 5 
a) if resistor R, ohms ITJ 
b) if capacitor C, farad [c~fl_] [ E ] 

·-
c) if no element present zero CD 

Enter element 6 
a) if resistor R, ohms CL] [ A =1 
b) if capacitor C, farad ~ [f] [A] 
c) if no element present zero [LJ U=:J 

Enter operational amplifier para.meters Ao [CJ 
fn, Hz IT=i LJLJ 

Start analysis cr=J LE__J Den coef13 

Num coef s 

Go back and change any element then rerun 

step 9, or load second card to find 

denominator nole locations. f,,,, and Q 



STEP 

l 

2 

2a 

2b 

2c 

2c 

1-3 

smoND AND THIRD ORDER ROOT FINDER PK>GRAM 
USE IJl'TER TRANSMISSION FUNCTION PROGRAM 

START 

INSTRUCTIONS 
INPUT KEYS 

DATA/UNITS 

Load both sides of program card when display 
-- - · · -

flashes, program execution begins unaided 

Program output 

If three real roots { s+a' { s•b' { s+"' 

If one real root and a comolex coniulrate 
pair, ( s+a)( s+«+j(:j)( s+cc-j8) 

of second 
order pair 

If two real roots: (~a)( s+b) 

A comnlex conjugate_ pair, ( s+«:+je>)( s+a:-:i0) 

of second 
order pair 

OUTPUT 
DATA/UNITS 

-a 

-b 
-c 

-a 

6 
-0( 

-6 
-0( 

f fn (Hz) 

Q 
mia~and O'a ..... 

nuw :1.ero 
locations 

-a 

-b 

? 
-ex 

-(3 
- 0( 

{ fn (Hz) 

Q 
m1~9and. 

l!'a1n 

num zero 
locations 

1-3 Ust•r Insfrut-fi••ns 
Tl-59 TRANSLATION 

~ 
SEOOND ORDER ACTIVE NETWORK TRANSMISSION FUNCTION 

init 

k Rk Ok 

Tl-59 TRANSLATION 

STEP INSTRUCTIONS 

1 Load both sides of program card one 

Ao 

INPUT 
DATA/UNITS 

._.._ ...... - ····------------ -- ... -·---~----·---·----· ------~--

s t a rt 
analy si s 

f_, dB 

KEYS 

l~ 

2 Initialize and clear registers ~ [~ -·- -- . ------------· ---·------·------ --·-----

.___ __ -·---·---~~:_e~~_s_t_o_r _____________________ !:~~hin_:i_ 

-·-- -···-···----g-~~?:_~_o_r ________________ .~.k-'--~------

---· ------··------..... -----·--·---·------·-------------..! ------
------~~.P-~-~~-~.!-.~E.l until all elements have p_~!'ln ______ _ 

__ ·---~iereg.!-----·-····----------------------· --------

4 Load amplifier de gain A0 ___ .__ .. -------------·---.-·-·--·---------- -~-------· ----- -------- ----
______ O~~-~--~~g_~:i:--~~~-~n f_9_r._!_!l_!~rting op-amp_...) ___ ,_ __ _ 

6 Start analysis ___ ._ __ --...-----------..--------------------------------· -~------
------- -------------~-----·-· ·· ··-·------------------------ ----~----

----------------------~-------~----~--------- ~-...... ....._---
----~·-----~-------~------------------------------ ,., _______ _ 

-~-------------·---------·--·-·---·--··· --------
- ·----------·-·····---------------- ··- ·-·----

---- --·-·------------·-----------·-------- ------
--- -~~----~~----·-------··---·------·---- ----------
--- -------------------------------------·-·- -··--... -·-----~ 

__ • "R/S" not necessary if the TI-59 is -- '"---~---~-----~---~-~--·-·-------------,..._---·----.---...--·~ ----------
----· -··---~-~~~-~~-cL to th~-f~-:l2_0A Jl.!J.E~~_. ______ -----·-
----- -----·~11 .!:_~~_!._s wil_!__E~_E!.inted automa- --·-·- --·--·----

tically after the program is started. --- ------·----------··--~----- -·-- --------
-~--~--------------·--~-- ---------~------

...... ___ ---~---------·------~---~--------·------ ----

OUTPUT 
DATA/UNITS 

0 

---------

k ---------· 

_ __ R_k __ _ 
_ _Ek_ 

0 

--·----~-o ____ _ 

den coefs 
___ t:2_ ___ _ 

b2 
---iii-·---
-----·----

1 
-----~---

---------~-

num coefs 

a2 --------
----~J, _____ _ 

...... ::.Q.... ___ ._ 

-------

~--------

t-----·-



1-3 Ust•r Insfru~•i••ns 
Tl 59 TRANSLATION 

~ 
SECOND M D THIRD ORDER 1'UU! l''INu.ii.t( t'1'\.IURAM use with 1-'.'.: 

z~ 
start 

Tl-59 TRANSLATION 

DATA/UNITS 
INPUT 

STEP INSTRUCTIONS DATA/UNITS KEYS 
OUTPUT 

7 Load both sides of r.r~~_Eam ~E~ __ g __________ ______ --·-------.... --~------------·-·--· .... ·------------ ...... _ 

8 Start second program --··--···------------>--------···--~-- ·----~----·-----~------~------ - ...... ~------

_____ -~-----~f. .. ~~~~--!:~~L ro~~:·---·-----------··------ ----------·- -----~-~-----·-· 
·-----· ---···----~ -s_!'.:)_i_~:':~)._\_E!:"_~l. ......... ------·-------·- ·-·----- -b ----·-·*'------· 

-c 
----- -- -·--------------------------...---------~-------------- ----~~---

-a ,____ b) If one real !..~~:t:._-~~-~-?~i;r:p le~_?_~:;}~~-a_!:!: ----------

- ==~--~~:G~I~~~ ic_~!-~:.~-~t\ .~:1:~_::_j_~) ____________ ----------------· 

-ol 
~--- --------------~---_,,,,. ______ ~-------- ...... -- ..__ _____ ______ 

- o<. 

---·-- - ·- ·-----------------------·--- ----------- f--------·-
,..._ ____ --------- - ---------------~-~-----~----------~-~---- ~------- ----

.._ ___ ,_o~)--I-f_t_w_o_r_e_a:-1-r-o-~""."~--s-: -:(~~-=-~')_7(-s+-;b-;):-__ -_--__ -_-.~~=t ....... -_-_-------==-r--------r-__ -__ :~_a;-___ ~~--1 
~-- !""-------..---------------
1----- --- ----------------...~--- --------------------~----"----·- .. -----~----

-b 
~--- -- --- -~-- ----- ---------·..-_.-~-... ~------------ -------------------

~--- ----~J_ ___ __!_~-- -~---~-C?El_:P_~-~E--~-C?E_~::i-~-i:_~_e pa~E! ___________ ---------

1----------_L~:_~~~~~+- C:.:J.~2 _____________________ f-------·- -o( 

--------------------~------~----~-------~--- r-~------------- i--_:~---

·-----------------·-------···-·---·--·--- -------·····- ---------------
-o( 

-·--· -----------------------····--·------- ------·-

·--···----·-,..·----------·-------------------- ... r-----------

..._ ........... --------·~------·--------------·-·-_.. .... _... .. .._ _ _______ _._ r----·--'--~~ 

• "Rls 11 not neoessary if the TI-59 is - - ____ ., _____________ f___ ___________________ ___________________ ------·--~- r------·-

a t taohed to the PC-lOOA printer. __ ---~--------------------------.. ---------------- -------
All results will be automatically 

-----------~··------~------~--------- ----~-------- - --------------- ........ _______ _ t.---------------

printed after t!:~_yro~_f._~_st~~~~-<!~--- ------------·-- -·-------.. r----------·-
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Example 1-3.1 

The schematic in Fig. 1-3.2 represents a second order active band­

pass filter using the infinite gain, multiple feedback topology. The 

filter element values were designed assuming the op-amp to be ideal, i.e., 

having infinite gain and bandwidth. The type 741 op-amp is not ideal in 

that it has both finite gain and bandwidth. This example will use the 

program to show that the element values provide the desired specification 

when the op-amp has very large gain (-109 ) and infinite bandwidth (T = 0). 

The program will then be run with the gain and bandwidth values for the 

741 type op-amp to show that both the pole natural frequency and "Q" have 

shifted away from the desired values. The 741 has a typical gain of 

-100,000, and open loop break frequency of 5 Hz. 

The design specifications for the filter are: 

center frequency: 

midband gain: 

quality factor, Q: 

capacitor value: 

10 kHz 

10 

10 

1000 pF 

Figure 1-3.2 Second order bandpass active filter, 
infinite gain-multiple feedback topology. 
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HP-97 PAI NTOUT FOR EXAMPLE 1-3.1 

load first program and 
enter element values 

15915. 
-1.-69 

837.? 
-1.-6S 

3iS310. 

GSBF. 
GSE:B 
GSBC 
.-•• -.1""'·1""'· 

t:-:.:abLi 

GSBE 

-1. +69 STiJ6 
6. ST07 

GS Be 

0.006+06 *** 

1. 000+06 :+;:+::;. 

(i. 066+66 :+::f;:+. 
-15. 92-66 H--+: 

0.660+66 H:+ 

62. ?5+83 :;::,::;. 
-3.142+03 :+::+--* 

-62. 15+03 :+::+::+: 
-3.142+03 *** 

10. 66+63 *** 
10.00+00 :+:U 

element 1, 
element 2, 
element ,, 
element 4, 
element 5, 
element 6, 

resistor 
cap 
resistor 
cap 
resistor 
missing 

enter infinite gain app 
sett' to zero ( BW ;:ao) 

start analysis 

s? denominator co ef 
s2 11 n 
Sl II II 

SO II U 

s2 numerator coef 
8 1 11 n 
sO II 11 

load second card 
start aneJ.ysis 

and 

imag ) 

;~ 
complex 
conjugate 
poles 

} 
of second 
order pole 
pair 

-10. 00+60 *** midband gain 

0. 000+06 *** numerator zero 
location 

reload first card 

5. GSBcJ 

GS Be 

80.63-1B :t:.t:+: 

355.1-12 *** 
1. 9i3-06 .u:;: 
1. 000+00 :,::;:.-+: 

0. 000+00 :;:if:."f: 

-15. 92-06 t:i1::;: 

0.000+00 *** 

53. 04+03 :;:.f;.-+: 

-2. :3'76+0.] U:+: 

-53. 04+03 .t:f::;: 
-2. 376+03 :+:H 

8. 45!h03 :;::f::+: 
11. 17+00 u.-+: 

741 do gain 
7"41 brealc freq 

start analysis 

s? 
82 
sl 
so 

s2 
81 
so 

load second card 
& start analysis 

real pole location 

imag ) real 

imag 
real 

oomplex 
conjugate 
poles 

} 
of second 
order pole 
pair 

-9.441+00 *** midband gain 

0. 000+00 *H numerator zero 
location 

' ...... 

I 

I 
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Tl-59 PAI NTOUT FOR EXAMPLE 1-3.1 

load first program and 
enter element values 

1 
.!. r 

1~:1 1~ 15~ 

1 _ -Cl) 

.-, 

.:1 L 
::::~ i ? ~ 7 

4. 

c 
•,_IL 

:31::::~· 1 Cl ~ 

-1. 

L 

(' _cc uu 
~~5:~ ZI ::::: i -·} :.:: 

j n 5 •::; --C ;::, 
i. Ci~: uu 

I) . CC UU 
-~ 1 ~ = =:~i ;~'. -Ci C: 

C 1 = C1 Ci Ci (.) 

load ~econd card 

element # 
p resistor 

element # 
C: capaoi tor 

c 

A 

F 

element # 
resistor 

element # 
capacitor 

element# 
resistor 

amplifier gain 
(ideal) 
amplifier BW 
(ideal) 

s3 den coef 
9

2 II II 

sl II II 

SO II Ii 

s2 num coef 
Sl II II 

9
0 II II 

imag 
real complex 

conj. 

reload fi~st card 

load second card 

-E.~ . ?5 CIJ 
:: - l 4 o:::: 

imag pole pair -·:::!3. c:~: C3 
real --?" 3?f,C 03 

midband gain 

741 de gain 

741 break freq 

s? den coef 
8 2 II II 

sl II II 

SO II II 

s2 num coef 
8 1 II II 

8
0 II II 

real pole 
location 

imag 
real complex 

conj. 
imag pole pair 
real 

midband gain 



52 NETWORK ANALYSIS 

Example 1-3.2 

Figure 1-3.3 is the schematic of a second order highpass fil-

ter using the Sallen and Key controlled source topology. An opera­

tional amplifier is connected in the voltage follower configuration to 

provide the unity gain non-inverting buffer amplifier required. The 

design procedure assumes infinite bandwidth in this buffer, but physi­

cal op-amps, such as the 741 type have finite bandwidth (BW). This 

example will show how this finite bandwidth affects the filter perform­

ance. The design specifications are: 

10000 Hz 
l/fi= 0.707 
1 nF 

natural frequency, f : 
quality factor, Q: 0 

capacitor value, C1, C4: 
asymptotic high frequency gain: unity 

Ein o---j ....,_ .... __ .., 1------ -1 
C1 

Type 7 41 op-amp 

R2 = 1 /(4?TOC) = 11253!2 

R5 = 402R2 = 22507!2 

Figure 1-3.3 Sallen and Key type second order highpass filter. 

SECOND ORDER ACTI VE NET'f.lORK TRANSMISSI ON FUNCTION 53 

The HP-97 printout is shown on the next page. Again, two runs were 

made; first the amplifier was assumed to be ideal, and the program out­

put verifies the design specifications; second, the finite gain and band­

width characteristics of the 741 operational amplifier were used. The 

program output for the second case shows the non-ideal (finite) charac­

teristics of the 741 have caused the second order pole positions to 

shift away from the desired positions, and a real pole has also been 

introduced. 
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HP-97 PRINTOUT FOR EXAMPLE 1-3.2 

load first program and 
enter element values 

-i.-09 GSBR element 1, capacitor 
11253. GSf:B element 2, resistor 

fl. GSBC element ~' missing 
-1. -09 GSBO element 4, capacitor 

0. GSBE element 5, missing 
2250?. i;::;f:o. element 6, resistor 

1. ST00 
O. STD? 

,.,sBe 
0. 0013+06 :+::+::+: 

253.J-12 **"f: 
22 . 51-06 *** 
1.0013+06 *** 
2.5.3.3-12 
(i, 1300+00 
0.000+00 

*:+::+: 

*** H ::+. 

44.43+03 *:f* 
-44. 43+0.3 *** 
-44.43+03 *** 
-44.43+03 *** 

set Ao= 1 
set 't'= o (BW =co) 

start analysis 
s~ 
s2 
al 
so 

82 
1 

s 
so 

load second oard & 
start analysis 

im.ag l real 

imag 
real 

( 

complex 
conjugate 
poles 

10. tW+03 :+::+::+: f'n } 
707. 1-03 *** Q {

of sedond 
order pole 
pair 

1. 000+0(1 *** asymptotic gain 

O. 000+00 .-+: :+::+: numerator zero 
0.000+00 *** locations 

Reload first card and 
enter op-amp parameters 

50000~: ~~~~ ~:~~width } type 741 

GS Be start analysis 
80. 62- i 8 **·'· 
26?. t>-12 *** 
22.82-06 *** 
1.000+0@ *** 

a5 denominator coef 
82 " " 
61 " " 
so " " 

253.3-12 
0.000+00 
0.000+00 

*** s2 numerator coef' 
:+::+::+: Bl tt H 

*** BO n n 

load second card & 
start analysis 

-3.233+06 *** real pole location 

44.40+03 
-43.19+0."3 

-44.40+03 
-43.19+03 

9.B5B+63 
717.0-03 

971.7- (?3 

0.000+00 
0.000+06 

*** 
*** 
*** 
*** 

im.ag l real ( complex 
conjugate 

imag poles 
real 

{

of second 
:;.:: ~n } order pole 

pair 

HJ asymptotic gain 

*:+::+. numerator zero 
n:.;: locatio'ns 
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Tl-59 PRINTOUT FOR EXAMPLE 1-3.2 

load first program and 
enter element values 

1. 
1. -cr:.;i 

.-. 
i::. E; 

E .• 
22~ I]{ a 

L 

=~- i:. = 5 1 - Ci r:= 
1:: CiCi ciiJ 

c ~ :: Ci Ci Ci() 

C ~ = Ci Ci !.J tJ 

load second card 

element # 
C capacitor 

element # 
F'. resistor 

element # 
• ... · capacitor 

element # 
~'. resistor 

R amplifier gain 
(ideal) 

F amplifier BW 
(ideal) 

s3 den coef 
5
2 H II 

sl II II 

SQ II II 

2 
s mun coef 
sl II II 

SQ II H 

imag 
real complex 

conj. 
imag pole pair 
real 

of second 
f n order 
Q pole pair 

asymptotic 
gain 

reload first card 

:~: t, i ·· = t , Ci -· 1 ~~ 
2 ~:- = ;:~ ~-: - CJ i::= 

1 ~ C! C! i_i iJ 

load second card 

4 .:J·= 4CI Ci:~:; 
-· 4 :~; = l =7 Ci :3 

- 4 .:::~ c 4 C! Ci :~; 
- 4 :;. • i =3 t.!:3 

:~) = ::: t: Ci :3 
·7 i ~::' I: C1 4 - C! :3 

n 741 gain 

F 741 BW 

s3 den coef 
s2 II H 

8 1 H 11 

SQ II II 

s 2 num coef' 
5 1 II H 

60 H II 

real pole 
location 

imag 
real complex 

conj. 
imag pole pair 
real 

f'n 
Q 

of second 
order 
pole pair 

asymptotic 
gain 
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Derivation of Equations and Algorithms Used 

Active network transfer function: The schematic of the general-

ized second order active network is shown in Fig. 1-3.1. Let the 

junction of Y1, Y2 , Y3, and Y4 be designated node 1. Furthermore, 

let the junction of Y4, Y5 , and Y6 be designated as node 2. The nodal 

equations for this circuit may be written in matrix form in terms of 

the voltages at node 1 (E1), and at node 2 (E2): 

= 

0 E out 

(1-3.6) 

Since E2 = Eout/A, this expression is substituted into Eq . (1-3.6), 

and the dependent variables brought to the left hand side. 

- Y5} E out 

= 

0 

(E. ) 
in 

(1-3.7) 

T(s) = E /E. may be obtained from Eq. (1-3.7) using Cramer's rule. 
out in 

To this end, the determinant of the coefficient matrix (6) is needed: 

(1-3. 8) 

After clearing fractions and eliminating term subtraction, 

Substituting A= Ao/(l +TS) as the amplifier gain, and clearing 

fractions, Eq. (1-3.9) becomes: 

(1-3. 9) 

Ao . 6 = (Y1 + Y2 + Y3)[(Y4 + Ys)(l +Ts)+ Ys(l - Ao +Ts)]+ 

Y4 [Y 6(1 +Ts)+ Y5(1 - Ao+ Ts) - Ao· Y2 ] (1.3.10) 

SECOND ORDER ACTIVE NETWORK TRANSMISSION FUNCTION 57 

Using Cramer's rule, the transmission function becomes: 

T(s) = E /E. = (Y1 • Y4)/6 out in (1-3.11) 

Newton-Raphs on solut ion f or find i ng real zeros o f thir d orde r polynomial s : 

The Newton-Raphson solution is an iterative procedure for finding the 

values of x where f(x) becomes zero, hence, these values of x are called 

the zeros of f( x). If the mathematical operations are restricted to real 

numbers, then the procedure will only find the real zeros of the function, 

f(x). 

real 

All odd ordered polynomials with real coefficients have at least one 

zero. The third order polynomial generated by this program falls 

into this class, therefore real arithmetic is used to extract the real 

zero. 

Given the function f (x) = O, the Newton-Raphson solution provides 

a new estimate, xi+l , based on the present estimate, x., and the tan­
J. 

gent to f(xi). 

tercept of the 

The value of xi+ 
1 

is determined by calculating the in-

tangent, f'(xi) on the x axis as shown in Fig. 1-3.2. 

f(x) 

Figure 1-3 .2 Newton-Raphson so l ut i on method. 

Solving for xi+ 1 : 

The iteration is stopped when the absolute value of 

f(xi)/f'(xi) becomes smaller than the desired error 

the correction term, 

1 . . 10- 8 
lml t, X . • • 

l 

Once the real zero of the third order polynomial has been found, a 

polynomial division is done to deflate the polynomial to second order. 

The quadratic equation is used to obtain the zeros of the second order 
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polynomial, and these zeros may be complex. If s =a is a zero of f(s), 

thens-a must be a factor of f(s), and can be retroved: 

s-a)b3s 3 + b2s 2 +bis 

- (b 3S 3 - ab 3S 2) 

+ 1 

( ab 3 + b 2) s 2 + b 1 s + 1 

-[ ( ab 3 + b 2) s 2 - a( ab 3 + b 2 

a( ab 3 + b2) s +bis 

- {a ( ab 3 + b 2)s +bis 

O* 

(1-3.14) 

)s] 

+ 1 

- a[a(ab 3 + b 2) +bin 

The third order polynomial is evaluated in nested form, i.e.: 

(1-3.15) 

When s = a, the intermediate products in D(s) are the same as the 

second order polynomial coefficients in Eq. (1-3.14). These inter­

mediate products are stored at lines 027 and 031 of the program on the 

second card. The numbers stored only have value in the last iteration 

loop before loop exit, at which time s = a, and f(s) = O, the desired 

result. 

The second order polynomial is normalized so c0 = 1 (lines 064 

to 066). This normalization places the second order polynomial in the 

same form as the third order polynomial was originally. The quadratic 

formula is now used to find the zeros of the second order polynomial, 

c2 s2 + cis + 1. 

(1-3.16) 

If the discriminant, (ci/(2c2)) 2 - l/c2 , is positive, then two 

real zeros exist, if it is zero, a double zero exists, and if it is 

negative, a complex conjugate pair of zeros exist. Steps 067 through 

102 find the zeros of the second order polynomial. 

* By definition since s = a is a zero of the polynomial. 
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If the zeros of the second order polynomial are complex conjugates, then 

the poles of the transmission function are also complex conjugates, and 

a natural frequency, f , and quality factor, Q, may be calculated: 
n 

f =l/(2nVc2_) 
n 

(1-3.17) 

(1-3.18) 

These calculations are performed by steps 103 through 113 of the pro-

gram. Assuming the third order real pole of the transmission function 

(parasitic pole caused by the op-amp characteristics) to be large com-

pared to the other poles, then the gain term, K, can be defined in terms 

of the numerator and denominator coefficients: 

T(s) 

lowpass case: K 

bandpass case: K 

highpass case: K 

ao 

(1-3.19) 

(1-3. 20) 

(1-3.21) 

(1-3.22) 

The gain term is calculated by steps 114 through 137 of the program. 



1-3 card 1 l,rogram IJsf in~ I 

..-en.? 
004 
0f1.5 

~10 :' 
t?OE' 

t---06::; 
I] 16 

.__Oi 2 
0; :: 
014 

I_~ T[I~ 

. ·tBLC-

~T,)$ 

L .. ELD 
4 

C" 
.! 

LO AD ELEMENT 2 

LOAD ELEMENT 3 

LOAD ELEMENT 4 

LOAD ELEMENT 5 

- 015 1;rne 
13 16 +LBL. LOAD ELEMENT 6 
01? 

619 

1322 
-l~23 

i!J2q 
~@25 

~~026 

02? 
02 E: 
f12::i 
0"31] 
fr.31 
032 

l;i34 
~135 

.•·L.BLB 
STD I 

.P !. 

STO~ 
":·=:> e·:, 
GTCE' 

.nBL S 
1 .. ·· ~~· 

EEX 
5 

ST08 

:+:LBL7 

element load subroutine 
store register index 
recover and store 
element value 
test for resi stor 

store capacitor value 

calculate conductance, 
multiply by 1050, and store 

store 1050 for later use 

S TO; store modified element value 
F:CL.9 recall original element to 

!'.136 PH! display and return to keybd 
..:... IJ'~..:....{t'---'-*..:....L.B:....:L'-'-,1 _W AD A0 .11,,N.U .f..o U.!'.:_ AMP H'I .tai_ 
1338 Pi 
fJ39 
ft4[t 

041 
042 
043 

ENT ·t 
+ 

1 . ...-.~·~' 
STO? 

ca lcu l ate and store 
't' ~ 1/ ( 2nf' 0) 

044 
645 

F-J recover and store Ao 
STOf! 

046 PTN r eturn cont rol to kevbo ard 
.:.t1...;..4.:....7 ---'~-=:L.:.::B..:::L .=.e . _BT!_RT ANALYSIE_ _ _ _ _ 
B4B GSB1 
649 F'.Ci. .. 1 calculate sO and s 1 terms 
650 
051 
ft 52 
tl5J 
054 
855 
056 

1;sse 
FC!...2 
GSB0 
F:cu: 
GSB2 
~· CL.:i 

;;.SE;[; 

- -

IREGISTERSI 
0 

Ao 
2 3 4 5 

Ys 
SO 5 1 52 53 ~ S4 

L. s" tCiltlO!l 2: s"- -lerms Ls~ tennl ~ S terms 
5 5 

A D 

05? PCL6 
058 
059 
068 
061 
062 
663 

GSB6 
PCL5 

fr:: \ 
RCL.6 

064 ST09 

calculate and store s 0 and 

s 1 terms of: 

""0"""6"""5_ .....:1.;;...::S-=B=-2 _ _ _ - - - -
066 RCL4 
06? i;SBO 
068 
069 
070 

PCL5 
GSBB 
RCL6 

[178 RCL6 
079 G"SBO 
06:0 RC!...9 
@8i GSB6 
t182 F.'CL2 
083 RCL0 
084 x 
085 CHS 
t186 GSB2 
087 PCL6 

cal culate and store s 1 and 

s 2 terms of: 

calculate and store Y4 
- --- --- - - - -

calculate s 0 and s 1 terms 
of: 

- -- -·- -
088 GSB0 calculate and store s 1 and 
089 
!J9f1 
691 

F:C i...5 
GSBB 
GSB3 

s 2 terms of 't's(Y
5 

+ Y6) 
-- - - - ----

09::. CFO clear flag 0 to indicate 
..,Et...,9_J __ t_~b_-·e_:6 additional summing and 
i394 PtS '-. oaloulate and store: 
095 F.:CLB '\. ~f Y"(i•<~Ysi!::_Ao•'t.s)..::!-o ~ _ 
1396 STOP normalize denominator terms: 
09? S T~ 1 
096: ST72 
099 ST.;. 3 - - - - "'"- --- - - -- --
100 F.'CL? 
161 PRT.\ 
1[12 

16J 
104 
105 
106 
10? 
ms 
109 
11 f1 
111 
112 

6 

S6 

STOO 
!'r:'i_.L~.' 

F'FTX 
STDC 
PCL1 

F'tS 
PRTX 
STC!B 

EE X 
rnn 
PF.'TX 

IE 

recall, store, and print 
normalized denominator terms 

a,fa0 -Rn 

a-;Ja
0 

+ R
0 

a/a0 -RB 

7 8 

S8 

scr.atc::hpad 

1050 

59 i 
S2 

1ndax 

113 
114 
115 
116 
11 7 
118 
119 
120 
121 
122 
123 
124 
125 
126 
127 
128 
129 
130 
131 
132 
13J 
134 
135 
1J6 
137 

[ 138 
139 
14(1 
141 
142 
143 
144 
145 
146 
147 

.--148 
149 
150 
151 
152 
153 
154 

~155 

156 
j C""'.' 
.. '-1; 

158 
1.'59 
160 
161 
162 
163 
164 
165 
166 
167 

A 
lOQd Y, 

a 
load Yr.. 

0 
rtrsc 

5, SUm"'at1ori 
\1"1\tieli,.e. 

1-3 card 1 l,rogram IJstln~ 11 
SPC 168 *L/:ILC. finish y element summation, 
SFO _indicate summi?_!g_re_g!_ster c~ 169 GSB0 store stack summation, and 

GSB1 initialize r~isters~d ind~ 170 OSZI initialize next susceptance 
RCL1 calculate and store Y1 1 ?1 STOi summation register 
GSB2 172 DSZI - - - - - - - - - 1(3 CL.\' RCL4 calculate and store Y4 
GSB2 174 STOi - - - - - - -- - 175 RTN CLX s2 
STOi set term of Y4 to zero 176 'f:LBLJ 't-e s2 multiply by to form - - - - -- - - 177 RCL? sl GSB6 _Q_alculate and store_!)_. YJt_ - and additional terms, 
RCL0 1?8 PtS and add to presently stored 
PtS r·o srx5 normalize numerator terms I - terms 

RCLR 180 x 
181 ST+? 

srx2 182 PtS 
STxl 183 RTN 
srx0 184 :+:LBL6 polynomial multiplication 

- - - - - - - - - 185 P .. " PCL2 +-·-' - -- - - - - - -
PPTX 186 CL\' 
PCL1 recall and print 187 GSB5 
PRTX numerator terms 188 RCL6 so term calculation 
RCLO 189 RCLB 
PtS 190 GSB4 -- - - - - - -

PRTX 191 EEX 
SPC 192 GSB5 - - - - - - ----."f:LBLk. 193 RCL? 
F'SE wait loop for 2nd card read 194 RCLB al term calculat.ion 

GTOIJ 195 GSB4 
:+:LBLO subroutine to determine 196 RCL6 

ENTt whether recalled y element 197 PCL9 
ABS is a conductance or a 198 GSB4 - - - - - -- - --199 -~ EE>=: capacitance ~ 

3 If a conductance, perform 200 1;SB5 
B summation in the stack, 201 PCL? 

\ '."> \'? otherwise, element is a 202 PCL9 
2 GT09 susceptance, and summation is 203 GSB4 s term calculation 

RJ done in the designated 204 RCL5 
RJ. i register. 205 RCL8 

RCLB 206 G884 - - - - - -- - -
207 7 

~· 

+ 208 GSB5 
RTN 2139 RCL5 

s us oeptanc;- ----
R(if 210 PCL9 s3 *LBL9 summation in term calculation 

IN 211 GSB4 
J;IJ. 21 2 p-+C' 

: ~ --· 

ST+ i 213 PT/-! 
pJ. 214 :;:LBL4 polynomial mul tip lica tion 

PTN 215 )( subroutine 
:+LBL! register and index 216 ST+ i 

1 initialization 217 PN 
9 218 .-+LBL5 ini tia li za ti on subroutine 

S TO! 19 ~RI ·:· ' q STD I used with polynomial .:.... J. ... · 

CLX 220 CLX multi plication subroutine 
STOi 0 • R19 221 Fl]•! 

PTN 222 STOi 
223 Rn' 

LABELS FLAGS SET STATUS 
B c D E 0 cont inued 

load Y~ load Ya load Y1, load y!S" 1iumma'°1on FLAGS TRIG DISP 
b second car-d c 

dlooQ. Aotf'o 
e star-t 1 ON OFF UScRS C \.\OICE. 

wait loop analys15 0 • DEG FIX , 2 loop 3 calcut.ne 4 .9Vm"'at1ot1 2 1 GRAD SCI 
1n\tiali1.e t.arm1nate 90 ~ .., .. s<.1brout.1ne 

2 RAD ENG 6 polynomial 7 '"l'ut. 8 1Y\tl)t 9 recall 3 n __ 
moltu:il1catJol'"\ VO<Jt.ine. roc.J tne subr011t1ne 3 

~-----------------~l-------------------



0 

tWi 
002 
003 
064 
!305 

~!306 

007 
BBB 
009 
01B 
011 

-012 
013 
014 
015 
016 
017 

-018 
019 
020 
021 
022 
023 
024 
025 
026 
027 
028 
029 
030 
031 

tLBLE 
SPC 
P:s 

RCLD 
X#!Y 
GT00 
~·CLC 

ST09 
RCLB 
STOB 
GT02 

*LBL0 
~'CLC 

CHS 
ST06 

*LBLJ 
RCL6 
ENTt 
ENT1' 
ENTt 
RCLD 

x 
RCLC 

+ 
ST08 

x 
RCLB 

+ 
ST07 

032 x 

Ao 

033 £EX 
' 034 + 

• 

035 ST05 
036 CLX 

, 
Y1 

so 0 S1 l 
[sn ~Sn 

A 
bo 

1-3 card 2 l,1·o~ram IJslln~ I 

18 

START ANALYSIS 

if s3 coefficient is not 
zero go to ~rd order soln 
otherwise store remaining 
second order coefficients 
and go to second order 
solution 

third order solution 

calculate initial guess 
for real ~rd order root 

Newton-Raphson start 

2 3 4 
Y3 Y4 Y2 

S2 ~ 

[Sn 
S3 S4 

D1 IC D2 

REGISTERS 

5 Y5 

037 
038 
039 
840 
041 
@42 
04J 
044 
045 
046 
047 
048 
049 

052 
053 
654 
055 
056 
057 
058 

-059 
060 
061 
062 
063 
064 
065 
066 

S5 
scratch 

D 
J)~ 

6 

S6 

RCLD 
J 

x 
x 

PCLC 
ENT"I 

+ 
+ 
x 

RCLB 
+ 

XI@? 
SH5 
Kt.l:J 
ST-6 

ABS 
RCL6 

EEX 
8 

ABS 
X£Y? 
(;T01 
RCL6 
GSB9 
RCLD 
ST09 
RCL7 
SH8 
SH9 

Y6 

a-

IE 

f 1 x4 ) = 0 escape 
oa.lo flx4 )/f 1 ( X-1) 

app.1.y correction 'tO xi 

test for loop exit 

print real root 

normalize remaining 
second order coefficients 

7 '( 8 
scratch 

9
ecratch 

S7 SS I S9 
co,l/c 2 

c1,c1 2c2 c2 

11 

067 
068 
069 
070 
071 
072 
073 
074 
075 
076 
877 
878 

.-979 
IHll1 
081 
082 
083 
084 
085 
086 
087 
088 

~r-089 

'-!j,:;111 

091 
092 
093 
094 
095 
096 
097 
098 
099 
100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 

A 

a 

0 
f~~!f 

s 

1-3 card 2 

iLBL2 second order solution ---114 *Ltlltf RCL9 C2 115 GSB9 ~rint g1 or second real root ENT't 
116 RCL9 + 2•02 117 ST.>? 

sr~s} /( ) 118 ENH 
restore second order 

RCL8 c1 202 coefficients 119 + xz 
120 STx8 RCL9 
121 SPC 1--'X 122 RCL2} is numerator second order7 ST07 

2 123 XIOQ - (c1/(2c2)) - l/o2 t-124 GT00 X<e? if disoriminant is negative, 125 RCUl} GT03 iro to ima.dnarv solution 126 XIB'? is numerator a constant? 
01 -1-127 GTOB ST05 

128 RCL1 numerator is first order RCL8 calculate and print 
129 RCLB calculate and print the - one real root 
130 gain term, K GSB9 

RCL5 131 [;889 
132 cu: print location of numerator RCLS calculate and print ;.1-133 GT08 zero and etj,j. program + other real root 

'-134 itLBLB CHS numerator is saoond u:rdcr 
135 RCL9 GT00 
136 calculate and print the 

*LBU imaginary solution routine 137 GSB9 gain term, K 
CHS 

138 CLX print location of the JX 
139 PRTX "'""IAT'a+..,.,,.. ZAT'ns ST05 ........_140 *LBL8 program exit, restore PRTX 

RCLB calculate and print 141 Pf!S re1!'istere to ori,dnal nT'dA .. 
CHS one imaginary root 142 iLBL9 

print and space subroutine 143 PRTX GSB9 
144 SPC RCLS 
145 RTN CHS calculate and print PRTX 

XtY other imaginary root 

GSB9 
RCL7 w2 

.rx n 

2 
-

ST05 Wr/2 
Pi 
-

PRTX fn, the natural frequency 
RCL5 
RCLB 

- Q, the quality factor ' 

LABELS FLAGS SET STATUS 
B c D E ~!1:.rt 0 

FLAGS TRIG DISP 1tT>a. L vsi s 
b c d e 1 ON OFF 

0 DEG • FIX 
1 f~f !t 2 .. ~~.+oi;,~ex 3 J::A. 4 2 1 GRAD SCI 

2 RAD ENG• 6 7 0 t~~~aE~t 9 prin .. ~ 3 n__,___ sna.ae 3 
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Suggested program changes for the HP-67: Program space does not allow 

the inclusion of a print, R/S toggle and associated output routine. 

To cause the program execution to stop at the data output points, re­

place the "print" statements with "R/S" statements at the following 

line numbers: 101, 104, 108, 112, 131, 133, and 136 in program one, 

and at lines 094, 100, 110, 139, and 143 in program two. 

If these changes are made, the program will stop at each output 

point. To continue program execution, key a "R/S" command from the 

keyboard. 

SECOND ORDER ACTIVE NETWORK TRANSMISSION FUNCTION 65 

Tl-59 PROGRAM LISTING 1-3 card 1 

OUC (6 U::::L. subroutine to sum 05Ci I 05 05 
.__C:-.J •,;;..J _,,_] __ '"'"..:...·~ ....:.4__::::....:; :_=-I l:....:...'1 ~on duct anc e & su s c ep tanc .=r-=o-=~:...iJ=-. _i-+---=C=-i C=-i - -=C=-I =-
O O~. ~:; :~:T[J store entry in scratchpad c::::? 

.__C;,._i1;;...:1_;,,.:::_--,;:,..-'.:;,.-·--=c=-i'.:__~~ __ __ _ __ _ - · _ _ us::; 
00.::i. 50 i >::I test for conductance: c:::.::. 
oo::; :::2 >::.f T If entry is smaller than Cr:)':::: 

clear next set of storage 
registers 

ODE 01 l 1030, then it is a 1-_lc:-._1 :'. , ·:::i ·-· c· -r-•1 t '.:. _.· .:: r<: i r-. re urn to main nroe:ram 00? 52 EE susceptance and program .... ,,!!-_ ... ,'.:! .... _,.-=-.,.;..._~~.....:..;..:..:,.:.....;.;:~.;.:.:.-.:::.~::;,:;;;;,;;;.;.:..~~il.!.:::;:::..._...1 (t, L.t:L. LOAD ELEMENT INDEX co::: o:;:: 3 execution jumps to 
00 O step 24. 

C1 1Ci 
~] 11 

77 
00 

GE 
00 

l] 1 :? -24 24 
i..,,,...~,.---1........::::......:....--=-.:_ - - --
(i 1 :~: 4:~! ~'.C:L .. 
01 4 
Ci 1 ::i 
01 f, 
c~ 1 ·? 

&.....i.... 

·-= ·-· 
!] 1 
52 
0-5 
00 

i 
.i. 

- . . ' 

recover entry 

remove conductance 
scaling 

05':l 

_ C11S~· 

(Jttt; 
cit:·;::= 

c:--, 
._I ! EMG 

set fix 0 fonnat 

print element index 

:;::;2 \ ;~ T save index entry 

calculate storage 
register location 

-

- - CJ?Ci C2C i:i c:: -··._.I = 42 
/4 :::~·H~ sum conductance 07 j 04 04 

,•.,...=•-=2--=2,.....: -+-...,,,;;_,i~,._'. ----=C-=i'.:-=-) ___ ________ _ _ 072 32 >UT recover inde;·to -d-i sp-l-ay-
02:::.: .. ·.:._ i·< it·~ return to main program 1-::. ,-=-=1~==-.. :-=-::~ -.....,,:i,.__,...1__:,.F.:_ ... -.. ::;_; stop nro2:ram execution -
C2.:::- 4-3 :·~'.!_\_ recover entry 0 (·~ /0:> LE'L... LOAD RESISTOR VALUE 
Ci 2 ~; c~ =3 Ci 13 

74 

44 

44 

::; t:1 ~~ 
Ci4 

Ci4 
::; i_i t:1 

sum susceptance 

initialize su8ceptance 
storage register index 

initialize conductance 
storage register index 

---------- --
3:::1 i ...--;:.:; form conductance 
.- C" 
t •. _1 

-
32 \ i' T save conductance 
0 j_ i 

EE 

::St:: 
-·· ._,z 

multiply conductance by 
lo50 and indirectly store 

0:::5 04 04 
t-------__::_.:- -- - - - -- --o ::: t- 03 .-. .,:1 

c1::: 7 
- - i]f:::: 

setup to print 11 R11 as 
annotation on right 
hand edge of printout 

increment storage 
register indices 

:::=- --z ~ r-· 
._:i.::_ t::. t. 

recover resistor entry 
and p rint annotated 
value 

----- ---
stop program execution 

LOAD CAPACITOR VALUE 

-
Note: This translation was provided by Mr 0 Roger Junk. 
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Tl - 59 PROGRAM LISTING 

indirectly stor_:__ci:E_ 
::....!=-=! ..::.1 _ _;:-;:_;-: :=-::· _.:._::=<'-':-':'---- save en t r;y__ _ 

- _). ~:. 

--
. t ncn setup to prin on 

right hand edge of paper 
Ci::=~ C14 i._i"·r - - -..........,,...,.----=·:·-==·:·:--;-, '·' ..-, -:;=-,- - - - - -l i_i C: ·-= ~ { ·: -: i 

57 Ef·-lC~ print capacitor value in 
f: 13 OF1 engineering format along 

i.5 
J.5 

-_=_, o·-_-! Ub u:::. With annotation 
- -------1--'.L-~-i -C--·~--=-1-~,....:..--·· :-::: stop program execution 1t·'-· 

~~~~...;.;;..;~~~~~:":"::"'"~~~--;:~~ 111 76 U:::L_ LOAD OP-AMP DC GAIN, A
0 -4 ..;; .­

l l L 14 D -------42 
i Ct 

store A0 l C! 

t :'3 en=: 
Ci4 Ci~~ 

-- - - -

' t "A" setup to prin on 
right hand edge of paper 

recover entry, 
space paper, and 

- -

print entry and notation 

1-3 card 1 

::: 2 >-: 1' -r re cove_!_ ent!JC _ _ -~ _ 

·:<:: !=i:D\.' space paper and 
6'?- rn=- print annotated entry 

---------
nton nroo-ram exer.1J+~""' 

INITIALIZE 

-----
42 ::;TU zero elements 2, 3 , 5 , & 6 

i ·: : 
.l · .. ,: .L -~ ; 

42 

START ~ALYS! S 

.? 1 '.:; E; F~ 
test for printer attached C14 Ci=+ 

··~ ···- to calculator 
"(:5 ( ~::: - - ___.. - - - - - -- -
~:·: 1 '.::;E;F: initialize counters and 

-'-"=-"i.:..... ·7...:.:··:·--~-=-j-=-·:~--"I::;...:!""'"··.!..._T r~isters _____ _ _ 

17 .:. -.., 
l ( 

1 

form and store: 
1 'C- = ----'---

2Jt f -3 dB 

1 T? 5 2 EE if entry is larger than 
13;:: 02 ;,:: 1020 set ~ to zero 

141 
142 -46 4t:. 
14 :::.: 00 0 
144 · 42 :3Tll 

i...:i::.-4..:....~.:....-' -+....;:1,_.,7'=-' -~1_"? - - -- - - -- - -
14t:--. C12 
147 (11 l setup to print 11 F 11 on =37: 
14;:; f::3 OF1 right hand edge of paper =3;:; 

J J 

l : 
. :.. ..1 , 

.:. .-. 
,·c -· ; ._1 

i . - l 

lL 

?CL calculate and store 
., .··, sO and sl terms of: 
l :.::.:. 

71 ::; t.: !? 
4 4 ~=; lJ r,·1 
4 ::~: ~'. c: L.. 

44 ::; j_i f1! 
~'.C:i_ 

( i i l 

1 C1 
135 
•. - C" c1._1 

10 

-- - - --

calculate and store 
sO and sl terms of: 

Ii 
11 

SECOND ORDER ACTIVE NETWORK TRANSMISSION FUNCTION 67 

2C 

;2 i J. 

·:1 'f ··~ · 
i:- J, · .. · 

214 
{'.'. 1 ~ 
21 t. 
~'. 1;. 
21:: 

22C 

·-= ,'""1 .-c.. c.. ~M 

1.4 14 

16 
71 
44 
?i 
.:.1. '=t . --
00 
7i 

RC:t_ 
1 t• 

PF.'.D 

::< 

Tl - 59 PROGRAM LISTING 

~------ --

ca l culate and store 
sl and s2 terms of: 

~-~ ::i iJ 
--: i::"' -I 
::.-_._: l 
."":i::"·-·1 
:.::: • • _ _! ::.~. 

·:::: :::; ·~ : 

.·-,;:.-r.: · 
~ ._.1._: 

25(: 
.-·.~-·: 

~:~ ._: :' 

2~1:_: ; 
·: : c: :: : 
:'._ . __ : -. 

.- .. - .:. 

:::: ti l 

2E1 ::; 

2t.4 
:2f,~ ; 

·:: :::: ( : 
'-'- ''-' 

- - - - - - - - 2...-0 
calculate and store: 

(Y1 + Yz +Ya)~ (Y1 -1- Y .. )( lt'Cs) +Y5 (1-Ao~'C"') ~ 
= D1 

2?j 
2 72· 
.· .. f-:: ·- · 
.:.:. i' . .:.1 

------22~ 71 Sb~ 2 7~ 
22 f, 59 I HT initialize indices ·:· .··i=: 
·~~--,-,,_....,~~ - - - - - - - L... l - · 227 4:3 F.:C:L - - ;27? 

.- , ·'"': 1"": 

.::..:.:=:..• 
2i:::~: 

2:-.:; ci 

") ·:: -.: 
::_ ._1 ! 

2 :::::~ ; 
~'.:~;l:f 

;~'.4C 
;2~· 1 
;24~'. 
24 :~ ~ 

244 
·:1."~ C .' 
~1._1 

247 
24::; 
24::.i 

14 
71 

16 
71 
44 
4:3 
1 '3 
71 
44 
4:3 

10 

'34 
71 
!35 

l4 calculati and store 
sO and s terms of ;2? :~; -

+ 

.I. ... 

l t = 

i tj 
..i. -" 

12 

~'. c: L.. 
~ :-: 
11_1 

= 
+ .. ··· --

1 E. 

Y4 

calculate and store 
sO and sl terms of: 

~=: 7 '3 

· - 11-1 · - 1 

~::: £:.. 
.-, ,-, .-, 
:.:::.:::.,:: 

·-: :-1 C'" 
;::. r:: --~ 

2'35 
2'3t1 

- 2=37' 
2:3~:; 
·-11-11-1 

c::. ::=::: 

1-3 card 1 

{ l ::; c; r:'. 
4 4 ::;l_l l11 

15 1 :; 
7 1 ::;E; ~~ 

::; f = ::; T F:-
ci ci cici 
7 J. ::;E; F:'. 

00 

01 
22 

.:i ·:· 
l · -· 

02 

1 Co ·-· 
49 
00 
c:i ·:i . --
01 
4'3 
02 
49 
0:3 
4:::~ 

0:3 
71 

4:~: 

02 
71 
04 
64 

CP 

1. C• ·-· 

Oi 

0:3 
f-::'.C:L 

calculat2 and store 
sl and s tenns of: 

------ -
calculate and store: 

Di+ Y4 }Y"'(i•"l"$) .. 
Ys(1-A.,+L'.,,.)-AoYz~ 

-- -- - --·-
test for non-zero 
denominator coefs 

-- -- -- -- -
non-zero test continued 

non-zero test concluded 

-- ----
normalize denominator 
terms 

---------
recall and print s3 
denominator coefficient 
(program will stop if 
printer is not attached) 

- ---~--
recall and print s 
denominator coefficient 



:::: 11 
:31.? 

68 

43 RCL 
01 01 
l 1 :3E:R 

.-. -:r .~, --;r 
L !" &::. I 

43 ,,:cL 
00 00 
71 ::;E~ F.: 
13'3 F'Rl .. 
4-2 ::;TD 
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--------- -

recall and print s
1 

denominator coefficient 

- - - - -

recall and print sO 
denominator coefficient 

:357 

1-3card 1 

.... . ... 0 uu ;_;;_,, recall and print s 
; 1 :3t:~? numerator coefficient 

-

UU U unused program memory 

::~ 1 :;· 26 2t. 
i.-___::...-_::;__--=..;;;_ - - -- -- -- -- - -

::: 14 :::6 ::;TF indicate first product 
:::15 00 00 

:3 i a;i 
:32C1 

:~:21 

:3 22. 
·-: .-, ... 
.:._::::. . .: 
:324 

·:· ·:·~ 
·-·~·-

·:1 ·:~ C• 
·-' i:..._J_ . 

·:1·:· ·=~ 
·-' i:.... - · 

•:1 ·:: ·:~ 
-:-•·-' ·-

.-1 .-! -:J 
·=· .:.• i 

.-. ·-1 1-~ .::; . .:i ::: 
:34(1 
::.~4 i 

~34:7: 
:34 -~ 

:~!lf ·­
:34 t~ 
:::.::~ 7 
:;:48 
:34'~ 

59 Hn 
4::: F.:C:L 
i i 11 
71 '.:;E:F: 

4:3 F.:C:L 
14 14 
71 st::F.: 
!:~5 + 
00 0 
72 :3T * 
04 04 
71 ::~E;F~ 
l~i~i ::-:: 

10 10 

:~5 

4'3 
02 

01 

00 

~:c:1_ 

1 ::: 
= 

FED 
1
-, .~, 
_i Co 

00 
~'.C:L 

i]2 

71 ::;f3F~ 
·;.. ::: A Ii \:: 
4:3 ft'.C:L 
01 01 

of sums - - - - --- ·-:.-~ .. · 
initialize indices 
-- ---

calculate and store 
sO s 1 and s2 terms 

' ' of Y1°Y4 

.:...: c:r: = 

:3E,::. ?t;, E!L subroutine to multiply 
:36•:: 49 PF:D by "rs to form s2 and 

1-:=-3..:::,7-=-o--~...:..·~ ...:...:3__:_F.....:.'.(..:...:: L=- additional sl terms, and 

:371 
.-,~·"' ': 
.:.~ t' i . 
·-1-:- ... . 
.:,1 { ... : 

.-. .....,.;:::: · 

.:;..t ... _ i 

:::!?E1 
--t""':' 
.;: i i' 

24 
.- -C= :_:a 

I~ = 
-· .J 

44 
.-,.-1 
.::. t:. 

i? add to presently stored 

l1 :- · ! r:. i_. L.. 
.-. t=" 
~ --! 

= 

22 
:3:::1) '32 F.'.Tt-~ - - - - - - - -1-~.;;...-_,.;;..:;;;., _ _:.;:..;..:.,.:._ ___________ -I 

:3BJ i"t.• LBL. polynomial multiplication 

normalize numerator 
coefficients 

recall and print s
2 

numerator coefficient 

recall and print s1 

numerator coefficient 

:3t!2'. f,'.') ::< subroutine 
i-=-.=....::.=-----=-.:::..---- - - - - - - -- - ---:.-.. -, 

.:_11:1.;1 OD 0 

s0 term calculation 

21 21 

- - - -- -
.-·;;'-:C::' 
. .:: ;.s ... l 01 i 
:3=3Et 71 ~=; ~3 F.: 

04 sl term calculation 

SECOND ORDER ACTIVE NETWORK TRANSMISSION FUNCTION 69 

Tl -59 PROGRAM LISTING 

401 
4C!? 
4ci:~~ 

400::: 
40~ ; 

4Ct1 

4C!'? 

4Ci =~~i 
4 1. c~ 
4 1 j 
412'. 
4 i :~~ 

::Jc:: 
-··._I 

74 

.. - t:" 
:::: •• _! 

22 

~'. c: L.. 
2 1 

F:C:L 

2CJ 

s1 term calculation 
continued 

~· 1 ::~ Ci 5 C! ~:.! 
1-:-. -:-. -=r··,---=---=...___::....=.... - -- - - - - - - -

::f l :: .. ; !_! ~~ ~~ 

4 C.~ Ci 
.·i ·:: i 
:~ .!. 

427 

,;.~ c:: 
:_; .... : 

2 Ci 
1:J c:: _.·._,1 

!~~ c: L. 
s2 term calculation 

F.:c: L. 

Ci5 Ci5 
·-~~.-.; .~·~.:=.i: ... -.,--.-~-.. ~-. ---'-''- - - -- -- - - - -

. - i_i . .:; :3 

44.c~ 

::f 4 1 

4 4:3 
444 
445 
44E: 
44"? 

'35 
74 

s3 term calculation 

polynomial multiplication 
storage subroutine 

45~-

4~:;:_, 

4:;~:. 

4 t: :~:~ 

i:~ f: ::.~ 

4. "?:~; 

4 r:::~; 

1-3 card 1 

~ =::= L~ t; L~ 
1:-.t i:'.:i t= F'. ~r 
5 ~::: Ef·~C; 
:~ =~ F: i:~: T. 

Cl :L Ci J. 
C14 Ci~. 

74 74 
:3 :L F'. . ...-::~; 
22 

Ef·-!C~ 
l~'. ·r r-~ 

subroutine to print 
and continue if 
calculator attached to 
PO-lOOA printer, or else 
to stop program executior. 
and display answer 

subroutine to sense 
PC-lOOA printer is 
attached to calculator 
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REGISTER ALLOCATIONS FOR Tl-59 1-3 card 1 

register 
number 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

contents 

sum of s 0 terms 
sum of s 1 terms 
sum of s 2 terms 
sum of s 3 terms 
indirect storage register index 
indirect storage register index 

Ao, the op-amp de gain 
Y1 
Y2 
Y3 
Y4 
Ys 
Y5 
1: 

ho 
Y5(l-Ao) 
---------s2l 
-----------s20 
-------------s11 
----------------s10 ------·-----·-----s 12 

SECOND ORDER ACTIVE NETWORK TRANSMISSION FUNCTION 71 

Tl -59 PROGRAM LISTING 

OOC ? .:~. LBL START 
001 1 :':; E oo;;:· ? 1 .:-pp - - -- -- -- - - - -

•1
_ ... i,::.,• ·-·

1 
.. 
1
' -~· test for PO-lOOA printer 

OU~ " tt d OO~· ? :S ?i.; a ache to calculator 
I-___ ="r -----'-..;;.. - - - - - -

uu::1 4:.:; RCL 
- - --

050 

052 
os::; 

006 
00'? 
oo::; 

if s) coefficient is zero 056 
go to second order ' o::;~c· 

00 9 
01t 
01] 
012 
01 :::: 
01.:'.l· 
01 ~ i 

01 t • 
l] 1 7 
01 ::: 
019 
020 
021 
022 
c12::: 
024 
02._1 
02E· 
027' 
(12fi 

029 
o:::: ci 
0:31 
0::::2: 
c1:3 :::: 
0:34 
0 :3 !:i 
o::::i:.. 
o::::? 
1):3::: 
0:39 
040 
041 
042 
04:3 
044 
045 
1146 
04 ?' 

.·· ~., 

t: { 

i::.t::: ._1._1 
.:i .-;. 
- t ._I 

CP 
EO 
01 
i 9 

F~CL 

·35 = 

4·2 
.-,.-1 
.::. .. :i 

.~' .. -~ 
:..:.-.:: 

42 
.-. ·! 
i:.. J. 

.::i. "-=! 
( ·-· 

+./-· 
STD 

FCL 

PCL 
2 '3 
+ 

PCL 

= 
STD 

21 
.... · .... 

f.;'.CL 
.-, .-, ·:1 .. ) 
:.::..-:· ·~·-· 

43 RCL 

4:3 !?CL 

•35 = 
42 STD 
.-, C' 
C...·-· 

.- , c:' 
t::. • .J 

solution routine 05;::: 

calculate initial guess 
for real third order root 

- -
Newton-Raphson start 

Cit :::: 
064. 
Cit:~~ 

CIE1E; 
Ci ti·? 
06f: 
069 
070 
07 1 

o:::o 
o::: 1 
c1:3 2 

c1:::4 
t):35 
(t:3f, 
c1:::7 
[1::; ;3 
I)::: '31 
0'30 
091 
0'32 
0 9 :;: 
094 
0 '3 5 
0'36 

- --- 097 

1-3 card 2 

.i .-. ,. .:,1 
·:i i:. 
::...... -·· 
•. - t::' 
C= · . ..! 

27 
·:ii=; -· ·-· 

RCL 

F:'.CL 

+ 

PCL 

= 

PCL 

+ 
RCL 

= 
2 '3 CF 

00 
75 75 

.-1 t:' .-1 t:" 
~ ·-' t:: ._: 
94 +/-
44 ::;1Jt:1 
2:::: 2:3 
50 I::-:: I 

Ci 1 1 

00 
1 '3 

EE 

= 
I ::-:: I 
Ir·~'·/ 

GE 
co 
19 

4:~~ F:C:L 

calculate f' 1 (x.) 
1 

- - - - -

- - -

- --

apply correction to xi 

- - - -

test for loop exit 

------ -

71 ::mp print real root 
04 04 

04::: 
04'3 

0:3 09::: 65 65 
~-::-..;:;..-~=---=.::: -- -- -- - - -- -- - -

.- C' t:• ._t 09'3 4:3 F.~ C:L 



100 
1 Cl J 
1 o ~· 
1Ct:? 
i 0 ·:~. 
i u:::-· 
1 Ot. 
1Cl.? 
1 fj :=.:: 

1 [ ! ·: : 

1 1 Ci 

.·· -·-: 
:,_: i 
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Tl -59 PROGRAM LISTING 

normalize second order 
l~:. ~.:J coefficients 

. : . : l ..... ;:..: 

1-3 card 2 

7-:­, ; 

01 
75 

1-·c-
. :::: L.. 

01 

:34 f::·:: 
42 :~3 -r LJ 
.-, ~ .-, C" 
C. •,.,I i:.::_ ._I 

-::-c:-
1 ._i 

- - - --

calculate and print 
one real root 

f, j 04 0 4 

~:: '. ~: .. 20 2(J 

.-.-:i: ·-::-:7 
r:.'..,. I~ L. .. l 

4c~ :3TL_J 
2 1 21 

---- -- --- -

store second order 
coefficients 

.:3 c; 2 ;;:~ ·::I -~;: ;::~ c.~ 
~---~·· ..... ·- ~~ - - - - - - - - -

3 1 4:3 !?C L second order solution: :::=: 1 

.-! .... , ,. .. ::: 

20 20 
:35 1 . ...- :::: 

22 22 

21 ;21 

21. 21 

75 
43 F:CL .. 

calculate discriminant, 

test for negative 
discriminant 

1- 1 C'" ' 
1:1._I -:-

4 :=: t? c:: L. 
i:1 ::: ce 
134 +./ --

calculate and print 
other real root 

.-, t:" .- , c.-
i::. ._i a::,._1 - - - - - - --
::.~4 ·+·./ -

25 2 ~i 
7 i ::;t;F'. 
1- , .·i 
_ , "T 

imaginary solution: 

6 5 S :::; calculate and print 
43 ~?CL. one complex root 
21 21 
94 + / -· 
71 :~~;t::F 

04 ,-, .-1 
=- = -·r 

-- -

calculate and print 
the other complex root 

SECOND ORDER ACTIVE NETWORK TRANSMISSION FUNCTION 73 

Tl-59 PROGRAM LISTING 

200 
2Ct 1 
2 C!C~ 

2(14 
20::, 
2 06 
2Ci7 
2c1::: 
2ci 1

::
1 

2 10 

t.:3 MOP 
68 HOP 
43 PC:L 
22 22 

'35 = 
42 :::To calculate and print 

25 fn, the natural 
frequency 

211 ::;:3 1"f 
212: 135 ::: 

- - - - - - -- -

25 2~5 
55 

221 
21 21 calculate and print Q 

= 

E= t:= f = t'.= 
I-=--:=-=:----,--,,--- - - - - - - - -
2 2 :-:,; 4 :3 ~'. c:: L. 

22 

21 

22 restore second order 
coefficients .:·:. 

r-:-~·::"'• .·_:,,,......: _ .. -,--.,; -.,..-,, .-=-. --=-. =-c_ .,...- - - - - - -::+ ._:; r:: !_: L. 

.~ --= 
=-= ! 

is numerator second order EiJ 

4 57· 

- - - -- 4~:::!J 

241 471 

242 2 2 It-~\== 
is numerator a const ant? ECJ 

245 4 (:_i 

-- '1i·76 

247 477 

1-3 card 2 

~:'.Ci 

Ci4 C!==~-
74 ~7 4 

calculate and print 
the gain term, K 

subroutine to lock up 
"R/S" command.,..prevents 
further program execution 
via the "R/S" command 

print or display 
subroutine 

PC-lOOA sense routine 

... -------------------------------------------------------11------------------------------------------------~~~~I 



74 NETWORK ANALYSIS 

REGISTER ALLOCATIONS FOR Tl-59 

register 
number. 

0 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 
20 
21 
22 
23 
24 
25 
26 
27 
28 
29 

contents 

c 2 
c 1 , c 1/2c 2 
co, l/c2 
x. 

1 

f (x.) If' (x.) 
Do 1 1 

D1 
D2 
D3 

1-3 card 2 

PROGRAM 1-4 L NAP, LADDER NETWORK ANALYSIS PROGRAM. 

frogram Description and Equations Used 

This program evaluates the frequency response and input impedance of 

a RLC ladder network containing up to 4 nodes and 8 branches using a 

sweep of discrete evaluation frequencies. The frequency response is pro­

vided as magnitude (dB) and phase (degrees, radians, or grads), and the 

input impedance is provided as real and imaginary parts (ohms). The 

evaluation frequency may be incremented in a linear manner using an addi­

tive increment or in a logarithmic manner using a multiplicative incre­

ment. 

Each branch of the ladder may contain a resistor (R), a capacitor 

(C), an inductor (L), a series RC, a parallel RC, a series RL, or a 

parallel RL network. All element values are stored, and may be reviewed 

at any time to check or correct the component values and interconnection. 

Because of the number of available storage registers in the HP-67/97, 

the number of nodes cannot exceed four, while the TI-59 can accommodate 

the data for ten nodes. Elements that inhibit signal flow through the 

network are not allowed, and will cause the program execution to halt 

displaying "Error." Examples of these inhibiting elements are a shunt 

resistor or a shunt inductor having zero value, or series capacitors in 

series branches having zero values. 

The algorithm used by this program assumes 1 volt at the output of 

the ladder network (see Fig. 1-4.1). From the knowledge of the last 

branch admittance, the complex branch current may be determined. Since 

no current flows out of the last node, the last shunt branch current 

must also flow through the preceding series branch. The complex voltage 

drop across this branch may be determined by multiplying the branch im­

pedance and the branch current. By adding the series branch voltage to 

the last node voltage, the next lower node voltage may be obtained. 

This node voltage times the shunt node admittance will yield the shunt 

node current. Adding this shunt node current to the previous series 

75 



76 NETVIORK ANALYSIS 

branch current will yield the next lower series branch current. 

This loop is repeated until the input voltage source is reached 

(node 0). The frequency response is found from Eq. (1-4.1) and the 

input impedance from Eq. (1-4.2), i.e.: 

T(j u)) = E /E. 
out in l/Eo (1-4.1) 

Z. (jw) in Eo/Io (1-4.2) 

node 0 node 1 node n-1 node n 

Eo 
Zo 

E1 
2 2n-4 

En·1 En 

I I 
2 2n-2 I I T 0 2n-4 2n·2 2n 

Y1 y2n-3 y2n-1 Eout 

J_ I I I 
1 2n-3 2n-1 

Figure 1-4.1 General ladder network topology. 

The preceding algorithm may be expressed in mathematical short­

hand using indices: 

E 
k-1 

(1-4. 3) 

(1-4.5) 

where k = n, n-1, n-2, , 1, and n is the highest numbered node. The 

initial conditions for the n-th node are given by: 

I2n = 0 

E = 1 + jO 
n 

(1-4.5) 

(1-4.6) 

Equation (1-4.3) is evaluated for I 2k_2 and substituted into Eq. (1-4.4) 

to obtain the next lower numbered node voltage. The index, k, is de­

cremented by one, and Eqs. (1-4.3) and ~-4.4) are again evaluated. This 

process is continued until the voltage at node 0 is obtained. Equation 

(1-4.1) is used to find the frequency response, T(jw), from the node 0 

voltage, and Eq. (1-4.2) is used to find the input impedance. 

1-4 

L N AP, LADDER NETWORK ANALYSIS PROGRAM 
linear log data start ~ #of nodes l~ sweep sweep review analysis 

load loaa J.oaa load loaa rreq 
R L 0 start frea increment 

STEP INSTRUCTIONS INPUT 
DATA/UNITS 

1 Load both sides of the maO'Tletic card 
--~- - ---------------------·--····==-·-----------·- ---·---

_} ___ --~-!'._~_! _ _j_a ta s t~!..'!-.~~_g_~g_h. __ ~_h.-~_hJ:g_!'!~~~--~~~~!~.4- ·······-·-··-
no de: ··-··- ·----·-·-·--------···- -----------·--------------·············· --------·-

a) If parallel RC or RL: 
_-__ -_: --·-====--·-_-=::·_·k_·-~--;·_-i_n_·-~--e_si_.s_-t_;;_;~·-_~_a~_!! _ _d_£__i:___a~-g-~-----~1g~-~:: _}~:~:§~-= 
- ·· ·--···- key ~-!!!_ductance L, henry or ---····-------·-- ·--------

~ key in capaoitanoe c farad ·----- -----------·------------------- -·- ·····'----·--·-· 

~ .. -- ------~--------------.... ----··-------------•------' 
b) If series RC or RL: ·------------··-----····-·-··----------------······· ·····--·----------

key in resistance R ohms --- ----------·-····-··--·-··---·--·-·------ -----· ·····'--------------
--- ·-·--·-·OR--~-~~-in i~_<!~~~~~~-------------·--------·-----··· · ·· -·· ·--~!-- -~~~~~-

·-·-·-·····= key_f..E~Eacitance C, farad --------------------··· ----------·-
-- --····---~------···--- ..... -·----"----------- ·····----··--
--
-
-

---
-·-
---
--
--·-

"-·-

~--

---

For resistance, inductance, or capacitance alone in 
one branch, use step )b with zero resistance for 
L or C entry, or use zero inductance for resistance 
entry. A zero or positive resistance is interpreted 
as a series branch indication, 

Alternately, step )a may be used to enter single 
inductors or capacitors by entering a very large 
negative resistance like -1020 ohms. 

Fastest program execution will result if the zero 
resistance method with step )b is used for series 
branches, and the large negative resistance method 
with step )a is used for shunt branches, 
By observing this convention, the program will not 
use the series to parallel conversion subroutine 
which requires about 2 seconds to execute each time 
it is called. 

Repeat step 3 until all branches including branch 0 
have been entered. 

--- . The sign change must affect the mantissa and 
not the exponent on numbers entered using 
scientific notation. 

---__.. 
---

KEYS 

Gli~ ITl 
C:::JLJ 
[I] 

OUTPUT 
DATA/UNITS 

_?~~ch_jt__ 

_b r II_::_ __ !_ 
br # - 1 
---~----

i--... ~---·· 

------··----... --

-----

-·-------·-

-------~-

------- -~-----

------------
~-----

~--------

-·--·-



1-4 

STEP INSTRUCTIONS 

LNAP 

INPUT 
DATA/UNITS 

__ 4 To review stored element values -- --------------------------- ·-·-· ··- · ···--=~=~====···==-

._.!L _T~...!!h~~-~~e va~~~~tored elements 

·--·-· ___ aj _____ J5_:_t_~_~_r~~-_::~be~--~--?-~ ch~i:-~=~= b~~h-~= 
b) Key in correct resistance R 
-~)-Key-;;-;;;;~t;~;ti~-eleme~t~-~lue - ---1--··-·-· 

-- - - ·------------·-----------·- ·---·---------·--·- ------ --.OR-
~---------·-·--------- ----·--·-··-----·- __ _Q_ -

--·~ -------------------.. -··- ·~~-------·- -------· 
Repeat step 4 or 5 if desired. -- ---------------------------------------·--·- --------

>-.-~-- ------··--------··------~-----~-----·-·----~ i--------··-· 
--- !.--~-----------------~-·---·-----------·- ------ .............. __.._ - --·-----
----- ~~---···-----~~•-••-·•••••-----·-----...----'-•m~------- ~~-----~--

KEYS 
OUTPUT 

DATA/UNITS 

branch # ------
. ..J3E~--­
Ln~~~-~ 
--~~E_e _ 
_ _ 13JJ:::.l* __ 
1 ___ 0 __ ..!.! . 

• --.---....._-. 
-----~---
-~_Q ___ <?X ... 9.o.~! 

-------· 
------· 

-------
1----------

see Ex. --------
(1-4.1) --------

--------
!-----··--

1-4 

STEP INSTRUCTIONS 

LNAP 

;CONTINUED 

INPUT 
DATA/UNITS 

__ ]__ To stop the analysis: --------· ...... ·-·-- ----·-·-------~~------ ------·-···- ----~---- --- --·--
----· ---~~!'j:._ __ ~'j:._g __ ~~~- pause that occurs after the 
_________ i:_~~_:::~_ry Zin is p ri-rrl~d-;th~k--e-y_R_/_s_-"---•------ ____ _.._ .. ..__ ________________ .. ____ ~~- ~-------

-- -··----····-·---------------------- --·--··-------+-------··--
-----·-------·---------------------

--------------------------------·-.---------+----
-----·---------•m••-=--------------
-- ---------------------------------------

·--------------~-·---·--------~--------·--

------------------~-- ---------------------------------' 

KEYS 
OUTPUT 

DATA/UNITS 
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Example 1-4 .1 

Figure 1-4.2 is the schematic of a predistorted 8th order 

Butterworth lowpass filter with a -3 dB cutoff frequency of 1000 Hz, and 

a design impedance level of 1000 ohms. Determine the frequency response 

and input impedance of this filter over a frequency range of 100 Hz to 

10 kHz using a logarithmic sweep with 10 points per decade. 

3.9.!1 O.OS21h 0.3122h 11 n 0.17S8 h 

"-.,,..-' Lo R2 L2 R4 L4 RS Ls 

RO 90Kn 51K!'2 

c1 
. R1 

C3 
R3 

C5 

0.1768µf 0.3122 µF 0.2467µf 

60.1K.!1 
R5 Ci 

0.0621µF 

256K.!1 

Ai 

..._,,,_.. 
99G n 

Figure 1-4.2 Predistorted 8th order Butterworth LP filter. 

1000.n 

R,L 

LNAP- LADDER NETWORK ANALYSI S PROGRAM 81 

HP-97 PRINTOUT FOR EXAMPLE 1-4.1 

4. fl(i 

-996. 
. 0621 -66 

• , l l 

1 ,.. t.c; 

-60106. 
. 2647-fi{ 

19 . 6 
. 3i~"2 

-51 iJOC. 
. 3122-86 

i6. 6 
. 2647 

-90666. 
1 768-06 .l 

1063. s 
. 0621 

PROGRAM INPUT 

i;Sf:o. load # of 

GS f:R R1* 
GSBC 07 

GSBA % 
;;SBB L6 

G·St:A 

~ .-. -- · r-• . -. 
G.jt;L 

5 
GSBR R4 
GSEB L4 

GEBR R' GSBC o, 
GSBA R2 
GSBB L2 

GSBA R1 
GSBC 01 

SBA Ro 
SBB Oo 

nodes 

?.000+06 
-996.0+00 
-62.16-09 

DATA REVIEW 

GSBcJ start data review 

:+:.;::;: branch number 
*** resistive part• 
.t::f::f: reactive part** 

6.000+60 :f:H 

11. 06+00 .t:H 

1?6.8-03 *** 
5. 000+60 H ::+: 

-60. 10+03 u.;: 
-264.?-09 *** 
4.000+06 *** 
19.60+00 *** 
312.2-03 *** 
3.0ti0+00 *** -51.0ti+O] *** -312.2-65 :+:H: 

2.000+00 .'f:.t::+: 
16.60+@0 :t::f:.;: 

264.7-03 .tH: 

l.000+00 *** 
-90.00+03 *** 
-1?6.8-09 **·' 
0.080+[10 .j!l: .'f: 

l.004+63 ,, .. * 
62.10-03 *** 

* A negative sign indicates a parallel connection of elements. 

** A negative sign indicates a capacitor as the reactive element. 



82 NETWORK ANALYSIS 

HP-97 PRINTOUT FOR EXAMPLE 1-4.1 

L-:;SBc: 
100. GSBD 

select log sweep 
load start f'requenoy 

• 1 rn.o: calculate freq increment for 10 points per decade 
1. 259+[11] *:+:.;.· multiplicative increment (manual print command) 

GSf.E load multiplicative increment 

start analysis 

PROGRAM OUTPUT 

109.8+00 freq, Hz 
-6.467+oe gain, dB 
-29.40+00 phase, 0 

2.000+BJ Re z1n,.n 
208.2-03 Im z1n,..n. 

125.9+[i[i 
-6.468+0[1 
-37.04+80 
2.000+03 
250.4-03 

1 ss . . '5+Be 
-6.47f1+B8 
-46.68+[1[1 
2. [1[tfi+fi.j 
292.3-0.'3 

199.5+[1[i 
-6.472+06 
-5S.87+00 
2.[108+03 
322.3-f.'3 

251.2+00 
-6. 4?t:+ou 
-?4.33+00 
2.000-r03 
305.9-[13 

316.2+!:1[1 
-6.482+00 
-94.00+06 
2.000+03 
i15.fi-03 

398.i+IJ[i 
-6.49].,.06 
-119. 2+06 
2. i)@[t+@] 

-723.8-03 

501.2-rOft 
-6.513+60 
-152.IJ+[tiJ 

1.993+B3 
-2. JE;8+06 

631. [H·[i[i 

-6.557+60 
164.2+06 
1. 957+63 
17. 75+60 

794. j+[i[; 

-6. 770+06 
101' 8+06 
1. 931 +63 
2?5.6+[1fi 

1.000+0] 
-9.816+80 
2.263+08 
5.622+03 

-415.8+00 

1.259+eJ 
-22.54+0@ 
-98.07+0[1 
1. 049+ff3 

-813.0+f.10 

1 & 5:35+63 
-38.24+€1[1 
-161.3+0@ 

1. 013+03 
-139.0+[1[1 

1. 995+03 
-54. 14+06 

154.3+00 
1.00B+O?. 
248.9+00 

2.512+83 
-70.69+0[1 

121.1+[t(i 
1.006+63 
586. 1+00 

3.162+133 
-86.87+66 
95. 46+£16 
1.005+EtJ 
932.4+00 

3.9817133 
-102. [1+/jiJ 

75. 48+6!:1 
1. !:105•63 
1. 319+63 

5.f1i2+03 
-11s.e+o0 
59.79+[1[t 
1.0[14+63 
1. 772+[13 

6. 3113+!:13 
-134.0+00 
47.41+00 
1. 004+1]] 
2.317+63 

?.94.J+f13 
-15Et.o+eD 

37.62+fl[i 
1. [1[14+03 
2.985+t13 

16.06+03 
-166.0+00 
29.8(+0[1 
1. [164+63 
3.81i+03 
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Example 1-L• .2 

Over a frequency range of 8 Hz to 12 Hz using a linear sweep with 

Q.2 Hz steps, evaluate the transmission function and input impedance of 

the network shown in Fig. 1-4.3. 

100.n 

100!1 

0.1592·h 

T 
E 

out 

'--'--------'"------4.---0 _L 

Figure 1-4.3 Network for Example 1-4.2. 

The network must be redrawn with the insertion of dummy elements to place 

it in the ladder format meeting the program input requirements, i.e., 

only parallel RC or RL networks can be accommodated, not parallel LC net­

works. The redrawn network is shown in Fig. 1-4.4. 

R2 
Ro LO R4 L4 node 0 node 1 100.n node ·2 node 3 

Oh on Oh T 
E 0.001592 F 

E 
in R1 RJ C3 R5 out 

10
20

n 10
20

n 1020.n 
L5 

.1592h l 
0 1 2 3 4 5 ~ 

BRANCH NUMBER 

Figure 1-4.4 Network of Fig. 1-4.3 redrawn with dummy elements. 
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HP-97 PRINTOUT FOR EXAMPLE 1-4.2 

PROGRAM INPUT DATA REVIEW 

3.06 GSBo. enter # ot nodes 
GS8c start data review 

-1.+23 ;;SB ii 
~ • .159155 GSBB 5.600+frfi .::+.:+. branch number 5 -HJIJ. fh 

. 
:,.n resistive part • 0 

fj. GSBA R4 159 • .::. -f,3 *:f::t: reactive part ** o. GSBE: L4 
4. 00@+(1(1 *** -1.+26 t.-:;SBR R:; i3. [lt30+00 ;f:;f: ,j : 

1. 59155-03 iC·r:,·· i3.@t30+0fl ***' ~~ILi!_. c, 
-106. GSBH R2 .3.00ti+Ofl .tu 

1. 59155-03 Gf:f;C 02 -Hl0.0+18 U:,. 
-1.592-03 *** -1. +20 GSBri R1 

0. .-.. -. .-.. -. 
01 2.000+60 .t;:,:it. b,:1t;l_. 

-100.0+00 *:it:* 
168. GSBH Ro -1.592-@3 :;::;..'#: 

@. GSBB Lo 
1. 60@+00 .'f: .'t:J#: 

-100.0+18 :t:J#:J#: 
0.000+00 :;:.;:.;; 

0.000+00 :;..-+:JI: 
100.0+00 *** 0.000+00 *** 

• A negative sign indicates parallel connection of elements • 

** A negative si.gn indicates a capacitor. 
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8. G'SBD 
.2 f.:.SBE 

GSBh 
GS Be 

frequency increment Analysis Particulars 
start frequency ~ 
select linear sweep 
start analysis 

S. OOO+Bfl freq, Hz 
-13.24+00 gain, dB 
84.42+00 phase, o 
161. 5+00 Re Zin' .a 
9. 915+00 Im z1 .n 

n' 
8. 2@f!+Oft 

-12. 23+0~1 
82.69+08 
HH.5+flf1 
13.01+[1[i 

8.400+&0 
-11.13+08 
80.66+00 
101. 4+00 
16.79+0[1 

8.6BO+fi0 
-9. 930+[tft 
?7.99+00 
101. 3+00 
21.55+[10 

8.8[1§+06 
-8.602+[1[1 

?4.66+fiB 
101. 3+1:W 
2?. 79·+00 

PROGRAM OUTPUT 

9.00[1+6'6 
-7.123+[16 

?0.22+06 
101. 2+0f1 
36.39+00 

9.200+00 
-5.4?J+80 
64.09+[10 
101. 2+60 
49.15+0ft 

9.400+1]0 
-J.663+~0 

55.?2+fi0 
10i .1 +Ot':! 
?0.24+00 

9. 60fHi]fl 
-1.819+00 

42.03+06 
101.1 +Bfi 
112.1+0§ 

9.800+0& 
-361. 1-03 
23.05+06 
rn 1. J+Of; 
237.4+00 

10.80+0!1 
-6.158-06 
-414.3-06 

181. [1+00 
-13.97+06 

10.20+@[! 
-928.2-03 
-21. 06+00 

101. 0+00 
-262.2+0@ 

10. 4ft+fi[i 
-2.509+00 
-36.38+00 

1t10.9+00 
-137.0+00 

10.60+00 
-4.173+08 
-46.69+88 

180. 9+[if; 
-95.11+08 

1@.86+0i] 
-5.702+06 
-53.70+00 

18@.9+ftB 
-74.08+00 

11. 80+&0 
-?.85?+00 
-58.65+00 
rne.s+oo 

-61.40+[if 

11.20+08 
-8.251+@0 
-62.31+00 

180.8+00 
-52.88+[1[1 

11.40+00 
-9.3136+[10 
-65.11+0@ 

180.8+0@ 
-46.76+08 

11. 60+0[1 
-iB.25+00 
-67. 31 +fl0 

10B. ?+IJB 
-42.12+00 

11. 80+06 
-11.@9+06 
-69.09+08 

10l':I. 7+00 
-38.49+00 

12.@0+00 
-11.86+00 
-70.55+00 
1B0.7+0fl 

-35.55+00 
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Tl-59 PR INTOUT FOR EXAMPLE 1-4.2 

DATA REVIEW 

5. branch I 
- L 20 resistive part • 

0. 159155 reactive part •• 

4. 
o. 
o. 
.-, 
. ..) . 

-1. 20 
-0.00159155 

-:. 
.:... . 

-100. 
-0.00159155 

L 
-1. 20 
o. 

[I, 

100. 
0 . 

PROGRAM OUTPUT 

0. 10 freq, Hz 
- 2 6 7. 1 :3 phase, 0 

-t.5" 99 gain, dB 
19·::i . 01 Re Zint .J'\.. 

-·:<. ::io Im z1n, .n.. 

I). 1 :~: 
r'1 .- • .: •• 

-.::.t•t•u '1-b 

-E.::::. 97 
1 ·:.ce. 44 
-12.27 

o. 16 
-2E.5. 57 

-E, 1 . ·34 
197& 55 
-15. ::::o 

0.20 
-2E.4 . 4 7 

-59. ::: 13 
196. 1 7 
-1 :3. ·:,.·3 

0.25 
- 2 6 :;: • 1 :~: 

-57. t:2 
i 94. 06 

0. ::::2 
-261.53 

-55. ?C1 
190. 91 
-2~3. 4:3 

LNAP - LADDER NE'lWORK ANAMSIS PROGRAM 

!eferences and Equation Derivation 

The algorithm is completely described in the program description 

section . This particular analysis method is widely referenced . The 

earliest reference known to the author is T. R. Basbkow [ 4 ]. 
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1-4 

6!31 .~:LBU1 LOAD RESISTOR VALUE 
Bl3~ GSB5 =odd oreven branchL _~-_ 
0~!::~13'~-=pfj~.~? 

004 1 / X if odd numbered branch, 
005 FB? form G = -i/R 
.::;0.:::.0~:::..~ _ __::C.:..:.H.:_S _ _ _ _ _ _ _ _ _ _ _ __ 

=-0 O=-· :",__·· --=Sc.:.T..::.O...:..i store value 
=-B0"-'·1t.=-' -"'"'R-"-C=-L;;..I _r~all .£_ranch_# to di~l~ = 
009 RTN return control to keyboard 
~0_10_· _*_LB=L_C LOAD CAPACITOR VALUE 
.::.0:;..1 :;..i _ __;;C.:..:H..:...S 3han_M sign of entry -= -= 
=-0=-=1~=--· --'-''°·L=-=8:..:L.:..5 _LQ_AD__INDUCTOR_VALUE ___ _ 
B:::..1::..:2:....' _..::.G:;..SB=-5=- ~dc!...Eumbered branch? __ _ 
014 FD? change sign of entry if 
.... 0_15~ _ _ C_H_S _ b:r!Yl<ili. n.J.!!llbtt. :iJLodd _ _ _ 
016 P:S 
iH 7 BTO i indirectly store reactive 

element values 

023' * LBLD LOAD START FREQUENCY 
024 STOB 
825 GTO? 
026 tLBLE LOAD FREQUENCY INCREMENT 
fJ2? ST09 
028 GTO? 
=13=:;q~· _....,•:L=B=L~.:1 LOAD NUMBER OF NODES 
03'0 STOE - store number of nodes- - -
"'"0-=-.J=-1-.t-=L'""'"B..::.L=-4 initialization routine- - -
-=--=--=----==....:...- - - - - - - - --
032 EEX 
03'3 STOA ~ = l + jO 
03'4 CLX 
035 STOB 
836 STOC -

12
n :- ~ :- ~ - - - - - - - -

-=-B-=-3'-?--=S'-'-T""'O.:cD _ _ _ _ _ _ _ _ _ _ 
038 RCLE 

- - -
039 ENH calculate and store 
f;4fi + highest branch number 
041 EEX 
042 - Br:r# = 2(# nodes) - 1 
=-04..:..;?=-· _ ..::.S..:..T.:..O:..I _ _ _ _ _ _ _ _ ___ _ 
844 en clear data entry flag and 
045 GTO? goto space and return 
846 *LBLb SET LINEAR SWEEP 
047 CF1 
048 CLX 
049 
050 
051 
B52 
853 
854 
055 

GTO? 
:tLBL c 

SF1 
EE.I\' 

RTN 

place "zero 11 in disp l ay 
croto snace and return 
SET 1.DGARITHMIC SWEEP 

056 iLBLJ INPUT DATA REVIEW 
-=8-=5-=-7 __ G-'-S-'-8~4 _initialize -=~--~---~ 
858 •LBL8 _r~vj,e~ :\:gqp_ staxt ___ _ 
-:~~e~q--"G-=S-=-B~5 _odd numbered bra?lQhL _ _ 

861 ~~~~ recall and print branch # 
.-.0.-.6.c.=-,, --'-R-'-C-'-L"'"'"i - recall branch R ~r G - - -
863 F0" - - - - - - - - - -

864 1-<< if odd branch (flag 0 set) 
0€5 Fir' form -1/R(i) 
866 CHS 
&67 PRTX - print branch -;esistanc-; - -
-=0-=6"-=-q--p~:=s - - - - - - - - - -

869 RCL i recall branch L or C 
070 PtS ---071 FfJ? 
072 CHS change sign if branch odd 

!37.J PRTX P"rint1or-c - - - ---
-=-8.:....7 .... 4_---=S.:....P..:;.C __________ _ 
075 FJ? test for loop exit 
076 Rm 
_0_7_7 _ _.;.;S..:..F.:..:..J - - - - - - - - - -

B?S DSZ I decrement index register 

8 79 CFJ and SF? if index is zero 
- - -"""'--.:::.... ___ _____ _ 
08B GTGB 
-=8-=-8·~'~'-~:L~B-=-L_e LNAP ANALYSIS START 
_08.,,..,2_' · ---'~'-"~S...::.B.c..4 ____goto initialization = ~ :_ 
-=0-=-8 .... ..,..7 _ .t_L_.B"""L'"'-9 _analnii§.. loop_J!tart __ _ 
B-=""=''.:'."{4=----=G..,,S_B-,,...3 _Ieca ll~hunt__b ranch el e~nj;J 
085 RCLB ll l d 
086 R~'R reca comp ex no e voltages 

087 G~Bl and execute complex multiply 

-0-88------R"".c"""L-=-[, - reoalT previous compl~ - -
089 RCLC branch current and perform 
8~~-- 0----.G-=-S=-B-"-? _CO!Jllllex addition._ ___ _ 
£191 STOC 
092 Xti' store complex branch 
893 STOD currents for present branch 
094 :<:r =-=-=-----'--- - - - - - - - - - -095 CFB 
89€ DSZI decrement index register 
09? SF'1 & SFO if index is zero 
_8;;...98;....__i;-"·s"-B..::.3--_ recall seri"e s- b Dtngh.Jl U.~--= 
899 GSB1 execute complex multiply 
188 RCLB_ recall complex node voltage 
101 RCL ~ ~ and add to branch voltage 
.-.1.-.8-=-? --=&-=S=-B=-'"- . _ - - - - - - - - -
103 x:r store new complex node 
184 STOB voltage 
ms 
Hi6 
!ti? 
108 
109 
t 18 

,\':\' 
STOf'.l 
DSZI 

FB·:> 
GTiJ9 

+P 

- decrem~nt- branch nUmber and 
test for loop exit 

-convert to magnitude & angle 

REGISTERS 

0 Ro 3 4 

SO S1 $3 $ 4 
-o0 or Lo c1 or L2 o3 or -L, -C4 or 

A 

6 B start 9 freq 
freaueno1~i ,...,.rement 

ss 56 S7 58 cmpTx 59 cmplX 
L4 c5or -15 -c6or L6 c7or -L7 multiply ~ultiply 

D Im Ik lbumber of nodesj
1 

index 

1-4 

111 STOA_ temp2J"arily _store_jEinl _ 
...,.1-1 ;_-,. --L-=-o-=-G 

113 
114 

2 convert to dB 

:..11:0...:~:.-' --·-y- -- -- - - - - - -
116 RCL8 
11 7 RND recall and print present 
_11~8---_P_R ..... n.,..=: ~n~sis ..fr~~en_gy __ 
119 P.l 
120 CHS recover and print -dB 
121 RHV 
=1 ?=-= • ..,,""----P--R--r __ x __ ___ __ _ _ 
123 IU recover phase angle 
~12~4--S-=T~08~, ___!'.~po rarily _store _4 _1:in _ 
125 CHS 
126 RNV print -(phase angle) 
=12=-7'------'-P"'"'R-'-T'"""X _ _ _ _ _ _ _ _ 
128 RCLD 
=-1-=-2-=-9- -"R'""'C.-.L-.C ~e~l_:_Ig__ ____ _ 
138 
13'1 
13'2 
133 
134 
135 
13€ 
137 

+P 
RCLH 

x:y 
RCLB 

XtY 

perform complex division: 

1 JE' ,r,·:y 
"-1""3~"--. __ .... +f.._: - - - - - - - -
140 
141 

PRTX print Re Zin 

_14_4_· __ R_C_L_9 recall fre~nE_l increment. 
145 F1? 
14€ srxs use multiplicative increment 
147 Fl? if logarithmic sweep selecte 
148 ,;roe -----'- -- --- - - -- -
149 ST+8 use additive increment if 
158 
151 
152 
153 
154 
155 
156 
157 
158 
159 
168 
161 
162 
163 
164 
165 

ST08 a 
ST09 a 

R.J.' 
Etfft' 

RJ . 
R.J. c 

STx8 ac in register 8 
RJ d 

STx9 
x 

ST-8 
R.J. 

ad in register 9 
bd in stack 

ao - bd in register 8 

be in stack 

166 
167 
168 
169 

1...,? ,_ 
173 
174 
f "?C" 
.i. I ,) 

1
.,., ,. ( 

1?8 

180 
181 
182 
183 
184 

ST+9 ad + be in register 9 
RCL9 rel f = ac + be 
RCL8 rel e, ac - bd - e 
p;s restore register order 
RTN return to main ro ram 

R.J. 
+ 
R-l· 
+ 
R1 

RTN 

RCL8 
Pi 
x 

ENTt 
+ 

complex add subroutine 

..,.1~=qs.,----p=;~""s - - - - - - - - - -
18€ RCLi recall reactive branch 
187 PtS element, bx, and form 
188 x 2rrfbx 
------ - --- - - - - ----
189 X<&? 
190 l / X form reciprocal if bx< O 
~19~!~, -~R-=C~L~i . recall resi sUve element - -
192 :<:<B? · ir<o~ perform parallel - -

[

193 GT03 _Jler:l§.s_cQ.Dv...Qr.aj.QD ____ _ 
194 RTN return to main program 
195 tLBL3 _l'.!arallel_seri~s .Qgnve..r.s.M>l'L. 
196 ABS 
19 ;' 1_,··x conduotanc~resistance 
-1 ~98~.--x~:~Y - - - - - - - - - - -

199 1 ....-x suscept ance.#":reaotanoe 
""2"'""00=----'"'"x-'-~·'-r' _ _ _ 
201 +F' 
282 l/X calcu l a te complex inverse 

-;.R 
284 RTN retu rn to mdn- ro ram - -
""'2"""0"'""5-'~-=L=B=-L=-'i odd~ even branch suirr__ 
2136 
287 
208 

RCLI 
2 

209 FF.:C 

form 0 if branch even 
or 0.5 if branch odd 

------------ - - - - - - -210 SFl3 
211 X=0"' set flag 0 if branch is odd 
212 CFO 

SET STATUS 

FLAGS TRIG DISP 
ON OFF 

~-=:===----ti---:;.:=:='T=::,---t-~~;;-T-:=--+;::=:~~;.;;.-+-....;;;.:=-::.i...::a.::-+.,--=----i 0 • 
1 • 

DEG • 
GRAD 
RAD 

FIX 
SCI 
ENG • 
n--3_ 

~,..,.,.+_,._,~i,,-;;;;;;.;.;.;;'-'-T""-'-""-::-....,,..---'-'::..:;:..---+.-~ ....... =-=-"'--+=====--===-"-=+.::-.,..,,.,.-::----i2 
3 • 
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1·4 Tl· 59 PROGRAM LISTI NG 

(itJ:~ temporarily store 

i ) l; 

(n)~_: c--;· , r.r ··· 
!---------~.!_,. - - - - -

' ~ ' .... . , ... , r-. 
; 1 :·:, L:; r.: 

- ..... . 

· : .-1 •... 

: : . : ~< ·-r r.1 

( i fJ ( ' ~ .. (1 L[:l_ LOAD RDISTOR VALUE ~_ i::::i_ · 
CI I) l ~ i f~ ,_C:~l :::·_:; = __ ~_-·~ ::_:· _ i:_::: :_:~ 

!.).=::::: .. ' 
recall reactive 
element to display 

- -

set flag 0 if 
branch number is odd cac~.~ 1_1 =·+ LOAD SWEEP STARTING FREQ 

Ji Ct~ f L.:: 
:_ : :_ :: .. : ; :_.; 

- - - - - - C!~ :; 7 

recall entry o:";::; 

Ci J.C. 
C1 :!. :. 

(j i) (tf} 

fJC1 t](t 

O;?f.1 t.· i GTO 
CJ2 i. 1.10 
Ct22 ... 1 :~;; I _. ... t 

I ,'"1 

t-1 ~) ~ c:; :...'l ' ·1 ._ . ..._.... ·-· : 

if odd branch, form 
G = -1/R 

store R or G 

recall resistor value 
to display 

routine for G = -1/R 

LOAD CAPACITOR VALUE 

u,::. ,_. '~' 4 + / - change sign and 
U:::'.' .::;.·::· :;:: ·rD temporarily store 

- ------ -- -- -- -- -
Ci:~::::::~ set flag 0 if branch 

number is odd 

05 '~ 

06t 
06 ~· 

Of.:~. 
C1E,'~~ 

O'? U 
07' .. 

? t., L. t::: L. LOAD FREQ INCREMENT 

· •.. ·"""'! ' 
::" .· . ..: ~. , . 

7'6 L. UL. SELIDT LINEAR SWEEP 

0] !) j 
uc1 n 
19 :~~ r:~: · r r -~ display 0 

SELECT LOG SWEEP 
. ;-; f'• : 

J. display 1 

INPUT DATA REVIEW 

initialize 

-

- -

.-.: i :···1 :·· . ; 
~ :: r:. : .... L . recall entry 

OE: 7 .:t:?.: ~'.i.::l... recall branch number 

;:::·? I F'F' 
cici ()Ci 

~3=+ ·~./ ... 

44 ::;1,J f:'i 
~~ :~ :=i I~ 

if branch number is 
odd, change the sign 
of the entry o·:.i o 

fl ·~1 ] 

0 '7.t ~:: 

.... :-­
: . : 

" i, 

C1 ·9 :3 =:~ ;:;: F~ :D \.: 
- - -4-=-=-.,.+-----'--

(1 ·~ 4 7 1 ~; E: F:~ 
store reactive element 0·35 

- - - - - ,y~1E. 

decrement index of' o·?- { 
resistive and reactive 

11·~;:: 
storage registers 

04 04 print or display 
6t· i;:.f, branch number 
~·" :3 F:C>~ recall resistive 
::• :::' ~=i ·~=· element 

Thi• translation was provided by Mr. Walter Ware 

-

- -
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1-4 Tl· 59 PROGRAM LISTI NG 

if odd branch, form CiC) 
R = -1/G 

Ci 1 

D 4 :~: 5 1 ./ >:: 
Ci 5 :3 4 + . ...- ·-
06 
(! ~:;; 

5t~: 
recall reactive element 

C)Cl 

115 17 1.·;:~ 

1i6 '34 + /··-

117 
Ci::.~ 

it odd branch, 
change sign 

print or display 
Lor C 

CJ. test for loop exit 

':;' ·-' decrement indirect 
.L storage register 

indices 

--

i ~1 ri 
.JI ....... .. 

i51 
.: C'" .-, 
l ._1.:.:. 

• ..• : r._; 

.. 

. ·. 

goto loop start 

complex recall subr 

calculate w=2rrf 

recall reactive branch 
element value and 
form branch immittance 

~~__,=---- -- -- -- -- -- -
·· -? C~ E: 

! ._; 

- .. !.""• 

: • . 

i ~i 1. if 1.mmi ttance is nega­
? : ~~: tive, form reciprocal 

::..:·:"': atore 1.mmi ttance 
..._··· ....;...' _;;;_. -~-~·· -=_=::=_ -- -- -- -- - - -

--= ··:.= F: f°~: ~:~ 1. { · ... ' 
-: -·:: .·· 
.L :· ;:·. ~~; =:~ '"": ·:::: 

-t ~'. :::; i Ll 
recall branch 
resistance and store 
--------

ct::: if resistance negative, 
_ :L :::~ ~ :._: : perform series=parallel 

1 ::: ::1 
1:3'? 
14C 

j 4 :~:'. 
i 4 :~~ 
;44 

set t .. 10 , 
l 

~;-::,; :::;-::i recall register index 

E Ci if index .. 10, execute 
ii J one more loop 
1·~. ;: ; 

~ r; J 1~ ·r r::i 

00 CJ !:) 

clear flag 3 

• - .. :''"t -: 
P:L_:-:~;. __ '-,,..·' ·,,.....,. __ ::·::_,·:. ~onversion _ _ 

1:l ·::.: i?'"i" j·.j 1
. ,., .• 
. •.,; .... ~ 

-; :"': ,.: 
. :. ~ :: ;., i 

:-: .·: 
:_;:: .. , 

.. . · 

: .... 
·-··: 

i . :.,: 
·-= · ... : ....:.. ... :" "; 

; - :···: 
.· r ... 

series::: parallel 
conversion_subroutj,ne _ 

conductance::: resistance 

susceptance :::reactance 

calculate complex 
inverse 



20;:, 
2CI'( 

.-. .·1 i..:. .L ~.:.. 

21 ~ 
~-'.1 1:. 

:::. ~:· . . 

:·: 
::._; ... I 

: ..... :::: ::.~ 

.. -: . -; ~ 

· .. :·_: ; 
~-- · .. : .. 

.··.: 

··~: .... : . 
:.: ._,: .. ·, 

:: ..... : .. · 
.-= ::l : : 

,"': ,..; 
::::..=··,- ' i· 

.. :·.~ .. 

:::.=·-:· 

r=" .- ·. 
• 11:1 

: . : 
-;· ~ .. 

92 

LBL 
E' 
I · ~ I) r .1. ••• 

(1;;.:: 
fi ii\·1 

i=i ~=i \•1 

.·-. 
:,_. 

: : : 

+ . ...- .. 

:::;i JM 
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temporarily store 
immittance 

temporarily store 
resistance or cond 

.-. c:: ·, 
c._ ,_ I :.) 

- -.-·: :::::-·-; 
:::: .. _ ": ~~:. 

.-·1 ;::' .·~ ; 

::::. ._i -~:~ 

0 1 
-. ..! :" 

f.:C: L 
r:eturn to mainprogram ;:~~·:,·:; 

I.NAP ANALYSIS START ~:~~:· , :: 

set display mode 

advance paper 

initialize 

recall shunt branch 

recall complex node ;:::: ? C 

._,! l 

.. • = 

: :.-
. -· ... 
: ::...:. 

::;TD 
01 

f'. CL 
51 

::;10 
c~ :3 

F~C:L 
52 

:3T O 
04 

vo 1 tage and execute ;2 '? 1. u <+ O 4 
complex multiply to ;::~'/:.:: :. '.::' c 
obtain complex branch ~~~:,=?~::~; --:~,. ~~~: _,.,~~'. C~: -L-
current ···. '? ,:: O 1 D 1 

··): .. : "I 
~:... :_: .::. 

·:.: ::'. ··:. 
::.....= •. =·. · 

recall previous complex 2:::::: 
branch current, perform ~:~::<: 
comp lex add and store ;,~~ '3 n 
result :2·:.; l. 

-~ . : 
-: · ... : 

:_: .:.. 

~;1_1 i·=t 
' i ~:.. -r .. · 

rt: CL 
02 

:3UM 

·t· .. ··' , .. 

F:C:L 
0':) 

i-;;:CL 

02 

GTD 
decrement indirect ;:~'~:;:::, u ~~ 02 

- --- -----
recall series branch 
elements 

- - ---------

multiply series 
impedance by complex 
branch current to 
obtain series branch 
voltage drop 

add complex series 
vo 1 tage drop to preTiou1 
no de voltage to obtain 
next node voltage and 
store result 

------ -- -

decrement indirect 
recall indices 

- ----- - ----

test for loop exit 

- --- -
repeat loop 

recall indices 2'3? l 5 1 5 
lo---'-----~~ -- - - - -

·: .... : FCL recall present freq 

1• 

11 

:::(it' 
·;:r) ' 

:30 
:;:(!~" 

.::1:1~_ 

:::Cr!~. 
·:· (i ~:-
.·,. .( 

't J ••. 
't ~ '!'. 

-. • i 

:3: {' 
•"'): 1, ._1 J. .. 

:.:: l · ... 
," '1 •"'1!· 

•• -t : • • ~-

.-·, .-, . 

. :ii.:. -
-.. -.. · 
.*a. l,. ·-
.-, .-, f . 
...... ,.::_. ._ 

.3:3 ~-

.~1-··, . t 

.J . .:• i-

._, .-1 =: 
•~ I ~I _ 

:3 1f f 

34:~: 
:34~:;J 

.-, 
• .. · . . : .... 

1)4 

~1==~ 
1)2 

CH.'l 
1)5 

?1 
U4 

. •1 ·:-r 
-r 1:.~ 

01 
J't ~:-: 
50 

iJ2 

U4 
u:: 
4:3 
01 
71 

P::C:L 
~- ·=~ 

=-.·' ,.T r·1 .: ' 

F'LL 
~:i er 

• .J. ..... -

::;10 

;._.·· -

:< 

04 
1:,(:s 

F:'.f::L. 
4':) 

:::;To 
(1 l 

F.'.CL 
50 

~:.;TO 

02· 
F.'.CL 

51 
:::.Tll 

F.: C: i_ 
~-~1 
• ... · :-

04 
PGM 

04 
c: = 

01 
::; E~ ~~ 

1-4 
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Tl -59 PROGRAM LISTING 

print or display 
:f'requency 

:;i 5 f_ 

:~:i:; 1 
o~. 

.-, ~-1 

93 

-- -- -
-- -- -- -- -- ~ - :i PC:L 

recall complex input 
voltage 

convert to polar 

calculate 20 log of 
network transmission 
function magnitude 

print or display dB 
response 

recall oomplex network 
input voltage 

--tc · . _:,_I . 
. .. , c:" • 
.;1 .J'- t 

::=:sr"" 

.-.... . -

.: 1i:1 r: 
~3 E, -~~ 

.-. -;: :-

.. : , i l _ 

.... . .., ii 
·- · t , t, 

:~: ~::: f) 
·:••.) '\ 
._ri_: J. 

lJ2 - , 
( l 
[14 
f_t f· ~ 

.:.t "i· 
L;·~ 
._1 ._r 

(i l 
i··1·"'t 
!_) ~ 

. , 
t.1 L 

(J2 
06 

04 
print or display 
Im Zin 

!J 1 jump if log sweep 
03 selected 

.:;iJ !'11 
<:'C' 
._i._l 

1-. -.- .-. 
....l f u 

c-:-o 
C!C~ 
06 

c··-1 
•. .1 . .:1 

-

add frequency increment 
for linear sweep 

---
multiply by frequency 
increment for log sweep 

l.OAD NUMBER OF NODES 
-

test for printer 
-

store number of nodes 

'?."""' ini tializatiCllL sW!t._ _ 
42 ::;TO set minimum loop 

:::;;:::;::: 09 C'3 cowiter val'llle allowQ.d_ _ 
1--.=-- . -=1- !--: •• ,.-, -..;::,;:-:-:_:--__;;;~ 

.;,11:i . .; .. .r :.:: l .• 

:~;::: ~ 
. ..... 11· 1 . .. -

.:..1 c1r:-

:~:::~ 7 
recall complex network ::=::::e 
input current ::::89 

:3'3Ct 

- - ----
perform comp lex 
division 

print or di splay 
Re z1n 

:;:·:.i: 
:;:·3;2 

4 :3 

""":: C" 

( ·-' 
01 
,-, c: 
·=··-· 
Ci 1 
00 
5 4 
42 

0 0 
C' A ._I '+ 

PCi.. 

2 

+ 

) 

STi.J 
~-::i ·- -· 

caloulate highest 
branch number storage 
index for real 
immitta.nce storage 

---- - --- -
+ calculate highoat 
1 branch number storage 
0 index for iaaginary 
) immi tanoe storage 
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1-4 Tl· 59 PROGRAM LISTING 
-~ :-· .. 

: .~. : .. : :,..: 

·------- -- --
::t c~ :~: 

- - - 451 

~ :· . ' : ~ 

::~ 1 : ; 

cl. i ' .... -

4 :::~ :;:; T [1 initialize no de vo 1 tage 
'i'::' 4'3 of highe11t nodes 

En_::l+jO 

- ::+5'? 

03 03 - - 1:f E= ::~. 
4i:::~:: recall number of nodes 

1-'-~ ~-i t_:.. ---'-'-~::-':.::_' ----=:::....:::.=-~; - - -- -- -- -- - ::f (: i::: 

~· :i ::~ 
41 : :~ 

::.}2Ci 
=42 i. 
·~· :~'.:~! 
Li ··:, --~~ 

I L...,·, · 

4:4 

J .-- • ..., 

a+.::; 
:~. :71 ~ ~ : 

. i .-, " ..,..._i .. 

. . 
; . .:. :... . 

: ·-·· 

: .·: : ··· 
=- ~· :...i. - ; 

. . •i _.·· 
: · .. · 

: .. ,. :-~· 

. ..: .. : 

·:~ :::: F: T r~ return to main t1 roJtram 4 t·? 
~.'.'.') i __ :i·' odd or even branch subr .::;.;:::.:::; 

Hi:, ::::; i !- set flag 0 if branch 
UO C:1C1 number is odd 
:)2 F'..T' f·l 

unused program memory 

:_,! :_ : 

i_i 

.-. 
i_i 

1 __ ! 

!"~ :.:/ 
FF print or B/S routine 

:::·"' ·:) ~'. ·r r-~ 

=9 :3 F= ~~: 1-

1J;::; 

f) 5 Ci~~~; 
::~ 2 F:: ·r r·~ 

printer sense routine 

register 
number 

0 
1 
2 

' 4 
5 
6 
7 
8 
9 

10 
11 
12 
15 
14 
15 
16 
17 
18 
19 
20 
21 
22 2, 
24 
25 
26 
27 
28 
29 
30 
31 
32 3, 
34 
35 
36 
-,7 
38 
39 
4o 
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REGISTER ALLOCATIONS FOR Tl - 59 

contents 

Im complx arith Re } 
Re temp storage 
Im 

xmsn fen magnitude 

loop counter 

real 
immittance 
storage 

imaginary 
immittance 
storage 

4o 
41 
42 
43 
44 
45 
46 
47 
48 
49 
50 
51 
52 
53 
54 
55 
56 
57 
58 
59 

Re node V sum 
Im node V sum 
Re branch I 
Im branch I 
# ot nodes 
freq increment 
start freq 
Im storage index 
temp store 
temp store 
Re storage index 



PROGRAM 1-5 LC- L NAP, LC LADDER NETWORK ANALYSIS PROGRAM. 

R,_rogram Description and Equations Used 

This program evaluates the frequency response and input impedance of 

a resistively terminated lossless (LC) ladder network having up to seven 

branches. The frequency response is provided as magnitude (dB) and phase 

(degrees, radians, or grads), and the input impedance is provided as 

real and imaginary parts. 

The input impedance is the impedance seen by the voltage generator 

in the source. It is more common to calculate the input impedance at 

the input terminals of the lossless ladder network, but this way was not 

implemented because program steps are not available for the coding to 

recall the source resistor value and subtract it from the real part of 

the input impedance. If the program feature of allowing the number of 

branches to be entered via a user definable key (key "a") is sacrificed, 

and the number of branches is stored into register E, then the addi­

tional coding for calculating the network input impedance can be added 

to the program by deleting steps 028 and 029 and adding "RCL0," "-" after 

step 097 (099 before deletions). 

The frequency response and input impedance evaluation frequency can 

be incremented in either a linear manner using an additive increment, 

or a logarithmic manner using a multiplicative increment. Each branch 

of the network may contain an inductor (L), a capacitor (C), a series LC 

network, or a parallel LC network. All element values and interconnection 

topology are stored, and can be reviewed at any time to check or correct 

the component values or interconnection. 

Because of the available number of HP-67/97 registers, the number 

of branches cannot exceed seven. The TI-59 can acconunodate data for 20 

branches. Elements that inhibit signal flow through the network are not 

allowed, and will cause the program execution to halt displaying "Error." 

Examples of elements that inhibit signal flow are single shllllt resistors 

or inductors that have zero value, or series capacitors in series 

97 
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branches that have zero value. 

The algorithm used by this program is the same as used in Program 

1-4 where 1 volt is assumed at the network output, and the required 

input voltage is calculated. In this program, the branch immittances 

(impedances or admittances) are purely imaginary, and the branch num­

bers start with branch #1 instead of branch #0. This changes all in­

dices by +l. The difference is necessary to let the DSZ instruction 

operation allow the source resistance to be added to branch #1 with 

minimum coding. The load resistance is combined with the last branch 

inunittance. If the number of branches is odd, the last branch con­

sists of the load resistor alone. 

1·5 

LO-LN AP. LO LADDER NE'l'WORX ANALYSIS PK>GRAM 
load :ff of linear log review start ~ branches sweep? sweep? inout data analysis 
load load br l oad br load start load freq 

Rd R_q 0 L frequencv increment 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

r------- ·--·~---------------------~.. --- ·---------
--~-- --~<:>-~?-the n~!1-~.~~-~.!'~~~~.l~. the netwo_?jL_ l.E..r9J!.~he_s 

-----.-.-.. ---------------~--------·--- -------·--·-·- ------------~ 

_) __ --~-!'.~E-~E.':_.!~.~ and .~urce resl:_i:i_tance~--------- ___ !k___ __ 
in ohms Rs ------- ---·-------------~--~---------------------·--- ,.._...__..._ _____ _ 

---- ----------------------------------------------------------
--~ -~~-'=~ branch cap_aci ta:i=.!!..__________ ·--·- --------
--- ____ !_~ a parallel t~ in a series bran!?..1:.L __ -·--·- -- ·-

or a series ta~ . .l~-~--~~t branch, ____ ----------

,_ ___ ·----~~J:..!:.~~_g_n-of ~~!'-lltis~~~---·- ·------

-·- · ---------~1:~_'?_apacitor value -----·--·-·--··-·- ~~E!!:!!~!! __ _ 

- ------ ------------------- _ __(~~.r.~!!~1.. 
_________ start loading net~ork cap~_i~~-----··-·- ··--·------·-· 

__ --·---~--(!ind i~duc~~~) __ !!~~--~!:-~-~~~1:~~----- ----------
numbered branch (load resistor end) ----- ----.-.-..-----------~------ -- .. ·--------~------~-----~-----·-----.-.- ----·-·-

-- -------------- ---~-----------------·-··--....------- ---------~----

5 Load branch ind~ctance~-------------- _____ _ 

,__ ________ ]_!'_~para~_!-~~ tank .. !.~~~_!"ie~-~ran~l':_i ___ ------

------~!" __ a ser_!_~! __ ~k_ in __ ~ __ shui:_~--~-~~ch ' ---·-- ____ _ 

----~~~~e th~--~~~-~f th_!~~_!-i ss':2_?_1 ____ __ ________ _ 

KEYS 

the inductor value !Lbranch c:::Q=:J ----- --------~-~--~~~-------·-· ...... - - -----~-----

-------------------~-----------·-· ( henri~~ 

i~ 

6 _l_~~!'.. __ dat_~!..~J.~!J~ti<?E.~l ____________ ------·- o:::J CLJ 
_...-.---m--~·~·-•--.•·------.-----------------·-•----·-- . .-. .-.. .. -••-----

Negative element values indicate series 
,.._..,-------~------...._~------------- --------------- _...._ _________ ~ 

tanks in shunt branches, or parallel -- t--··-·-----------------.. -- ---~----
tanks in series branches ----------------------· ----~~---· -------- ------

--.-~- ---------·--------·--------------------- ------
-- -------------.------~--------------------·--- ---------

-+-----------------------... ---------------------- --------~-

----- --------------·------------------------------ ---------
8 Load start frequency for sweep in hertz fstart --- -- - ------- --··°'"·-~-------~- -------~------------- - -------------

- ·-- -------·---------------------~·---·-

OUTPUT 
DATA/UNITS 

>-·------~ 

r--~------

,_ ____ _ 

----·-

_ _B_lpad __ 
space 

·111~­

~t.al}Qh_f_ _ 
:to 

--~·-----------~ 

=1 
~-~-------·-

space 
------~---------- .... 

-·-·-----
Rso~--

---------·-
--------

,__ _________ _ 
~--------t 

.... ____________________________________________________ .. 1111-----------------------------------------------=====--=:d 



STEP 

.J~ --

1·5 

~ 

Ust~r I nsf ru._.f lctns 
LO-I.NAP. LO LADDER NETWORK ANALYSIS PROGIWl 

I 
OONTINUED 

I 

INSTRUCTIONS 

I 

I 

INPUT 
DATAIUNITS 

Load frequency increment finer 
·----------------~-~----------------~--·~-~---- ------·--

·--- ·-·----·--·-·------····· ----··----------····--· ····----
-·· _______ _1;'_~.!'~~~-~.P.r.~E.':. .~.ncr~ent i.:>. .. ~-~~-~c!._ ---·--

to the present frequency to obtain the -- ----------·-•-•*---·-------~~---------------------- - --~~~- ------

·····- ___ J!_ log,~!~~~!~~-:e_,__~~! .J..~~ement ~-~---- -·-·---·-····· 
_____ ----~_!!:!E_lied by the . .P.!'.?.~~~~_!!_~9.1.tency -~-- -·----i 

---- ····---0 ~~~!:..!'.~~-- -~~~~--~!:~!:~?~~----------·--·-· ·------' 

.!Q __ ---~~a~~~~¥.~~-------·--·-····--·-·····--·--·-·--·-· -·· --------·· 
-- ---·-··------------* The phase units will be in whatever 

···-- ------------ --~~---~--·-·-·-..-------··--·- ~·------ -- -

trig mode the calculator is set. .. _ .... ___ ---...... _ .. ._ ___________ .., ___ ......... _____ ,. ___ ....,..__ ... .. ______________ ------------· 
The trig mode is at the discretion 

---~ ------... ---...---------------·-----·--·-·······-.. ··--·----------- --~-·- -----.. -----
of the user, ---- -------··-...... ·-·----- --------- - -- - - - --- - ----------""----~------· ------

11 Stop analysi s1 --·-=~~~~ s ~~!"E~ th.!=E~~~~::~~;i~Ets to~~~== 
-·- ______ p_:j.~~-----------·-·----·-----·-·-·-

-----~~-_!_!l_g~ st~_!!_!nteroE~~~~---~2--det~.!:::._ ---- --····· 
mine if an interchange has occurred, -- - --............ ....... _____ ,..__,. _ .......... -------....... -.. --~---------- --------·- --

· · · ··----·~~---~~~E-~_!!:nd __:~view i~E_~~~~~~----- ··-·--- · 

------If L a~~-0 va~~~~-~=~_::~~~~-~~~~~e ··-------­
a P~S instruction from the keyboard. -·----------------·-----*'·,. ........ _._._. ... _ .. _________ .._ ____ _ 

--···········--- ---- ·--· -- --- ---------·~--

·-------------------~--·---·----·------·-·-

------·-·----··--·--
--------·---··----- --

-----·-·-·- ·-·-------·-··-----------···---·-· --·-·---- ·-· 

·-------··---------------,.._----···---· 

l~ 

KEYS OUTPUT 
DATA/UNITS 

_!_:_~-~---(~~2 
~~_!._~ __ (dBl 
phase~_(.J 

-~~ ~in.~-~­
_!~-~in.t.~ 
__ spac~ . . --------. 
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!!'ample 1-5.1 

Bartlett's bisection theorem (53], [56], [57] has been applied to 

an equally terminated (1000 ohm) third order Butterworth bandpass filter 

~ith 10 kHz center frequency and 1 kHz bandwidth to produce the unequally 

terminated LC filter shown in Fig. 1-5.1. The source resistance is 

1000 ohms and the load resistance is 10000 ohms. Determine t~s frequency 

response and input impedance of this LC network over a frequency range of 

9000 Hz to 10900 Hz using a linear sweep with 100 Hz steps. 

Rs c, L1 C3 L3 

I I 159.2pf T 1592pf 0.1592h 1.592h 
'c 

L2I RL E 2 E in I 
10.ooon out 

175.1nf 1.447h 

_J_ 
BRANCH 1 BRANCH 2 BRANCH 3 

Figure 1-5.2 Network for Example 1-5.1. 

PROGRAM INPUT DATA REVIEW 

3.66 GSB~=- number of branches GSB .:J start review 
10.fHJ+63 :t:** load resistance 

li:i!:i(lt:l. ENT-t RL 
i 6&!:1. GSBH Rs 3.860+0@ :t:i :j: branch number 

159.2- i2 :t;H c 
159.2-12 L~SBB o, 1. 592+Btl .;::;::+; L 

1. 592 ;ssc L~ 
2.008+06 :f.Jf.:t: branch number 

'1751-06 GSBB C2 175. 1-09 :t::+::+: 0 
1.447-83 GSBC L2 1. 447- 03 *** L 

1592.-12 GBBB 01 1.000+06 :+::+:!#: branch number 
• i592 &·SBC L1 1.592-89 *** c 

159.2-03 n::;: L 

{;Sflk, linear sweep 1. 0ti0+03 !#::;:i;. source resistance 

9880.08 GSE:D start freq ' Hz 

106.88 i;SBE freq incr , HZ 
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HP-97 PRINTOUT FOR EXAMPLE 1-5. 1 

GSBe start analysis 

PROGRAM OUTPUT 

9006.00 f r eq, Hz 9508. tlfi 1@00!3.00 
-20. 29 gai n, dB -4 . 14 -8. 83 

-146.92 phase , 0 138.09 -0. 48 
1003.54 Re z1n.~n 1042. 21 18994. 89 

- 1666 . 97 Im Z1n·, n -93.28 -227. 42 

9100. 06 960'3 . 0!3 10100. 00 
-1?. 44 -1.93 -0. 83 

-154 . 43 106. 39 -23.45 
1005. 32 1083. 75 2916.29 

~1391. 66 364.31 -3831.85 

9208 . 0t1 9700. 013 10200.08 
-14 . 32 -1. L14 -0.84 

-164.23 74.86 -47.28 
1008.28 1186. 21 1504.60 

-11135 . 20 979 . 39 -1965. 91 

9300.01.:.l 9800.00 10300. 00 
-10.93 -0. f;S -1. 61 

-1(7.51 47. 27 -?". 45 
1013.48 1498.05 1195 . 73 
-801. 44 1951. 68 -1020.61 

9460.06 9901' . 00 Hl40@.0fl 
-7 . 413 -6 . 83 -1.76 

163. 89 22 . 71 -102 . 68 
1023.10 2964 . 18 1091. 62 
-47&.17 387@.n -42£.C.1 

1!1508. BO 
-J. 58 

-132.28 
1048.18 

10.:31 

10606. M 
-c. 35 

-15?. 06 
102?. 54 
363.73 

107013.M 
-9.45 

-175 . 55< 
1016. 8€1 
668 . 1& 

10800. 00 
-12. 47 
1713._95 

1010. 86 
941. 35 

10900.CO 
-15.27 
160.95 

10fJ?. 25 
1193 . 23 
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Example 1-5 . 2 

The filter shown in Fig. 1-5 . 3 is a 5th order , 30° modular angle , 

50% reflection coefficient elliptic filter designed f or 10 kHz cutoff fre­

quency and 1000 ohm impedance level . This example shows how dummy ele­

ments are inserted to place the filter in proper ladder format for th~s 

program. The frequency response and input impedance are calculated with 

the analysis frequency being logarithmically swept from 1 kHz to 100 kHz 

using 10 points per decade . 

1ooon 
1535 pF 

15.62 mh 

35.59 nF 

4101 pF 

14.15mh 

46 .. 51 nF 33.30nF 

Figure 1-5 . 3 Elliptic filter for Example 1- 5 . 2. 

15.62 mh C4 14.15mh cs 

33.30n F 

1ooon 

Figure 1-5 . 4 Network of Fig. 1-5.3 redrawn with dummy ele­
ments to place in proper ladder format for program input. 
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HP-97 PRINTOUT FOR EXAMPLE 1-5.2 

PROGRAM INPUT DATA 

6.60 GSB,=. I ot branches GSB:..rl 
1.006+6] .•. :+:.-+: 

1006. ENT"t enter load R 
GSBt:I enter source R 6.f100+06 *-r+: 

33.30-09 *** 
.03330-86 GSBB 06 1.000+06 *** 

1.+66 GSBC L6 (dummy) 
5.000+00 *** 

-4101.-12 GSBE C5 (note minus) -4. 101-05 Ji::;::;: 

-14.15-6] GSBC L5 " " -14.15-03 *** 
-.04651-66 GS Bf C4 4. 00(11-00 *** 

f. GSBC (dummy) -46.51-[19 *** .. L4 
0.006+00 *** 

-1535.-1Z GSBB o, (note minus) 
-15.62-63 GSBC L' II • 3.00fi+OO ."f:** 

-1.535-09 .;::+::+: 

- .03559-06 GSBB 02 -15.62-83 *** e. GSBC L2 (dummy) 
2.000+0[1 .;:i;:i;: 

1.+@6 GSBB 01 (dummy) -35. 59-0~~ .u.-+: 
6. GS.BC L1 (dummy) 0.000+0[! *** 

1.000+00 *** 1.000+06 *** GSBr:: log sweep 0.000+00 :;::i;:i;: 

1000. GBBD start :freq 1.000+03 :;:1..-:i;: 

• 1 fi 1fjX increment :for 
GS Bf 10 points per 

decade 

REVIEW 

start review 
load resistance 

branch number 
c 
L 

branch number 
c 
L 

branch number 
0 
L 

branch number 
c 
L 

branch number 
c 
L 

branch number 
c 
L 

source resistance 
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HP-97 PRINTOUT FOR EXAMPLE 1-5.2 

DSPJ set display format 
GSBe start analysis 

PROGRAM OUTPUT 

1000.0BO :freq, Hz 
-6.304 gain, dB 

-25.492 phase, o 
1..,_, ·4c- R Z ,.,. 

(,jJ,!:' ~· e i , .. L 

-J54.815 Im z~,..n. 

125B.925 
-6.445 

-31.679 
1641.44J 
-367.449 

1584.893 
-6.636 

-39.149 
1545 • .329 
-.354 • .583 

1995.262 
-6.872 

-48.(161 
1455.184 
-312.31B 

2511.886 
-7.114 

-58.642 
1383. 21!J 
-242. 073 

3162.278 
-, ·-1 ·-r -,. • .::.b._1 

-71. 409 
1."341. 972 
-144.944 

3981. [172 
-7. 14[1 

1354.476 
-16.643 

5011.872 
.- r "'""'I -b • .._1'f.j 

-111. 91? 1 
1510.069 
144. t:Js 

6309.573 
-6.635 

-151.933 
2050.032 
-105. 785 

?943.282 
-?.176 

154.808 
1466.092 
-532.056 

1 f100tl. 000 
-7.275 
46.462 

2425.429 
-1314. 534 

12589.254 
-29.301 
-34.999 

1001. 496 
-520. 5;;17 

15848.932 
-48.256 
-53.€126 

1000. 817 
-334.325 

19952.623 
-75. s~:;.7 
-62. 745 

100(t. 060 
-242.424 

25118. 864 
-76. 8.'39 
110. 795 

1000. (166 
-183.4B5 

31622.777 
-95.8?2 
106. E7 

1000. fjfjtJ 
-141. 768 

J9Brn. 717 
-80. 704 

.... --: ..., .- .-. 
- ,.. ,.. • .j,Ot:,i 

1000. fj[i[/ 
-110. 753 

50118. 724 
-77.03? 
-80. t145 

1000.006 
-87.088 

63095.735 
-76.495 
-82.135 

1000.000 
-68.745 

79432. t:~:.; 
-77.128 
-83. 77.3 

100fi, 066 
-54.393 

100006.000 
-78.338 
-85.064 

1008. 000 
-43.101 



b 

1-5 

-eilr.fi *Lor...R _LOAD_ fuJ~s- _ _ _ _ _ """''-"-'-:-i ? _ _,t;""'S""f1""'2 ~Ci~c~ l~x .~ranoh_surre_!tt.L_ 

.,,.:~""-~~..---ti_-·r_,~,...,., ~ _s~re_Rs_ - - - - - - :g: S~~~ store next lower branch 

604 PtS 960 STOD current (complex) 
BOS STUB store RL -0-61--(IS_Z_I decrement oranchnU111oer - -
866 PtS 1362 GSB3 recaIT series-branch Z - -
80;' GY07 -gotO ijiace and retu-rn - - - -::8-6-=-3-~C-L."-.; - - - - - - - - - - - -

008 *LBLC LOAD BRANOH INDUOTANOE 064 RCLB 
009 CHS J~i~te 1p._!uotance bx 11..hs - 865 CFB 
B10 F'tS 866 DSZI If branch 1, add 
811 GSBB interchange registers and 067 SF0 source resistance to 
812 PtS goto capacitor load routine 868 FO? br~nch impedance ------------
OE DSZI 869 CU< decrement and recall branch 
014 RCLI -::6c::?,..,.0_-:E::-H:-:-T-::-t _________ _ 
015 :;ro7 goto space and return - - - B?1 RCLD recall present 
l:l' lb *LBLB _LOAD JIB!f!.CH_CAPA.Ql'r.WOE _ _ ..,,.8=72::-· _R_....C~L_C _j)UJ.lgb_cmr.i:e.n.t ______ _ 
61? GSB5 _9d~e_ye?}_ b.!_a?]ghi_ _ _ _ _ _0~?=-3-~G'-"S=B-=-1 _calculate .£.r~cJ! !_O!._~fL _ _ 
818 FW? change sign of entry if 074 RCLA recall next higher 
0 1 '1 CHS _pr~nch ~ber_is_9d.!_ _ _ -=-8-=7~..,,'i __ R_C_L_B __ bri:Ec_E_!o]~~-------
820 STO i _s~r~ entnr _ _ _ _ _ _ _B~76~· -~G=SB=~=-·· _add _Er~ch y_o .!j:.~e~ ____ _ 
021 RTN return oontrol to keyboard 8?? STOH 
iuc * LBLD WAD START FREQUENOY 878 Xt\' store next lower 
023 STOS ~8~?~9--=S~T~O.:::-B node voltage 

80-2254 ·'"'GLBTLOE7 ' '-~8ti"01 ,..FTe09? ~stfo;-loop exit- - - -
-~ LOAD FREQUENCY INOREMENT "' " 

826 ST09 082 XtY - - - - - - - - - -

827 GT07 t18J -fP ~nverUo magnitude & ~~e _ 
028 .:fLBLo. LOAD NUMBER OF BRANCHES 884 LOG 
(Pil STOE 085 
@3e :+:LBL4 -initiS.lization routine- - - tBf 

-=e-=3,..,..1--E=E,.,..,X - - - - - - - - - - - 887 x 

2 
0 calculate magnitude in dB 

832 STOR 088 RCLB recall ~esent frequencC -= 
833 CLX ~ ~ 1 + jO 089 SFB indicate si@ chan~in P?.2 

.,.B...,3-'-4--=S:....:T...;;O..-.B _ _ _ __ _ ~B..,,.90.,..· -~!;~SB~0- I!S_suE._printout_l:e/tl__routin~ 
835 STOC - -- - - - - 091 RCLD 
036 STOD I2n+1 = O + jO 992 CHS 
-=13-=3=7--R-C-L-=E set index to - - - - - - 093 RCLC 

-.8,.,.3,.,,.S __ E....,:T""O'""I _ h_igh_e~jlranch_n_umber _ _ _ 
8
8
9
94

5 
l .~I~ 

039 SF2 11 

040 CFJ initialize flags ~96 ~ R 

recall branch 1 current (I 0) 
and form complex inverse 

_8_4_1 __ f:_T_O_? -e:oto snac-; and-;,e~~ - - - 897 RCLB recalfno(i; Ovoltag;-(Ein)- -
942 *LBU. SELECT LINEAR SWEEP ..,,.0-_9f' __ . ---'R-=C-=-L--'-H _ _ _ _ _ _ __ _ 
843 CF1 .,..B9=-.9=--____ G_S,,,_B1_ ..E_erform_s:o.!!:\I!lex multiB,.ly __ _ 
84 4 GTO? 100 PRTY print Re Zin 
fJ45 *LBLc SELECT WGARITHMIO SWEEP 101 Xt'r' 
846 SF 1 ' .,..rn,,..,c. __ · _P,,.._R-'-T-=-·"'' _print ltti Z41:i - - - - -
047 GTO;' 103 RCL9 recall_freq~n_g,y .iDC~Illfill'L-

...-048 tLBLe START ANALYSIS ..,17.04..,..._ --;F"'"'1"''?c-
049 i;sB4- initialize - - - - - - 18.5 STx8 multiply present frequency 

..--=0=50..,,........_:t~L-=B-L-=-9 anilisll_ lo.Ql!. s.ll_rt...=- ...=-: ~ 106 F1 ·? by increment if log sweep 
...,,v-,5_1 __ G_S_B,j_~ recall shunt branch Y i-e-18? GTOe ______ _ 

0 

so R 
L 

A 
Re 

@52 R~~LL .~ recall complex node voltage - 108 ST+t: add increment to present 
&5J .... " +-...:-:...::;;•1~0;;9;_.,;G~T:..:O~e~.u; fr_·~P,,~ n1,1-~--~-~··~· i~ f'~l~in~e~a=.i. rus:,::w~"''&Wo""~--1 
-B~5-"-4--'-G-=S~B~1 calculate shunt branch L JHl ~:i...tlLd INPUT DATAJlEYIEW ____ _ 
""'0"=5""5--R...o·C,_L...,.C-recallnext higher (series) 111 Pt>B4 ini tiali~ _r_e~..§.t~r§....U_l_a~ 
056 RCLD bra.nch current T1.,..12,_--.,..p=z,,...t: - - -

REGISTERS 

SS L6 

D 
l m I j 

7 apresent 9 f'req 
freauencv incremen1 

S7 sa cmplx S9 cmplx 
L7 multipl~ multiply 

number of 11 index branches 

1-5 t•ro~ram IJsf in~ 11 
113 
114 

RCL0 
PtS 

.U!: PRTX 
116 it:LBLB - data ;;view l~ start = _ 
-1-1=?--G.,..,S~8""'5 od~even branch? ___ _ _ 
118 PtS 
11 o RCLi 
120 P~S recall branch inductance 
121 CHS _ ________ _ 
-=-1-=22~--=R'""Cc:-L-:i _r~all ~rpi~-c~aci ~an_E.e _ 
123 RCLI recall branch number 

...,1-=2-:4---,s=p=:; - - - - - - - - - -

125 GS.BB _gosuijti_ntout_routin~ _ 
-1-2"""6--D-S __ Z,..,.I decrement branch number 
127 GT08 and exit at branch 0 
~1~2-=-s--=R,...,C,.,..·L"""0 - - - - - - - -

1 ~9 SPC recall and print 
138 PRTX source resistance 

..,.1-=3..,..1- • ...,..L-=B.,...L -=-r space and return subroutine 
1 '32 
133 

SPC 
RTN 

139 F0" 
14n if odd branch, change sign 

~· CHS -,.-,-:----::c::c::c:-:- - - - - - - -
141 PRTX 
142 RTN return to subroutine call 
! 43 :+LBL1 _CO]llllex iuylti,p,li.c.a..ti>ul -
...,..14.,...4--P-::-:=s (a+ jb )( c+ j d) - e+ jf 
145 ST08 a 
Ht: ST09 a 
14? PJ. b 
148 ENTt b 
149 
158 
1 '51 
152 
153 
154 
155 
1 '56 
157 
158 
1.59 
168 
161 

165 
166 
167 
1€8 

fU b 
IU c 

STxS ac 
RJ. d 

STx9 ad 
'.{ bd 

ST-8 ac - bd ... e 
R-'· b 
x be 

ST +9 ad + be = f 
RCL9 recall f 
RCLS recall e 

F'tS 

(a+jb) 
+ a+ c =e 
RJ· 
+ b + d ... f 
R1 

8 load Ci 

170 
171 
l 72 
173 
1 ;'4 

Pi 

175 ENP 
176 + 
1 ;"? ENTt 

form '° - 211.f present 

_1_7il_" __ E_N_T_t _ _ _ _ ____ _ 
_1;"_·9 __ R_C...,.L_i _!'ecall .Qi _ _ _ _ _ _ 
180 .~i(0'? 

181 
182 
183 
184 
185 
186 
187 
188 

SF3 
x 

1 .· \.I ... /' ,.\ 

PtS 
RCL i 
PtS 

set flag ~ if Ci negative 
form.we. - - - - -__ g,.._ ___ ---

if Ci minus, take reciprocal - ____ .. 

...,.1..,,.8_.,,..q---:-:x- f - WL -
_orm_i------

190 g(0 '? 
191 l / X if Li minus, take reoiprocal 

192 + form branchimmittance_--=._ 
71_~93=----=F-=-0 -=-? 

194 
F<0 if odd branch (exclusive or) 

l'l'i F.'.?'...... sign of Ci negative, form 
·-· ~ - -1/(immittance) 196 GSB3 
197 F:"' 'J add load resistance if 
198 GTOB _first~i~ through_lqgp __ 

...,.1 "'"9~"'"-- -----r:e 
-:-2_!30_._-:--::R-:-T-=-N _r.eturn_}o subroutine_Q_all _ 
2e1 *LBL3 negative reciprocal routine 
2i32 1/ X 
203 CHS 
204 HN 
205 •LBLf:i loa d r esi st ance addition 
286 F0?' subrouti n e 

-=~-=:~-=-~---=...,.·~""\'ff-odd branch-; react.1 ve -par.-t-
2e9 R~LB ~tl not Mi tl.. - - - - -

210 
~~s reca ll loa d re si s t ance an d 

211 1; .X form load conductance __ _ 
.... 2.._1-..... :;:· --.""l='@ ..... 0~-- if odd branch, increment 
213 ISZI;. _ipd~ ~i s..t..er_ _ _ - _ 
-.~----=P.-T-:-:- return to subroutine call 

215 
216 
21? 
218 

f:L8L'5 Q c!,_d/ ~ven b!:_anch sub routine_ 
Fi.'CLI 

2 form 0 if branch even or 
0.5 if branch odd 

_2_L_9 __ F_P_C _ _ _ 
220 SF@ 

.'<=8'? set flag 0 if branch odd 
'=?~L=-:., _--=-CF=-'t~1 _ _ _ _ _ _ _ 
_2_2_3 __ ,.,,R"""J. _Le store ~c.k_x regi.!!.te.i:. 
224 RTN return to subroutine call 

FLAGS SET STATUS 

FLAGS TRIG DISP 
ON OFF users choice 

i-;:..::..;;;;:;;,;:;:,;.,..,,i--;:,::~~~i--::.:.;.;:~...-:--1~:..::..;~.;y..,,.:=:-J..,,.....::.:.=;.;;:.i<....:~--t.:;;;;,;-::---;-77-:10 • 
1 • 

DEG 'FIX 
GRAD SCI 

h:-:~~~=-+~dwl...l~~--i~-==~-=-.--to.r:±:i¥'3~~~~;:;;;~~,.... ......... ._..~~ 2 • 
3 

RAD ENG n __ 



PROGRAM 1-6 EQUIVALENT INPUT NOISE OF AN AMPLIFIER WITH 
GENERALIZED INPUT COUPLING NETWORK 

R_rogram Description and Equations Used 

When low noise amplifiers are designed, the amplifier equivalent cur­

rent and voltage noise densities (noise in a 1 Hz band), and the coupling 

network noise sources, response, and impedance behavior must be considered. 

This program calculates the total noise voltage density that is re-

flected to the amplifier input which is coupled to a sensor by means of 

a transformer (Fig. 1-6.1). 

1 :n ideal 

sensor transformer amplifier 

Figure 1-6 .1 Generalized input coupling network. 

The transformer model includes the turns ratio (l:n), the primary 

and secondary resistances (R . and R ), the primary inductance pri sec 
(L .) , and the secondary capacitance (C ). The coupling network pri sec 
noise sources include: the thermal noise densities (Johnson noise) of 

the transformer primary and secondary resistances and of the source re­

sistance, the amplifier equivalent voltage noise density (e ) , and the 
n 

equivalent noise voltage density generated by the amplifier current 

noise density (in) flowing through the coupling network impedance pre­

sented to the amplifier input. 

109 



110 NETWORK ANALYSIS 

The noise voltage density of each noise source is reflected to the 

amplifier input through the network gain (at the analysis frequency) 

from the noise source location to the amplifier input. The total noise 

reflected to the amplifier input is calculated from the root-sum-squared 

(RSS) values of the individual contributions. 

The sensor is represented by a voltage source (E ) and a series 
s 

LRC network (L , R, and C ). The inductance may be set to zero if not s s s 
needed, and the capacitor may be set to 10 50 farads to remove its con-

tribution. The sensor resistance may be zero if the transformer pri­

mary resistance is not zero and vice-versa. 

The equivalent circuit can be modified to reflect the transformer 

secondary capacitance to the primary if desired by deleting steps 059, 

060, and 061 in the program. The primary capacitance is now loaded in 

step 2f of the users' instructions. This modification allows piezo­

electric transducer elements to be modeled as the source. R . is set 
pri 

to zero, and the transformer primary capacitance is used to represent 

the clamped capacity of the piezoelectric element. 

If the transformer is not wanted in the circuit, the turns ratio 

should be set to one. 

The . equations are derived using nodal analysi's, and the user is 

referred to the section following Example 1-6.2 for details. 

~ 

STEP 

1 -

2 

~ 

~ 

~ 

4 

'3 

6 

7 

8 

1-6 

~ 
.AMPLIPIER EQUIVJ.LQIT INPUT NOI~ 

print 1 select enter enter enter ~~ linear noise noise frequency select current volta~e 
dB output output density denei y & compute 

I . I • 
INPUT KEYS 

OUTPUT 
INSTRUCTIONS DATA/UNITS DATA/UNITS 

Load both sides of the nroirrsm card 

Load network element values 

a) sensor resistance. ohms Ra I STO I CLi 
b) sensor capacitance, farads Ce ~ro1 r- i J 
c) sensor inductance, henries Ls Lsro] [ 2 ] 

d) transformer primary resistance, ..n.. Rpri L§m CTI 
e) transformer primary inductance, h Lori I STO I ITJ 
f) xfmr secondary capacitance, farads Cs.,,. [m::J [_2_] 
J!:) xfmr secondary resistance, ohms Rsec L§ru C 6 I 
h} amplifier input resistance, ohms Rin I STO] CfJ 
i) transfo nner turns ratio n Cfil'oJ CIJ 

Select output mode 

a) for voltages in dBV and network Ci] 
gain in dB 

b) for voltages in volts, and C:LI 
network gain as a voltage ratio 

Select nrint ( 1) / run-stoo (o} option o~~ 0,1 

Enter amplifier input noise current density in,A/iliz C__(LJ 

Enter amplifier input noise voltage density en, vi '[HZ' L]_J 

Enter analysis frequency and compute output f, Hz Li_] gain 
space 
-

1'T .... + ... e1 
All noise volta~es are reflected e2 

to the amplifier innut. i.e •. the ~ 
gain of the network from the noise an, amp 
vo 1 tage source to the amplifier in•Z,amp 
input is taken into account. space 

RSS noise 
space 

space 

For another case, go back to steps 2 thru 6 as required 
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Example 1-6.1 

A type 2N4867A low-noise field effect transistor (FET) is to be 

used as a preamplifier for a piezoelectric hydrophone. A frequency 

range of 10 Hz to 1000 Hz is to be covered. The hydrophone is operating 

well below its self-resonant frequency, hence, its equivalent circuit is 

accurately represented by a 4000 pF capacitor in series with a 10 ohm 

resistor. To avoid preamplifier overload problems from cable flutter 

and other subsonic signals, the input resistance of the preamplifier is 

chosen to provide a 50 Hz low frequency break with the hydrophone capa­

city. The hydrophone will be coupled to the preamp without using a 

transformer, therefore a dummy turns ratio of 1:1 will be used in the 

program. The current and voltage noise densities for the 2N4867A are 

listed in Table 1-6.1. 

Table 1-6.1 Current and voltage noise densities of 
2N4867A operating at drain current Id 

ss. 

Frequency, in, noise eu, noise 
Hz A/yHz V/VHz 

10 6 x 10-16 7.0 x 10-9 

20 6 x 10-16 5.3 x 10-9 

50,.. 6 x 10-16 4.1 x 10-9 

100 6 x io-16 3.6 x 10-9 

200 6.1 x 10-16 3.2 x 10-9 

500 6.2 x 10-16 2.8 x 10-9 

1000 6.3 x 10-16 2.7 x 10-9 

The HP-97 printout is shown on the next page. Dummy values have 

been entered for unused components to remove their contribution. 

HP-97 P NTOUT FOR EXAMPLE 1 6 1 RI -
PROGRAM !Nk'UT 

Hi. 0 3TOB sensor resistance 
4.-03 STC.1 sensor oapacitance 3.6-139 GSBD en @ 100 Hz. e. 0 STOZ sensor inductance 1B6.6 GSBE frequency 

B.B STOJ primary resistance 
1. +5[; ST04 primary induotance -1. iJ *** 0. tl 3i05 secondary capacitance 

1. [) SiD6 secondary resistance -188.9 *** Ri.,i..1 -1%.9 :f::+::t: 
56. J y -145.9 :+::+::+. 

P i calculate and store -16£:.S .~:u. 
:, amplifier input -u:::.4 *** "'! •":! ); resistance for £..I:. 

/X 50 Hz breakpoint -145.9 ·*** total noise at 100 Hz 
795((0: . ( *n 

.;rn ;-r 
1. fJ Si08 n, xf'mr turns ratio 6.1-16 GSBC rn @ 200 Hz 

3.2-135 ~:SBD en @ 200 Hz 
GSB~ select dB/dBV output 20@.6 GSBE frequency 

PROGRAM OUTPUT - tl.J *** .- i .. - GS8C ~ @ 10 Hz. C•, - .1. C• 

;'. -(15 GSBD ~@ 10 Hz -168.2 .ij::+;~: 

10 . fl G8B£ frequency -198.2 'f;~. :j: 

-i51.2 .u::f. 
-14.1 ;,/:;+:.;: Av, network gain, dB -i69.9 *** -1%.6 **': -.::·02. J. J!:H: R5+~ri thermal noise, dBV 
.- i .- - .-+::+::r. Rseo thermal noise, dBV -15i.1 **l total noise at 200 Hz -.::J..::. J. 

-139. ~ .-+:.f.':~ Rin thermal noise, dBV 
-16.?:. 1 .+::;:JI; en, transistor 
-1E:6.6 **·•: in•Z equiv noise, dBV 6.2-16 GSBC in 0 500 Hz 

2.8-09 GSBD en @ 500 Hz 
-139.l *** total noise (RSS), dBV 586.ti 1;SBE frequency 

5.3-69 GSBD 9Ji @ 20 
0.G *** Hz * 21.l. 0 GS Bf frequency -188.f. •. 'f:JI: 

-198.0 *** -&.6 *** -158.9 *** * in is unchanged -17i.1 *'* -196.5 **:;: from the preYious -266.2 *** -206.5 :+;.~: .:+: entry. 
-139. 5 '** -158.? *** total noise at 500 Hz. 
-165.5 ·**• -18?.1 *** 

6 • . J-1£ GSBC rn @ 1000 Hz 
-139.5 *** total noise at 20 Hz 2.7-89 GSBD iii @ 1000 Hz 

rnoe.0 GSBE :f'requenoy 

4.1-09 GSBD en @ 50 Hz B.0 *'* 50.0 GSBE frequency 
-iBr.9 it::4;.;: 

-J.O **' -197.5' *** -164.9 Ji:i;::+: 
-198.9 *-** -171.4 Jl:!j; .j( 
-283.9 :f, .t.:;: -212.0 *** -141.9 *** -167. 7 *** -164.6 ***' total noise at 1000 Hz 
-189.4 *** 
-141.9 **·' total noise at 50 Hz 
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Example 1-6.1 continued 

This example points up one of the problems associated with using 

the characteristics of the sensor impedance along with the amplifier 

input resistance to effect frequency shaping. It will be noticed that 

the dominant source of noise comes from the thermal noise of the input 

resistor. The low noise characteristics of the input transistor are 

buried by the input resistor noise contribution. 

If the input resistor is made larger, the noise contribution of the 

input resistor will be less. Although this statement may seem backwards, 

the logic may be seen by looking at the input resistor and its noise 

generator as a Norton equivalent source instead of a Thevenin equivalent 

as is presently used. In this light, one can see that the injected 

noise current is proportional to l/{R. Since other circuit impedances 

are unchanged, lower injected noise current means lower input resistor 

noise contribution. 

The input resistor noise contribution may also be reduced by 

lowering the sensor impedance to lower the noise voltage resulting from 

the input resistor noise current. 

To illustrate the above point, the example is rerun using a larger 

input resistor; 100 megohms is used instead of 796 kilohms. The HP-97 

printout for this case is shown on the next page. The noise contribu­

tion of the input resistor loses dominance above 500 Hz in this case. 

Fortunately, the ocean self noise is greatest at low frequencies, 

and low noise performance is less critical here. 

EXAMPLE 1-6 1 CONTINUED 

100. +66 Si07 

10. 6tHIJ(l 
4.00tHi9 
O. iJIJO+BJ 
0.00B+OO 
180.ti+4f 
0.000+00 
1. 0f!f1+f10 
100.0+06 
1.BBB+00 

PREG 

6 
1 

3 
4 
5 
6 
7 
8 

PR>GRAM INPUT 

store new Rin 
print registers to show 
currently stored values 

sensor resistance 
sensor capacitance 
sensor inductance 
primary resistance 
primary inductance 
secondary capacitance 
secondary resistance 
input resistance 
xflnr turns ratio 

PR:>GMM OUTPUT 

6.-16 GSEC . in @ 10 Hz 
7.-69 GSBD en@ 10 Hz 

HJ. GSBE frequency 

B.B *** Ay, network gs.in, dB 

-1 87 . 9 it:*:t: R8+1),{S thermal noi se , dBV 
-197.9 *** Rsec erms.l noise, dBV 
-145.9 ;p:** Ri.n thermal noise, dBV 
-163.J *** ~' transistor, dBV 
-!72.4 **ll· 1ii•Z equiv. noise, dBV 

-145.;; ui;. total noise (RSS), dBV 

5.3-09 GSBD en@ 20 Hz • 
211.6 &SEE frequency 

6.1?. *** ·~ is unchanged 
-187.9 .;:u from the ls.st 
-197. ~~ *** entry. 
-151.5 *:** 
-165.5 f:H. 
-178. 5 :+:Ji.JI; 

-151. 7 ii:** total noise at 20 Hz 

4.1-09 GSBD en @ 50 Hz 
5(1. B GSBE frequency 

(!. (i .-+;:+.:f. 

-187. 9 :+:.+::t: 

-137.3 *::H 
-159.S **'* -167.( :f;.t:;; 

-186. 4 .Jll:t 

-159.2 *r+: total noise at 50 Hz 

3.6-133 GSBD en@ 100 Hz 
mo. & GSBE frequency 

o.e *** 
-181.9 *** -i97.9 *** -165.9 *** 
-168.9 *** -192.4 *** 
-164.1 H:J total noise 

6.1-16 GSBC in@ 200 Hz 
3. 2-09 GSBO en @ 200 HZ 
200. f: GSBE frequency 

-187.9 :JJIC.f: 
-19?.9 .f:.t:* 

-171.9 *** 
-169.9 *** 
-198.3 *** 

at 100 Hz .. 

-167. 7 *** total noise at 200 Hz 

6. 2-16 t.SBC in@ 500 Hz 
2. 8-05 GSEiD 9n @ 500 Hz 

500.0 GSBE frequency 

;J .8 *** 
-187.9 *** -197.9 :f;Ji::f' 

-175'.S' *** -171. 1 *** -206. 1 :J:4:•: 

-170.4 *** total noise at 500 Hz 

6.3-1€ GSBC in @ 1000 Hz 
2. 7-B9 G'SBD •n@ 1000 Hz 
1000. (i GSBE frequency 

fi. (i **1-

-187.9 :t::+:* 
-13-:'.9 u·* 
-165.9 *** -1fi.4 Ht: 
-212.0 :je:+;f: 

-i?1.1 *'"* total noise at 1000 Hz 
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Example 1-6.2 

A small hydrophone is to be matched to a low-noise preamplifier for 

optimtnn noise performance at 30 kHz. The hydrophone equivalent circuit 

is shown in Fig. 1-6.2. The amplifier input transistor will be a 

2N4867A FET operating at a drain current of Id • 
SS 

o--~~

1 
..... ~~ .... ~~~~.or1-~~-

20 n F 1.417 mh 
13on 

Figure 1-6.2 Hydrophone equivalent circuit. 

Table 1-6.2 Current and voltage noise densities of 
2N4867A operating at Id • 

SS 

Frequency, 
kHz 

10 

15 

20 

25 

30 

35 

40 

45 

50 

55 

60 

i ' n 
AfVHz 

8.0 x 10- 16 

1.0 x 10-15 

1.2 x 10-1 s 

1.4 x 10-15 

1.6 x 10-15 

1. 75x l0- 15 

1.9 x 10-1 5 

2.15x 10- 15 

2.4 x 10- 15 

2.7 x 10- 15 

3.0 x 10- 15 

en' 
V/yHz 

2.3 x 10-9 

2.3 x 10-9 

2.2 x 10-9 

Before the analysis is started, the transformer turns ratio, pri­

mary inductance, and amplifier input resistance must be chosen. The 

transformer ratio should be kept low to minimize the current noise con­

tribution of the input transistor. 

The parallel equivalent circuit of the hydrophone at 30 kHz is 

required. The capacitive part will be resonated by the transformer 
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primary inductance, leaving only the resistive part. Figure 1-6.3 shows 

the parallel equivalent circuit before resonating, and Fig. 1-6.4 shows 

the HP-97 calculations used to obtain the parallel equivalent circuit. 

13on 
44.01 nF 

Figure 1-6.3 Parallel equivalent 
circuit of hydrophone at 30 kHz. 

300fi0. p, 
x enter frequency and 

2. x calculate and store 
STOE w = 21tf • RE 

1--1-.-4-0-r-- -1;17 3-"-'-'x=.. - ro rm -w I: - - - - - -
RCL E - - - - - - - - - - --

20000.-1.: x form l/(wc) 
l/X - -ro-rm a:11-a -Print - - - -

-44. 99-0J :t::t::+: c.\L - 1/ (ui C) .. Im Z 
, ___ 13-@-.---:+-P- -load-Re z - - - - - -

1 / ,'>\ - - - - . - - - - -- -

x:Y convert impedance 
CHS to admittance 
x:\I 

~/;: !-------:..:. _________ _ _ 

j/;'( _i_ 
130.0+80 *** Re Y in ohms 

l-
____ __;,..1 .1..:,' ·i\:..' . _-~ :t -back ~ n ~hos -

X:Y Im y- - - - .u - - - -
1-4-40_0_0-. --1- 2.-, ~RC~L;..;.£ - - - - - - - - - - - -

x add clamp capa.ci ty 
+ susceptance 

1o------R .... c_L_E - convert --to ta.1 - - - -
susceptance to 

44.01-09 *** capacitance & nri.nt 

Figure 1-6.4 HP-97 printout showing 
calculations used to find the parallel 
equivalent circuit at 30 kHz. 

The thermal noise of the equivalent parallel resistor in a one Hz band 

is: 

en (130 n) = V4KT(l30)' = 1.45 x 10-9 v/'{HZ 

If the transformer raises this noise to 6 dB above the transistor noise, 

the RSS sum of both resistor and transistor noises will be 1 dB higher 
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than the resistor noise alone. The transformer turns-ratio necessary 

to meet this condition is: 

n 

9 
2(2.2 x 10- ) = 
1.45 x 10- 9 

3.03 

The noise current contribution to the total noise voltage also 

may be calculated (only Re Z. is used as Im Z. is resonated out): in in 

e = i · n 2 
n n lz. I= (1.6 x l0-15 )(10 2 )(130)=20.8x10-

12
v/JHz' in 

This contribution is insignificant compared to the voltage noise term, 

and the transformer ratio may be raised to make the dominant noise 

source that of the hydrophone resistance only. This will be the best 

noise performance obtainable. 

With a transformer ratio of 10:1, the equivalent hydrophone resist­

or noise is 1.45 x 10-8 V/~ at the transistor input, and the RSS of 

both the transistor and resistor noises is 1.467 x 10-8
• This RSS 

voltage is only 0.1 dB above the resistor noise alone! 

To represent the equivalent hydrophone shunt capacity (44.01 nF), 

the transformer secondary capacitance term, C is used. This equiva-
sec 

lent secondary capacity is the primary capacity (hydrophone capacity) 

divided by the square of the turns ratio: 

C (44.01 nF)/(10 2 ) = 440 pF sec 

The primary inductance is chosen to parallel resonate with the equiva­

lent hydrophone capacity, 44.01 nF, at the design frequency of 30 kHz. 

This primary inductance is: 

L . = l/((2nf) 2C) = 1~(2n30000) 2 • 44.01 x 10-9) pri I' 

L . 639.5 µh 
pri 

The "Q" of the network is R/(2nfL) = 1.078, which means the approximate 

bandwidth of the network is 30000/1.078 = 27829 Hz. Additional 

broadbanding using the shunting effect of an amplifier input resistor 

is not necessary. This input resistor may be removed altogether as 

the transformer secondary provides the de return for the transistor gate 

connection. The input resistor will be omitted by making its value 

1050 ohms. 
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The HP-97 printout for this example is shown on the next page, and 

the equivalent circuit is shown in Fig. 1-6.5. 

13on 20n F 1.407 mh 1:10 ideal 

639.5µh 

Figure 1-6.5 Equivalent circuit for hydrophone and amplifier. 

·. 



HP-97 PRINTOUT FOR EXAMPLE 1-6 2 

1 JB. t1 S T;J[1 

20000. -12 ST01 
1. 407-.65 STG2 

ti. 0 STOJ 
639.5-f16 STD4 

440.-12 STDS 
1.0 STGt. 

1. +50 STO? 
16.f:i STUS 

GSBil 

Rs 
Cs 
Ls 
Rpri 
IJpri 
Oseo 
Rseo 
Rin 
11tran sf'o :nnei 

select dB 
mode for p/< 

PR>GRAM OUTPUT 

8.-16 GSE:C 
2'.3-35 bSBD 

180t:1£Ui GSBE 

-3.5 *** 
-186.3 "** 
-19?.9 *** 
-624. 3 ·**·'' 
-! i'2. 8 t!f:f: 

-228. J **:;: 

loaci !n@lOk:Hz 
load en@ • 
load freq & 
start 

Av dB 

-172.0 -.;;;;:;: RSS of all 
.-~~~~--noise e•s,dBV 

i.-15 GSE;c In @ 15 kHz • 
150Bi3.8 GSBE freq & start 

(•en uacshgl9Q) 
?. 4 **"' 

-169.4 **'· -i9r.9 1:i;::;. 
-618. 1 *~:1: 

-172.8 t:o: 
-220.2 .j:ll:.j: 

-16?.? .'f<t:f: -en tot @ 15kH~ 

1. 2-15 GSBC In @ 20 kHz 
20000. 0 bSBf freq & start 

19. 6 t·:t.t 

-15?.1 *** 
-19?.9 u :+: 
-610. 1 Jj.t,:I: 

-1?2.8 *** 
-210. 6 *** 
-15?.0 

1. 4-15 L~SBC In@ 25 kHz 
25000. t1 GSBE freq & etart 

-154. 9 **'· 
-19?.9 *·** 
-611.S tin 
-u2. e :t:~.+: 

-211.0 ·**·* 

-154. 8 

L 6-15 GSBC In o .30 kHz 
30866. 0 GSFC freq & start 

2f.. B » .U : 

-156. 8 *J!:."f. 

-197.9 *** 
-615.6 *** 
-172.8 *** 
-213. 6 **·" 

1. ?5-15 G58C In 0 ;5 kHz 
2.2-05 GSBD en 0 II 

35000.0 GSBE freq & start 

~- ~ -. 
..:: l • ..!• ;¥:*.;. 

-155.4 *** -19?.9 .j:f:.y: 

-612.8 *** -1?3.2 ·*** 
-210.1 *** 
-155.4 *** -en tot 0 ;5kH: 

1.9-15 GSBC 'fxi O 40 kHz 
40000.0 GSBE freq & start 

23.4 *** 
-153.4 *** 
-19(.9 *** -608.4 *JI.'* 
-1i'3.2 *** -204.9 *** 
-153.3 *** in tot 0 40kHz 

2.15-15 ~SBC 
45000.0 GSBE 

19.6 tu: 

-137. 9 *** 
-6Hi. 1 *'"'.' 
-173. 2 *** 
-205.5 *** 
-157.fi u:;: 

2.4-15 GSE:C 
500&8.fi GSBE 

14. 5 u.;: 

-162. 3 .'f( ... ~ .. 

-197. 9 i+:u 
-613. 6 .;::+:~: 

-173.2 *** 
-208.1 *** 
-162.8 :f:;f::+: 

2.?-15 GSBC 
55000.fi GS Bf 

10. 5 ;;:;ti;: 

-166.3 :f:U 
-19?.9 *** -6~6.2 **'--173.2 *** -209.6 **•: 

-165.5 **•: 

rn @ 45 kHz 
freq & start 

rn. 50 kHz 
freq & start 

8n tot 0 50kllz 

r • 
?req 

55 kHz 
& start 

-8n tot • 55JcHz 

3. -15 GSBC ln O 6o k:flz 
60060.~ bSBE freq & start 

?. 4 :;:+;.f. 

-i69.4 *** -19?.9 *** -618.1 *** -1(3.2 *** -210.6 *** 
-16?.8 *** -e tot""' 6o n ., kHz 
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Example 1-6.2 is meant to illustrate both the program functioning 

and to give some insight on hydrophone matching. The gain versus fre­

quency response has two peaks, which is characteristic of doubly tuned 

networks. 
The whole subject of optimum hydrophone matching is beyond the scope 

of this program and discussion. Equiripple passband response and opti­

mum noise performance may be simultaneously obtained with higher order 

matching networks which represent bandpass filter like structures and 

include the hydrophone equivalent circuit in the filter structure. Typi­

cal broadbanding networks are fifth order and have Chebyshev responses. 

These networks are an extension of the work of Fano [ 23] and Matthaei 

[ 37]. 

Derivation of Equations Used 
The network shown in Fig. 1-6.1 is redrawn with the components on 

the secondary side of the transformer reflected to the primary side, and 

the thermal noise sources of the resistors added. This new network is 

shown in Fig. 1-6.6. 

n2 ·Csec 

Fig. 1-6.6 Network of Fig. 1-6.l redrawn with the trans­
former moved to the ri~ht side. 

The network of Fig. 1-6.6 is shown in Fig. 1-6. 7 with the individual 

element groups replaced by generalized admittance blocks. The noise 

voltage densities of the noise generators are defined by Eqs. (1-6.1) 

through (1-6.3), and the admittance blocks are defined by Eqs. (1-6.4) 

through (1-6. 7). 
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1 :n ideal 

Figure 1-6.7 Network of Fig. 1-6.6 redrawn with generalized 
admittance blocks. 

e1 = V4KT (R + R ), 
s pri (1-6.1) 

e2 (l/n) V4KTR • 
sec (1-6.2) 

e 3 (l/n) J4KTR . ' 
in (1-6.3) 

= 1 1 (1-6 .4) Y1 
R +R + sL + l/(sC ) = R + R + j(wL l/(wc )) s pri s s s pri s s 

Y2 = s( n 2 . C ) 
sec + l/(sL ') = j( n 2wc -1/(uJL .)) pri sec / 1 pri 

s = jw 

Where K is Boltzmann's constant (1.380 - 23 
x 10 Joules/K), and T 

is the temperature in Kelvin (290 K at room temperature). 

The nodal equations are wri t ten f rom Fig. 1-6.7: 

(1-6.5) 

(1-6.6) 

(1-6.8) 

The va riable, ey' is obtained using Cramer's rule. The determinant of 

the coefficient matrix is designated t:,.. 
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which upon rearranging yields: 

(1-6.9) 

Substituting the constant matrix (right hand side) into the second 

column of the coefficient matrix, and evaluating the determinant yields 

the following: 
(1--6.10) 

n·e = (n/6)[(Y1+Y 2+Y3)(Y 3e2+Y4e3+n°i )+(Y1Y3)(e1+E )-(Y3 2)(e2 ~ y n s '.J 

Simplifying and removing term subtraction yields: 
(1-6.11) 

(1-6.12) 

(1-6.13) 

In terms of magnitude only: 

(1-6.14) 

Since the noise voltages e 2 , e g , and e , and the current i are random in n n 
nature, their addition must be done in RSS fashion to obtain the overall 

RMS noise voltage at the amplifier input, eA, i.e., 

e 2 + n 2 •e 2 
n y 

(1-6.15) 

Upon expanding: 
(1-6.16) 

e 2= e 2+ n2 (IY :rtY2+Y312 . (e 321 Y4 j 2+n2i 2) + IY1 Y3 I 2· e1 2+ IY i+Y2 l2 Yi ez 2) 
A n \ 6. 12 n 

This program uses Eqs. (1-6.14) and (1-6.16) to calculate the overall 

noise voltage density. 



1-8 J•rogram IJsrln~ I 
t1t1l tL BLA SELECT OUTPUT IN dB & dBV 
002 CFl 
003 RTN 
004 tLBLB SELECT OUTPUT IN RATIO 
005 SFl .AND VOLTS 
886 RTH 
087 t LtJLC LOAD AMPLIFIER INPUT OURRFNT 

""'8-"-88"---___ P:__.s _N.Q!.,S! llE?!S!_TI J.N_A/_VjfZ_ __ - · 
889 F3? if' numeric entry~ jump to 

-....,0,..,.1.,..0 -..,,..GT,,..,0...,,.8 _ ..!'tE ~a,gl!,. .!:Ol:! tj,n..f _ _ _ _ ____ _ 
..-8.;;.1"""1 _.;.;.RC,....L=8 _ ~c!:l_L~r~B_!l!_tg_ s.!<>2'ed _!a_!~ 
812 P:s jt=p to print and space 

,..f.-013 GT02 routine 
""-814 tLBL8 store entered value of' fn, 

815 ST00 and return control to 
816 P:s keyboard 
817 RTN 
818 fLBLD LOAD AMPLIFIER INPUT VOLTAGE 
~8=-.;;19,......._.;...;;.F=:3;,;,,.,?' ... JiO~Ull:N~'U 1Jl..Y/..NF_ - _ 

-828 GT08 if numeric entrz, _jump __ _ 
..,,.02.,,..,1.,__R,...,C=L....,9._- .r!o~!.1 _j r.e i6!!.t.!Y _ s~]:e_g ..Yl!J. Y.e 

-~822 :r:LBL2 print and apace routine 
823 PRTX 
824 SPC 
025 RTH return control to kevboard 

L.826 fLBL8 store entered value of en 
827 ST09 
828 RTH return contro 1 to keyboard 

....,,.82=9,..-..*_L=BL=.f -!&~ _!.Nj.}JSJS_F~Eq_&_STARt_ _ 
030 F3? if' numeric entry, store it 

.;8.;.31:::;-..~ST:,..=O..:.I _______________ _ 
.-8=32=--....;.;.;RC=L=I _r!P~.H- ,E!'~s~!!_ l!_tore!!_fre_g_ _ 
-r8:.-33.,.__G;:,,;S,.,.,B~3 _J.t_ tl~;J> ._ S.JlB...Q.e_ _ _ _ _ _ 
834 ENTt 
035 • form and store W•21ft' 
836 Pi 
837 x 
838 STOE _ _ ____________ _ 

-=e=-39=--...,R=-=c'""L-=2 
848 x form wLsens 

841 RCLE - - -------------
842 RCL1 
043 x form 1/(t.iOsens) 
,,.8;;i;..:44.____.1 ..... / ...... X ______________ -

=84.,..,5,_._=-.,... _I_!! _;,,._ = _ w_!. IL:...~ ~o.»L __ _ 
846 RCLB 
847 RCL3 Re Z1 = Rs + Rpri 
.;;.8~48'--__ + _ _ - - - - - - - - - - - - - - - -
..;;.8....;.;49"--__ +-'-P _ ~o~ert~<:..t~~l~r_'t£_ p_o!_a.!' 
858 l / X I I 
... 0 .... 5 ___ 1-=-sr..,.o ... D _ !~~ ~~ !t:' :_e _ :: 1 ______ _ 
052 x:y 
853 CHS 
854 X:Y 
855 +R 

finish complex inverse, 
and return output in 
rectangular co-ordinates 

REGISTERS 
4 5 

Lpri Oseo 
$4 55 

_85;;;..;6;....__S;;..;T"""O.;.;.A _s't!or~ R_e(J14o+ ~Yzl _R~ h __ 
857 x:y calculate and store 
858 RCL5 Im(Y1 + Y2) 1 
859 RCL8 

2 868 X2 ealcula te n 1&10aeo 
861 )( 
862 RCLE 
863 
064 

x 
+ 

865 
866 
:867 
868 

--- - - _li ___ ____ _ 
RCLE calculate l (w1pri) 
RCL4 

x 
1/X 

,""8..,,.69=----_- - - - - - - - - - - - - - - -

1878 STOB form and store Im(Y1 + y2) 

'"'"0"""71""-- R=--C--; .... ~ - ;k~ ;1-+ -;2~ -;ola; - - -
.;;;0..:.;72=---~ - - - - - - - - - - - - - - - -
873 RCL8 calcula~e and store: 
874 x2 Y;. n /Rseo 
075 RCL6 
076 
877 STOC 

878 ~f~~ ~d";t;r;jy3fly~ :-yJ-
879 p.._. 
888 ST02 
081 P:s ___________ _ 

882 RCLB .J!ICTi!Yz+~)_ _I~Ii~21_ __ 
883 RCLA calculate Re(Y1+Y2+Y3) 
884 RCLC 

885 + - - - - - - - - - - - - - - -886 +P 
887 STOE form and store Yi+Y2+y3 

::: Re;~ fonn jY4j·IY1+Y2+Y;_I _ - -

898 )( 
891 RCL7 
092 

182 + -f'orm-I;-b.- - - - - - --

=-=1'""e;3===~=+-P.,._ =-f~~~ ~ -----~ ~ = =-=---=--~ 
184 RCL8 form and store n/jAj 
185 
106 
107 
108 
109 
118 

1/X 
STOA 
RCLD 
RCLC 

x 

6 
Rsec 

56 

--

8 
n 

S7 SS 59 

IE I' r, the freq 
211t, !rt+ Y2+ Y!I f?r analysis _ 

1·6 

111 STOC calculate and store: ::~ 
112 

x IAvl=n·IY1Y;l/lt.il 168 -1.;;..13 ____ s-:--r=-=o,.,D _ _____ - - - - - - - -
169 ..:.1..:.14.:....__;;;..;GS=B-1 _ E._l'i_Et_ ~ ~ Z:.. ~ :J.o_g -~ - - - 178 

115 B initialize L v2 register 
171 116 P:s 172 

GSB! 
P:S 

RCL0 
P:s 

RCL8 
x 

RCLE 

calculate and output the 
voltage noise density 
oaused by the amplifier 
input current noise density 
acting on the equivalent 
circuit impedance 

-

117 ST01 173 x 

118 PtS _ -- - - - ----------- 174 GSB1 ----------------
-1-19,,..... --=-Gs""'e=3 _s~a.Q_e_i.f f~~g_ ~ !.~ ~e_!.- - - - - -1=75=---i;=s'""B~3 sE_8-ce J:r_f!_ag_ O_il!._!l,!!t ___ _ 
128 1 form and store 4KT p=+" -

176 .. ;:i 
121 17? RCL 1 rec al 1 and output the RSS 
122 6 178 p:s of' all the abQve noise 
123 1 179 IX voVtagZ'densities 
124 ? 188 GSB 1 ( ~ V ) 
125 3 181 GS83 
126 6 182 GT03 
12? EEX 183 *LBL1 output subroutine: 
128 CHS 184 x2 store 'LV2 
129 2 185 P;!S 
138 0 186 ST+! 
131 STOB ______________ 187 p-+~ -

.;1.;,.J_,::---R:-,C:-:-L-:-B calculate and output: ~'----'-"'"...-'·- - -ll_V_ - - - - - - ---
·- _ 188 LST.'>! reca __ ----- --

133 RCL3 A,,• v4KT(Rs + Rpri). ..:.18;;;..;9~.--...,,F,.,.I""'"'> -if fli°g -1~ output voltage 
134 + which is the transformer ~l98 GTOI in_ ~gin~eri!!g_fo_rm.A,t ___ _ 
135 x primary resistance and 191 FIX flag 1 is cleared: output 
136 IX sensor resistance thermal 192 DSP1 20 log v in fix l format 
137 RCLD voltage noise density 193 LOG 
138 x 194 2 
~1=39'--_Gs,.....B .... 1 _ _ ____ - - - - - - - 195 0 
148 RCLB calculate and output: 196 x 
141 RCL6 IY3(Y1+Y2)/~ I· i/4KTRsec' 197 RND 
142 x which is the transformer -198 GT02 143 RC[~ secondary resistance thermal ~i.-199 ll:LBL1 1
14
4
5
4 

voltage noise density 288 ENG 
281 DSP3 

146 PtS ~282 *LBL2 
147 RCL2 283 FB? 
148 P:S 284 PRT."< 
149 x 205 FB? 
158 RCLti 286 RTH 

print-R/S subroutine 

151 x 207 /?/S 

.:;..: ;~;;;__-~=~,.,.f~~ - calculate -;:nd ou tp~ t;- - - -1--_,.:~~:~~~•""'L~:µ[~~-s-p_a_c_e-:-if':-:f::-:l-a_g_O~s-u-.:b-ro~ut':""1;""'. n""".e:-"'1 
154 RCL7 218 F8'? 
155 1~1 • jY4(Y1+Y2+Y3)j • V4KTR.in.. 211 SPC 
156 RC[~ which is the thermal noise 212 RTN 157 

vo 1 tage density due to the 213 tL BL 0· 1
1
5
5
8
_9 RC~A amplifier input resistance 214 CF~ 

215 !] 

168 RCLE 216 RTN 
161 x 217 
162 STOE 218 
163 x 
.._1t1"""~4'----t;=-=.S:..:;B.;;..1 ----- ________ ---· 
165 RCL9 recall and output the 

219 
220 

amplifier noise volta~e dens 

.tLBLc, 
SF0 

1 
RTN 

LABELS FLAGS 

print - R/S toggle 

a "O" displayed indicates 
Rls mode selected 

a "1 1 displayed indicates 
print mode selected 

SET STATUS 

A B select. C load in D load en Ef'.lrnelPU&J. tH\ ~ R/S, prt FLAGS select dB linear 1~ TRIG DISP 
a b c d e 1dB/ lineai 

0 
°~ OFF 

olocal lbl 1 output 2print R/S 3 spc if 11'0 4 2 1 

~s~:::..::~.::::.~s,..:.::.::::.:.:_-k1.!:..:.::::...::....:.!...=+,8~~~....:...-tg9----n3~da~t~a--e~n:t::Jn~ • 
DEG • 
GRAD 
RAD 

FIX 
SCI 
ENG 
"--



Part 2 

FILTER DESIGN 



PROGRAM 2-1 BUTTERWORTH ANDCHEBYSHEV FILTER ORDER CALCULATION. 

Program Description and Equations Used 

This program calculates the minimum filter order required to meet 

specifications for maximum passband att enuation (ApdB) and minimum stop­

band attenuation (AsdB) for the Butterworth or Chebyshev filter approxi­

ma t iqns . A second part of the program calculates th e stopband- to- passband 

frequency ratio , A, if the filter order and type are given . Furthermore , 

a thir d par t of the program predicts the stopband atten uation if n , A, 

ApdB , and the fil ter order are provided . 

Figures 2- 1 .1 and 2-1.2 are nomographs adapted from Kawakami [34], 

and can prove useful to rough o ut the problem and provide tradeoffs . 

Once the desired parameter s have been estimated, this program may be 

used to fine- t\llle the results . 

Equation (2 .1 .1) is the analytic expression for t he Butterworth am­

plitude response characteristic . 

where 

and 

A 2 - 1 = (Ap 2 - 1) A2
n 

s 

A 2 
s 

A 2 
p 

0 . lAsdD 
= 10 

0 . l ApdB 
= 10 

(2- 1 .1) 

(2- 1. 2) 

(2- 1. 3) 

The quantities A and A are ratios greater than one (it is the con-s p 
vention to express attenuation as pos itive decibels) . 

Equations (2- 1 .1) , (2-1.2) , and (2- 1. 3) can be used to find expres­

s ions for AsdB , A, or n: 

129 
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10 ·log [CAP 2 
- l)A. 2 n + l] 

l 

A = [~-:-:---~rn = 

A 2 - 1 
l n s 

A 2 - 1 
n = 

ln ,\ 

1 

[~/-
1Jn 

A 2 - 1 
p 

(2.1-4) 

(2-1. 5) 

(2-1.6) 

Equation (2-1.7) is the analytic expression for the Chebyshev 

amplitude characteristic where A 2 and A 2 are defined by Eqs. (2-1. 2) 
s p 

and (2-1.3). Equation (2-1.7) can also yield expressions for AsdB' A., 

or n: 

(2-1. 7) 

( 2-1. 9) ,\ cash ~ -1 f2 ) = co sh 

p 1 

-1 ~ co sh 
1 

n = 
-1 co sh A. 

(2-1.10) 

A certain degree of similarity can be noticed between the Butter­

worth and Chebyshev equations. Keeping in mind that ln and exp are 

complementary operations as are cash and cosh- 1
, and noticing that yx 

can be expressed as exp (x • ln y), then replacing ln with cash and 

exp with cosh-
1 

will convert the Butterworth formulas to the Chebyshev 
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formulas. This technique is used by this program where flag 1 indicates 

the ftmction to be used (set for Butterworth). 

A separate subprogram is also included to aid in the specification 

of bandpass or bandstop filters. The characteristics of these filters 

are synnnetrical when plotted on logarithmic frequency scales (log paper). 

This characteristic implies geometric symmetry of the various defining 

frequencies (-3dB,etc.) about the filter center frequency, i.e., the 

center frequency is the square root of the product of similar response 

frequencies located above and below the center frequency. 

To use the bandstop and bandpass programs in this section, the fil­

ter center frequency (f ) and bandwidth (BW) are needed, however, when 
0 

specifying the filter initially, the bandedge frequencies may be of 

greater interest. The separate subprogram provides the conversion 

between center frequency and bandwidth, and upper and lower bandedge fre-

quencies (f and f1 ), and vice-versa. The definition of '~andedge upr wr 
frequencies" in the present context means a pair of frequencies (one on 

either side of the center frequency) where the filter attenuation is 

the same, i.e., -0.01 dB, -3 dB, -60 dB, etc. 

To convert from center frequency and bandwidth to upper and lower 

bandedge frequencies, Eqs. (2-1.11) and (2-1.12) apply. 

f = (BW/2) + ./ (BW/2) 2 + f
0 

2 
upr V 

(2-1.11) 

flwr = (f 2) /f o upr (2-1.12) 

To do the reverse conversion, i.e., to go from upper and lower bandedge 

frequencies to center frequency and bandwidth, Eqs. (2-1.13) and 

(2-1.14) apply. 

f = 
0 

BW 

(2-1.13) 

f - f upr lwr (2-1.14) 

In the case of a bandpass or bandstop filter, the stopband-to­

passband frequency ratio, A. , still holds. The user should remember to 

use bandwidths, and not bandedge frequencies. This is an easy trap to 

fall into since bandedge frequencies and bandwidths can be one and the 

same for lowpass filters. 
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BUTTERWORTH AND CHEBYSHEV FILTER ORDER CALCULATION 

But tor- Ohebyshev print, IVS BWffo-. fuprf 1"lwr 
worth fuur,flwr - f'o, BW 

ApdB As dB 

STEP INSTRUCTIONS 

n~>.. >..-n 

INPUT 
DATA/UNITS 

~---·-- - ---··-------------------------------------------------------------------------------------- ---.....,--------
i------ ---------------------------------------------------------------------------------------- - ---·--·-

_} ___ ~-3:_~~~--£~~~~~--~~E~!-------- -- -- --·---- ------·--·- ·- --------
··--·--- _____ }?~!-!-~!~~!!-h ___________ __ ___________________________ ---------

>------ ______ 9~-~~¥-~~!!! ____________________________ . __________ _ . _____ --·-·-----

_ §. ___ 1'~--!.~?.-~ __ !?:_~~-~:1:-.~-~.<!.f'.~,_ __ ?.,_ __ g~~~?.-.~~~--;:~~_q~~!!~l ___ --------·-

---- __ :~~-~~.L~L---~~~-~--(:__ ------------------------------------------------------ --~---· 

~.1 __ --~£.'~~~:!. fr::.g~e:E~-1 .. ~~~.£.L~.L~V:~~--~~~---------- - - ------
filter order n: load n (n must be integer) n 

- - - -------------------------1·--···-······-····-------·--···-··--·----------------------------· --------

-~- _M'.t~L.nri.cling_fu_~2 __ n!!g_A~ ___ (!!~Lg~~~!!--~---- - -----·- --··------
a ) perform step 7 to store n - ----- _.._ , ___________ _____________________________________________________________________ _____ ... __ ---~ 

b) l oad l. ),. - ----- ______ __ __ __________________________ ___ ____ ,.. ____ _._______ ·------.. -----------

- ----- ---~---.----------------------------------------- -- ------- - ------- - r -------·-----------
Step &b may be repeated with other 

- --- - - ~---- .. ·-----------..-.---..- ----- --------------- ---- - ----------------- ------- - i..--- - --- ... - ----------

values of A without having to repeat 
- ----- '------~------------------------~~------------- --·---~--_. 

step Ba. 
f------- ----------- - - -- - -- -- --~-------~------------------------ - -- - ... - 1----------·--

_y_ ~- se~ara~.P..:r::'~~.:_~ _ _!ec~!?_~-~-~-~~-~i-~!1________ -----------·----· 
_ _ -~~ndl?~~~ fi~-~~--~:!l~<? t~?.~.!--~~~r ba.!!_~_idt!!~_! ,.. ___ ______ __ _ 

___ _ <:._~nte_-!'__!'!_eq~nc~~.E~-ca~~ul~~-_!.he UEJ>e!'__an~--- ··-------­

--- -~~--~an~-~3~.f.~~~~~~.?:,~-~!2!.~e_:ver !.~-~---- ----·--- --·------
----- _____ !.?~~~~E!!."!.~<!.~E_ __ (f_~-~ . .<!.IL_~?.~~-E? in ts)___ · -~~_,_J:i_~-----

load center frequency f 0 , Hz 
----- ---------------~-------·-----.~-·---__..-.--··------ !-- ------------------

>..-- AsdB 

KEYS 

L~_J 

l~ 

OUTPUT 
DATA/UNITS 

--~-J_p_£~~) 
o (R/s) ._ _ ______ _ 
1 

--------...-

n 
-----·~-

---------- -"" 

--~- -- · ·--

---------
------~ 

-------------------

------
!~..r-~.H~-­
f'lwr. Hz 

~~ 1--·-----·-----·- -------------·-----~.--~--~-··-----+------j~--=-------t---=-"-'-'---""-----1 
load upper bandedge .frequency f'upt--, Hz ~ 

·--- i----~------- - .--------------;-----------~--- ------· -----------------
' ·-·-- _____ ]oaj_ lo~!..E~E-.<!.~<!i;~_f_re~~~Y----··---- ~J_wrL.l:i.~- -- CTI O=:J _!_Q_,_JJ._!__ 

BW, Hz 

APdB• 
maximum 
passband 
attenuation 
in dB 

:Jo 

20 

10 
9 
8 
7 
6 
5 
4 
~ 

z. 
I. S 

I 

. 7 

.5 
·1 
. 3 

·2 
.15 

. I 

.07 

.D!f 
·04 
·03 

.o.;i 

. 01r 

.01 

.ooo 

-001 
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AsdB• 
minimum 
stop band 
attenuation 
in dB 

10 
8 
b 
"I 
;z 
I 

.s 

,t 

Figure 2-1.l 

l-'~-+-+-t-+fiH-LLJ1J'~l+-~4~~-Ht1fYiti l l...U~.t.i~.++++ l-H-~-lttii litHiUm 
1--1--4--1--+-t---J/ -t- I ~ I ' 

6 tjc:l:l='fJIJWJ.1 ,11 .~~+ti4l-l-11fH-tf111t~~
1

' HtttttiftRl't.ttl!tttttllmt1 
'I I J 

4 t=ti:::n~"~~G."~lil:J, ~~~~4+1~14t1ftH1rtt~· rfttt±tllitttttttt1ttttt~· m 
J 

II II 

,, , 

,, 

1 2 4 5 6 7 8 '10 

NORMALIZED CUTOFF FREQUENCY MULTIPLIER: >.. 

Butterworth filter nomograph. 

A 2 - 1 = (A 2 - l)A 2n. 
s p 

Adapted from Kawakami (341 
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NORMALIZED CUTOFF FREQUENCY MULTIPLIER, >. 

Figure 2-1.2 Chebyshev filter nomograph. 

As 2 - 1 = (Ap 2 - l){cosh(n • cosh-l A. )} 

Adapted from Kawakami I34] 
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l!9W to Use the Nomographs 

n 

n-1 

0 

P4 'A 

Figure 2-1.3 Nomograph use. 

Pl and P2 are the required passband and stopband attenuation, P3 is 

a turning point, P4 represents the ratio between the frequencies where 

the stopband attenuation and the passband attenuation are specified, and 

PS represents the required filter order, n. 

Since n must be an integer, and P5 will generally lie between two 

integral numbers, always choose the larger of the two integers. Further­

more, if any of the narrowband approximations to bandpass filters are 

going to be generated, and Chebyshev response is specified, n must be an 

odd integer. This requirement occurs as even ordered Chebyshev filters 

have unequal termination resistances, and the narrowband bandpass ap­

proximations require equal termination resistances. 

These nomographs are also contained in Zverev, however, the two 

vertical scales appear to be misregistered slightly, and in some appli­

cations will give inaccurate results. 

These nomographs may also be used in other ways. If the filter or­

der is known, then the filter response may be predicted. In this case, 

PS would lie directly on one of the filter order lines, A. and Pl, or P2 

are the input variables, with P2, or Pl being the output quantity. 
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· Example 2-1.1 Highpass filter 

A Butterworth filter is to pass 20 kHz and higher with 3 dB or less 
attenuation, and reject 10 kHz and lower wi'th 1 

at east 40 dB of attenu-ation. Find the minimum filter order to meet h 
t ese specifications. 

,:. ·-· .:.. · ·-
._:. r t::t,:'l' ::.:=!:· -

Lf ~; r 00 =_ ..... ::.t :C, 

select Butterworth 
l oad ApdB 
load AsdB 

load A= (20 kHz)/(10 kHz)= 2,& calculate n 
filter order , n (use n = 7) 

Example 2-1.2 Bandpass filter 

A Chebyshev bandpass filter is centered at 100 kHz (center fre­

quency is not a parameter of the filter order calculation). Frequencies 

in a 20 kHz passband (geometrically centered about the center frequency) 

must be passed with 0.5 dB attenuation or less, and frequencies outside 

a 40 kHz bandwidth (again geometrically centered) must be rejected with 

at least 40 dB attenuation. Find the minimum filter order to mee.t 
these requirements. 

i_ .... . : .t · ~:: 

r s t~ ~·s-& 
4t:.; . ft [; 

_;:_. . ;][; 

4 . B~· 

- - r- ,.. 
"' ·=•t:Jt 
· r ~~ 

\:l:,:l C.._ 

select Chebyshev 
load pa:ssband r i pple in dB (Ap ) 
load minimum stopband attenuat1~n in dB (As ) 
load A == ( 40 kHz) I (20 kHz) = 2 and calcula g~ n 
filter or der , n (use n = 5 as s~allest integer 

value to meet specs) 

Example 2-1.3 Bandstop example 

A maximally flat (Butterworth) bandstop filter is centered at 

20 kHz. Frequencies lying outside a 10 kHz band geometrically centered 

on the center frequency should be attenuated by 3 dB or less. Fre­

quencies inside a band of l kHz geometrically centered on the center fre­

quency should be attenuated by at least 60 dB. Find the minimum filter 
order meeting these specifications. 

-- a 

BUTTERWORTH AND CHEBYSHEV FILTER ORDER CALCULATIONS 

i;3B: .. 
3.i36 ,;ssi=; 
fi.00 GSf;f, 
6.66 GSE:D 
~ . f;6 *·+:.r: 

select Butterworth 
load ApdB 
load AsdB 
load ). = (10 kHz)/(! kHz) 
filter order required 

10 & calculate n 

[,SP .:;. display 4 figures past the decimal point 
3. 6t:ii6 :+.+: ~ the filter order required is greater than 3 

3. 6fi0ti GSBC enter filter order of exactly three & calc. A 
10. 60 75 ."f .• ; :.;.· ). where filter is 60 dB down 

16. 0666 sS&E enter A and calculate As dB 
55. 9(54 .n:f As dB at A = 10 

137 

This bandstop example shows other features of this program. Given n, the 

ratio, A , where As is met is calculated, and alternately, given A, As 

.for this ratio is calculated. 

As an aside, Butterworth filters are not exactly three dB down at 

the bandedge, but are 10 • logia 2 = 3.010299957 dB. If this number 

had been entered for A , the calculated filter order would have been p 
three (to seven significant figures). 

Example 2-1.4 Lowpass filter 

Find the frequency where a 2 dB ripple, 7th order Chebyshev lowpass 

filter will be 60 dB down when the -cutoff (-2dB) frequency is 1000 Hz. 

66rJf 
(~ 06 

.i. z i .. _. 

~ 66t: I:~; 
1 ?Cl r.;: 

·' 
.• .. ; ... 

select Chebyshev 
load ApdB' the passband ripple 
load AsdB' the minimum stopband rejection 
load the filter order, n, and calculate A 
). to meet above requirements 

cutoff frequency of filter times A 
frequency where the filter is 60 dB down 
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!3!31 *LBLA LOAD ApdB 837 tLBLD LOAD l. AND CALCULATE n 
-!3!32 GS Be B.J8 ST04 

BBJ ST01 store ~ - 1 839 RCL2 
004 RTN 848 RCL1 calculate k 005 tLBLB LOAD As dB 841 

--886· GS80 842 fX 
007 ST02 store A~ - 1 843 ---------------F1Q jump if Butterworth 008 RTN -844 t;T03 

'-0l19 *LBrn 045 GSB2 ---------- ------ --subroutine to convert dB to 
81f) EE.I{ (magnitude)2 - 1 846 RCL4 for Ohebyshevs 811 1 847 t;SB2 
812 848 cosh-1 k 
on 1 BX 849 STOJ 

n ., 
cosh-1 >. 814 EEX 050 HOB 

815 - ... 851 tLBL3 - - - - - - - - - - - - - - - - - . 
l-A1 /:: lilTN 052 LN for Butterworth1 817 tLBLC LOAD n, THE FILTER ORDER 853 RCL4 

818 ST03 AND CALCULATE 1- 854 LN ln k 
019 RCL2 

~ 
855 n "' ln >. 

020 RCL1 856 ST03 calculate k = . 
021 p 857 GTOB 
822 fX -- - - - 858 tLi~g _ !_MO~~-~~ ~~L9~L~!E_ ~ga_ __ 023 F1 ? - - --------

1359 
--824 t;T03 jump if Butterworth 

-060 GTOJ jump if Butterworth 
825 Gse2 -Oa.I"cuiate -cosli-k. - - - - - - - 861 GS82 - - - - - - - - - - - - - - - -
826 RCL 3 862 RCLJ for Ohebyihev: 

~ 827 063 x 
q • oosh(n•oosh-1 >. ) 828 GSEii calc l = cosh-1(-}cosh k ) 864 GSB1 

829 ST04 >-865 t;T04 
030 GT08 goto the print/ stop routine '-866 tLBL3 ------- ------------- -- -------------- for Butterworth: '-031 t LBL3 calculate l for Butterworth 867 RCL3 

q"' (l)n 832 RCL3 868 yx 
033 1 /,\' 1 i...-.869 tLBL4 ---------- - --------
034 'r' )( l = (k)n 870 X2 

common part for Buttr & Oheb 

835 ST04 071 RCL1 
836 GTOB 872 x AsdB "' iO• log( ( ~-i)q.2 +1) 873 EE:>: 

074 + 
075 LOG 
876 EEX 
077 1 
078 x 
079 GT08 

888 ¥LBL1 cosh X subroutine 113 JLBL.:J BANDPASS1 enter BW 1 f'" and 
881 eli 114 ;.:2 calculate fupr and flwr 
882 ENTt e-x 115 ST05 
083 1/X cosh x 

eX + 116 XtY = 
884 + 2 117 2 
985 2 118 
086 . 119 ENTt 

f' upr = ~B;)+ J(B2Wr + f; 
. 

887 RTN 120 xz 
888 tLBL2 cosh-1 x subroutine 121 RCL5 
089 ENTt p? t 

890 x~ 12J IX 
891 En: 124 t 

092 - 125 rnrt 
flwr = (fo) 2/fupr 893 .rx cosh-l • ln(x + p::l) ..----.126 GSB9 x 1.,.., RCL5 094 + Li' 

095 LN 1 ''" Xt i' 
flwr= (f'o)ffupr 

~C· 

896 RTN 129 
897 tLBL o. SELIDT BUTTERWORTH ~138 GT08 
098 SFl Bl fLBLe BANDPASS: enter f u r & f1wr 
899 RTN 1J2 ST05 calculate f 0 and B~ 
100 tLBLb SELECT OHEBYSHEV 133 .l{t'r' 
101 CF1 134 ST06 ]. 
182 RTN 1J5 x f'o:: ( (f upr)(:f'lwr)) 

2 
183 tLBLc S~~! f.R1N1'. '!_!' .!Y~ _____ _ 1J6 ,fV ,··, 
184 FB? jump if' flag 0 is set ..... ~137 GSB9 

.-105 GT03 -- - - - - - - - - - - - - - - - - - 138 RCL6 
BW .. fupr - flwr 186 SF0 139 RCL5 

187 1 set f'lag 0 to indicate print 140 -
188 RTN ----141 :tLBLS print or P/S subroutine 

'--189 tLBL3 142 GSB9 ----------- - - - - -118 CF8 clear flag 1 to indicate R/S 143 f0? if flag o, space 111 0 144 SPC - - - - ----- - ----
112 RTN 145 RTN 

'----146 • LBL9 - - - - - - - - - -- - -
147 F0? if' flag 0, go to print 

~148 GT09 _ _ _ _ _ _ _ _ - - - - - - - -
149 :;~ flag 0 not set, P/s 158 

Lfil tLBL9 
152 PRTX 
153 RTN 

REGISTERS LABELS FLAGS SET STATUS 
0 ,~ 2 2 3 4 5 6 7 8 9 

- l As - 1 n l A A 6 As dB c n->. D l-n El-As dB 0 print? FLAGS TRIG DISP p dB 
so $ 1 $2 $3 $4 $5 $6 $7 58 59 

se-c. b set. c prinh+_ ct foiBW- e 1 ~-USERS OKOJif ~- -----------a 
But tr FIX li:n•ttr ..... __ .. 4 f';, .Pl 

A 18 IC D IE I' 
0 dB-1 1

2
-1 1 cosh 2 cosh- 1 3 4 2 1 GRAD SCI x x 

2 RAD ENG s £ 7 a p~~nt. & 9 print 3 
3 

n __ 
s ace 



PROGRAM 2-2 BUTTERWORTH AND CHEBYSHEV FILTER 
FREQUENCY RESPONSE AND GROUP DELAY. 

Program Description and Equations Used 

This program calculates the frequency response (magnitude in dB and 

phase in degrees) and the un-normalized group delay in seconds for the 

Butterworth or Chebyshev all pole filter approximations. The response 

may be in lowpass, highpass, bandpass, or bandstop form (the lowpass and 

highpass responses are special cases of the bandpass and bandstop 

responses respectively in that the center frequency is zero). Both 

single frequency analysis and frequency sweeps may be done. The sweep 

can be linear using an additive increment, or logarithmic using a multi­

plicative increment. 

The actual analysis routine that is buried within the program 

analyzes a normalized lowpass filter. The input data is normalized and 

transformed as required to place it in normalized lowpass form. The 

phase and gain response (frequency response) of the normalized lowpass 

filter is the same as the original filter type before transformation; 

hence, no reverse transformation is necessary for output. The group 

delay is the rate of change of phase with respect to frequency (deriva­

tive of the phase function) and is affected by the transformation to 

normalized lowpass form, therefore, an output transformation from the 

normalized lowpass group delay is required. 

The logarithm of the normalized lowpass filter transmission 

fl.lllction, T(jrl) is composed of two components, the attenuation, a, and 

the phase, b. As a complex number, these two components represent the 

constant, g: 

T(j n ) =TT cr + j ~w - Q) 
I< k k 

g = ln(T(j Q)) = a+ jb 

n = F(w) 

w = 21T f 

141 

(2.2.1) 

(2-2.2) 

(2-2. 3) 

(2-2 .4) 
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where F(w) represents the transformation to normalized lowpass, and crk 

and wk are the pole locations of the Butterworth or Chebyshev normalized 

lowpass transfer function (see the equation derivation section following 
the examples for pole location details). 

The group delay of the normalized lowpass filter is the derivative 

of the phase function, b, taken with respect to radian frequency: 

n 
-11 ~- Q } b L: tan 

k = 1 crk (2-2. 5) 

db n la k I 
T 

dQ = L: gnor a 2+ (w - Q)2 k = 1 k k 
(2-2.6) 

The group delay is denormalized by multiplying the normalized group de­

lay, Eq. (2-2.6), by the derivative of the transformation function, Eq. 

(2-2.3), taken with respect to the un-normalized radian frequency, w. 

Tg = an 
dw (2-2.7) 

The transform functions for the bandpass and lowpass cases are: 

~p = 
1 

BW (2-2. 8) 

(2-2.9) 

where "BW" and "f " are the bandwidth and center frequency of the band­o 

pass filter in hertz, and "f" is the frequency to be transformed (in 

hertz). The center frequency is zero for the lowpass case, 

The transform functions for the bandstop and highpass cases are: 

QBS 
1 BW = -- = 

QBP f 2 
f 0 --

(2.2.10) 

f 

dQBS BW { f 2 + f 2 } --=-
- f o2) 2 dw 21T 

(f2 
0 

.(2-:2 .11) 
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The definitions of the terms are the same as above, and the highpass case 

has zero center frequency also. 

( 2 8) d (2 2 lo) t o transform the input The program uses Eqs. 2- • an - • 

h 1 te Eqs. (2-2.1) and (2-2.6) to data to normalized lowpass, and t en eva ua s 

obtain the frequency response and normalized lowpass group delay. The 

group delay is denormalized using Eqs. (2-2.9) or(2-2.ll), and the fre-

r esponse and group delay are printed (HP-97 only) and displayed. quency 

----~------~ ...... -----------------------------iilliiiiiiiii---
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STEP 

2·2 UsPr Insfruc.efic,ns 
BUTTERWORTH AND OHEBYSHEV IPILTER GROUP DELAY 

Cs n1DBR HP a fo BP1 BWf f 0 

Bs n LP1 fo BS: BWf f 0 

INSTRUCTIONS 

lin1 u 
fstartt.o.f loe:1 l 

start sing~e t'req 
analvsis sweep 

INPUT 
DATA/UNITS 

~-~--~~~-~oth sides of magnetic card 

__ 3_ ___ ':.) __ ~~tte~~rth, . enter filter order n 
-·- -~- if Ohebyshe.;;---·---- ---------·--- ·--·--·-··-

........... ··------~---

·----- ····-·-- enter passband ripple in dB DBR 
--;~t,-;~-ftlt~;-;;·;d;;----··----------- --· - ··~-----

-- -~- _________ _.. __________________ ...__. ________ ~--------------- ------~------~ 

) Select filter type and enter characteristics 
-----~-iflowpass: enter cu"toff freque~cy* ·----- -Bw--H; --
···-- -·--·-------------------·-·------·-------·- ••••••• !.. _____ _ _ 
----- -~)--~-highpass1 enter cutoff frequency* BW Hz. 

---------·--------·------------·· · - --~..J... ____ _ 
c) if bandstop: -·---- --·~-~-------.. -~~-----------.-..----- -------~----... ---- -·-···-------~-

enter bandwidth** BW, Hz 
f-o--- ------------·-- -----~-~---~--- - ----- ---------~---·---------- ----. ------

'---· ----- enter center frequency f 0 , Hz 
~ if band~·~;;;-------·-· ·-·-··-·-·----··---------- -----·-·--

....._._ __ -- -----·----------- --~------------~---------~--...----- -----.. --------~ 
enter bandwidth** BW Hz -- ---- .. ·------------~-----·-----~-.--------- - -· ··· -·------~----1 

--·- ____ _____ eEte~ _ _?_~~~~~--~!.~~uenc? _____ ___ ____________ _!_Q_! __ ~_:__ 

4 If sweep of frequencies is desired: 

==~~ =.-;L~l~~!:~=ii~~~ o-z:-=~;.-;:it~i~~ep _(_t"c;~~ l~J =====~= 

-------------------.. ------·-------------·-----·-----·-----·--·-···-- 1----------

=~= =-~)__:;~~~~---~;~-~t~~~;-9,uen~y-t~~~~;··---- - ---r-~·;_-;t,--
c) enter frequency increment: ______ f ___ _ 

--·- !------ - --------------------------------------~ - .. --------- ~~-~-------

if linear sweep, the increment is 
~-- t---~---~---· ............. --.. -------....--..---~------- ----- ---------

----- '---·-----~ddi tive;. if logarithmic, t he 
increment i ~-;~i tip li~~ti-;~:··---·- ·- ·--- ------·--

=~~ :j1=~~~!~~:;~~p __ :=:=~~~=::=:===-~~=:=--==----~: ===:=:~ 
- ·- - ----·-·--------------------- ---·-···--- - -----·-

-----""-·-------~- ------
·- -----------·--·-------------·----··----------------

---- -®.TJ:_(!_~L~1--------·----------·-··------·- ------
------ .3-!!~- LP_~ HP .2.':l_!:o_!!'__!!:_~t:_~E_~-~E.! .. ~.12.~--
---· ~! & BS bandwidth are defined as the ·--·--·-·· -----·--

-------- ----- ---~----~----·-- --------------··---·· ---------------
'-·-·- .. =.2~!L_p_p_int for B1:1~~~rwo_r!-J!., .. .i:..l1.~!-.l:!l.._-:DBB_ _______ --·---------

point for Chebvshev 

i~ 

__!'_L~-~--­
lo s~ dB -------------
phase, deg 
-~roup-;; 
·---~l.!!~----
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Example 2-2.1 
Calculate the amplitude, phase, and group delay characteristics of 
a third order, l dB ripple Ohebyshev bandpass filter with 1000 Hz 
bandwidth and lOOOOHz center frequency. Calculate these characteristics 
from 8000 Hz to 12000 Hz in linear increments of 100 Hz. 

PROGRAM INPUT 

-~ . 
f • . 

1600. 
1 ot1i::o. 

800f1, 
106. 

EN T"!· t'\ 

GSB o. DBR. 

ENT·t BW 
GSBe: .fo 
!. bahdpass 
GSBd 1 linear 
l:h: J sweep 

Ef.i T-t -f s la rt. 
GSBe t:. +' 

GSBD slarl: 
anc!ys-1s 

8.060+6J 
-45.64+06 
-257. 1 +6[1 
2i.23-66 

8. 160+03 
-43. 48+[ifi 
-256. 3+[16 
23.69-06 

8.206+63 
-41.85+06 

.-,rc--.: .... •.,.1. 4+[t[i 

2t:. 62-66 

B.3M+e:;, 
-40. 13+6fi 
-:::54. 4+60 

30. 1 ?-06 

,:. 400+63 ·-· · 
-38. 31+66 
-253. 3+06 

34.53-06 

8. 508+03 
-36.J?+BO 
-251.9+60 

39.96-06 

8.600+63 
-34.30+60 
-250.4+06 

46. BS-66 

c. 700+63 \..'. 

-32.67+66 
-24S.5+0tl 

55.92-06 

8.800+03 
-29.66+00 
-246.3+06 

68. 1i-06 

8.900+63 
-27.01+66 
-243.6+06 
85.24-06 

PROGRAM OUTPUT 

9. 000+03 10.00+l?.3 11. [16+03 12.00+1]3 
-24.66+[16 [i.600+66 -21.06+66 -39.53+06 
-246. 1+66 0.000+60 -235.9+0[1 -254.0+00 

110.6-66 802.3-66 121. 1-06 21.89-06 

9. 100+63 16. 1ti+O.:: 11 . 1 f1+03 t\··e<\ ue l\Cy 

-2fJ. 73-r66 -345.5-63 
.-. -. 78+06 20 Loq I H<)w) \ -t:_".j. 

-235.4+06 -::•7 82+06 -239. ?+iJ[i 4 H(J'w), deg 
~·. 

151.2-66 723.6-06 92. 14-06 (~ 
' 

'3'2C 

9.200+03 10.20+03 11. 213+03 
-16. 9!}tf.0 -894.2-[13 -26.26+66 
-228.8+0[1 -51.87+00 -242. 6+00 
223. 1-06 624. ?-@6 72.96-06 

9 . 3DB+03 iB. Jf1+[iJ 11. 30+63 
-12.J5+tl6 -966. 8-63 ·')Ci 

-~-..·· 38+66 
-218. 5+06 - -,..of 4 9+0B -245.iJ+Oe , . ...,, 

371. 0-136 667.2-06 59. 38-06 

9. 460+63 rn.4o+o3 i1.40+63 
-6.901+06 -195.5-63 -3@. 36+00 
-199.6+0fi -1fi3. 5+06 -247.6+06 

731. 4-06 1. [106-03 4q -· . 47-06 

9. 500+03 1f1. 50+[13 1i.5fi+03 
_1 
i. 466+66 .-~ "' ... . -.--t,._.1.:,.., .:.1-t,l,j _ 7 ·:· 1?+06 ,_.~. 

-166.9+00 -148.3+06 -248.6+06 
1 430-03 1..371-63 41.94-[16 

9. 600+03 16.60+63 11. 60+03 
-82.0B-BJ -4.964+06 -33. 8.5+00 
-if19. 8+00 -189.4+06 -250.0+00 

1. 189-03 844.2-06 36.08-06 

9. 7J(1+03 HJ. 70+fi] 11. 70+03 
-E:65. 9-0.3 -9.967+0(l -35. 42+00 
-76. 75+06 -211.4+06 -251.2+[10 

726.3-06 432.4-06 31.41-06 

9. 8tl6"+0J 10. 80+£13 11.80+0] 
-909. 1-63 -14.30+00 -36.87+00 
-52. 79+06 -223.3+0fi -252.3+00 
648.4-06 253.9-06 27.62-06 

9.900+03 10.90+@3 11.90+03 
-351. 4-@3 -17. 94+00 -38.24+00 
-28.@8+60 -230.B+flO -253.2+00 

777 
I .._~ I • 1-06 168.4-06 24.50-06 
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Equations Used and Pole Locations 

Butterworth pole locations: The pole locations of a normalized lowpass 

Butterworth filter lie on a circle in the comple:x plane. Odd ordered 

filters have a real pole plus c,omple:x cortjugate pairs. Even order fil­

ters have only complex conjugate pairs. No poles ever lie directly on 

the jw axis. Figure 2-2.1 shows the pole loc.ations for a 5th order 

normalized Butterworth lowpass filter, and Eqs·. (2-2.12) and (2-2.13) 

show the generalized pole locations. 

jw 

a 

Figure 2-2.1 Butterworth pole locations. 

Pole locations: 

Real part, CJ = . ~2k - 1 'IT) - sin k 2n 
(2-2.12) 

!mag part, ~2k - 1 
'IT) (Ilk = cos 

2n 
(2-2 .13) 

k = 1, 2, . • • , n 

(trig argument is in radians) 

The attenuation of the normalized Butterworth lowpass filter is 

3 dl3 at w ... 1. At other frequencies, the a.ttenuati.on in dB is 

expressed by: 

(2-2 .14) 
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As shown by this equation, the attenuation monotonically increases as 

frequency increases. Figure 2-2.2 shows the general shape of the Butter­

worth response, 

OdB 

-3 dB 

0 

- - -- - --i 

w 

1 

Figure 2-2,2 Normalized Butterworth amplitude response. 

Chebyshev pole locations: The normalized lowpass pole locations of a 

Chebyshev lowpass filter lie on an ellipse with major axis dimension 

cosh a, and minor axis dimension sinh a where a is defined by: 

( 2- 2 .15) 

The parameter e is related to the passband ripple in dB by: 

0 !.: 
E = ( 10 • l e dB - 1 ) 2 (2-2 .16) 

Using these quantities, the real and imaginary parts .of the pole loca­

tions are given by Eqs. (2-2.17) and (2-2.18). Figure 2-2.3 shows the 

pole locations for a fifth order Chebyshev filter. 

2k -1 
Real part, o:k = - (sinh a) (sin · l n 'IT) 

( )( 2k - 1 - ) !mag part, wk = cosh a cos 
2
n .. 

k = 1, 2, ••• , n 

(trig argument is in radians) 

(2-2.17) 

(2-2 .18) 



148 FILTER DESIGN 

jw 

0 

Figure 2-2. 3 Chebyshev pole locations {5th order). 

The passband edge of a Chebyshev filter is defined as the highest 

frequency where the response is e:dB down; Remember, the Chebyshev 

passband response oscillates within a band of e:dB. Fourth and fifth 

order Chebyshev responses are shown in Fig. 2-2.4. 

0 dB 

-e dB 

0 w--

0 dB 

·E dB 

1 w --

Figure 2-2.4 Chebyshev normalized lowpass filter responses. 

The, normalized frequency where the Chebyshev filter response is 

3 dB down is given by the expression: 

{ 
1 -1 1 } f = cash - cosh (-) -3dB n e: (2-2.19) 

Compating the equations that define the pole locations for , the 

Butterworth and Chebyshev filters, one will notice that the only dif­

ference is the Chebyshev poles are modified by hyperbolic fi.mctions. 

If the sinh a and cash a functions are defined to be unity, then the 
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Chebyshev equations become the Butterworth equations. This technique 

is used in the program. Chebyshev poles are always calculated; how­

ever, if Butterworth response is selected, the-hyperbolic functions are 

not calculated, but are set equal to one in register storage. 

Another difference between Butterworth and Chebyshev filters lies 

in the definition of the bandedge. Butterwo.rth response is 3 dB down at 

tµe bandedge, and Chebyshev response is e:dB down at the bandedge where 

e:dB is the passband ripple in dB. Fl.ag 1 is used to indicate the filter 

type, and is set for Butterworth. When the pole locations are calculated, 

flag 1 is tested to see what equation,. if any, is to be used to convert 

the given passband edge frequency into the appropriate frequency for the 

filter type being used. 
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f101 .;LBLfl LOAD BUTTERWORTH FIL1'ER ORDER 055 
002 ST01 store n 056 
iW3 EEX ~057 

004 ST05 cosh• l for Butterworth ' 058 
005 ST06 sinh: 1 II " 859 
006 RCL1 recall n to display '-060 
007 RTN 061 
f1138 *LBLo. LOAD CHEB ORDER AND DB RIPPLE 062 
009 STOC_ ~tgr~ JB::::~lpp~e_-:: ::::_-_ -_-_ = 063 
0Hl RJ.. 064 
011 ST01 store n 065 
012 RCLC calculate epsilon, t 066 
013 EE:>:: J o-t A rn•»t 1 ' 

067 
014 1 -068 
015 

E = 10 -
069 

016 HJX 070 
017 EEX 071 
018 - 0~" (~ 

019 ,(.\ 073 
020 1.-··x calculate sinh-1 ( l/~ ) ~l--874 
821 ENH 875 
0?? );'.-0' '· ~ •076 
023 EE?<: L-~77 
024 + 078 
025 .[;': -879 
1326 + 080 
027 RCL1 calculate sinh(~ sinh-1 (~)) 081 
028 1/X ff 2 
029 ~1>: 83 
030 ENT1" Slfl h-1 

>t = Ln( x.+ ~xz -ti' ) 84 
031 ENTt I .L In x 85 
832 ENTt y ii)(:; e" 086 
833 ux x -x 087 
0J4 - sinh x = e - e 088 
035 ST06 2 089 
036 RJ. calculate. cosh (~ srnh-

1(i-)) 090 
037 1/X 091 
038 + co sh 'i. =:. 

e"+e-x 092 
039 ST05 2 093 
040 ~. 094 ~ 

041 SH-5 
042 ST=:6 
043 RTN 
044 tLBLB LOAD f

0 
FOR LOWPASS CASE 

045 CF0 r· SiOl 
047 t LBLb LOAD f 0 FOR HI GHPASS OASE 
848 SF0 
049 •LBL1 
050 ST03 lltQJ:~_f...o_ - - - - - - - - - - - -
@51 CL\ f 0 "'0 for lowpass and 
052 ST02 __ 3~~~~y~~~-------
053 RCL3 
054 RTN 

REGISTERS 
o p~sent 1 2 f2 1iandwidt:r. 

4 5 cosh 6 
f'r"eq_ue.ncy n f 

0 

so S1 S2 S3 S4 S5 S6 

A 
~ lB IC Amax 

0 
w-?< 6f 

tLBLC LOAD BW AND f 0 FOR BANDSTOP 
SFB 

GT01 
tLBLc LOAD BW AND f FOR BANDPASS 

CF@ o 
*LBL1 -------------- - --

X? 
& s tore f~ ST02 

ca lc 
RJ. ---------- - ---------

ST03 store bandwidth 
RTN 

•LBLD START SWEEP 
SPC 

*LBL7 
RCL8 
PRTX 
GSBE 
RCL9 
Fl'? 

GTOJ 
ST+8 - iin"8ar- sWe-ep i~;~e~ - - --
GT07 ------------- --- ----tLBL1 
srxs log sweep increment 
GT07 

*LBLoi SEECT LIN/ LOG SWEEP 
Fl'? 

GT01 
SF1 
EE.\ 
i;;·rn 

J!:LBL1 
CF1 
cu: 
RTN 

tLBLe LOAD SWEEP f start AND A f 
ST09 

RJ· 
ST08 

RTN 

7 ~Cle+!,;.!'- ~pnase sinh :Ldelay cr• .. rw-ni• 
S7 SB S9 

IE ...().. 11 index 

2-2 

095 ll:LBLE LOAD ANALYSIS FREQUENCY 
096 ST04 - - - - - - - - - - -
1397 RCL2 store frequency and form: 
098 
099 
100 
101 

RCL4 

RCLJ 

n = _i_ Lr - S:. 2 
BW 1 f' J 

....:1:....:0:..:2'----'--- - - - - - - - -- - - - - -- --

-'~'-":'--';----'~'-'-~-'-··,~ ... · -__ -i~ ~a~~s_:o! ~_A_ :_~- ___ _ 
105 RBS store 1£11 

_,1'""0"""6 _ _,,.S_,_T==..OE=-- ____________ _ ___ _ 
1137 RCL 1 
108 STOI 
109 CUi 
110 STO? 
111 ST09 
112 EEY 
11? ST08 

,..... 114 :+:LBUl 
115 RCL! 
116 ENT1 
117 + 
118 EEX 
119 -
121J RCL1 
121 
p? 

123 
9 
0 

initialize loop: 
n-- RI 

';E7 :::;- 0 
TT8 =1 
:E9 =0 

calculate angle: 

_.1 .... 2 .... 4 _ _ ....:._;':....·" - - - - - - - - - - - - - ----- - -
125 i="i=");'. 1 1 t . 

_.1-=2_,._6 __ ~...:.~-"-R __ :a_ :u_ ~ ~ ~1~ _9~ _ ~ :_o ~ ~~ _ 
127 F.:cL5 
128 x form and store wk 

_,1'""2"'9 _ _,S....,T'""O"'"B ______ ------ _ ___ _ _ 

..... ~ .... ~"'"~--R-,C-·:_E __ _:'.o~_: _ w__ ~-_r:_ -- ____ _ _ 
132 
133 
134 

RCL6 form and store a-k 
x 

...._1 .... 3~;::;..~_=S"'-'Tl..,_1A:... ___________ _ _____ ~ 
136 +P 
137 xz form and sum: 
138 RCLR 
139 x:Y "k 
140' 
141 ST+? o-k z -1- (wk - Sl)a 
_1_4_2--R-C-LR-'--. - - - - - - - - - - - - - - - -

143 form: 1 
...._~:_,_· ;,____,S"-'-~.:.:.:;~"--- ,_ - - - -°=\~ ~ i ~~::: [l J __ 
146 ST+9 sum phase element 
------ - - - - - - - - - - - - -

LABELS 
A BuTTe~wo,;mi B l . r 

"' p. +o 
C 0 STARr 

BS: BW' .('0 '5Wt;E? 

147 
148 
149 

RCLR 
wz form in Ra: 

RCLB 

+ 
IT O""k + Wk 150 :is·-z n f ( z. i ) 1 

151 I 11 

~~=;=~-~6-i-z~J ·- -d;~;~~e-:f~k ~~d~~~-~)~ - --
-154 GT00 _ for loop exit 

155 RCL? - - - - - - - - -
156 Pi 2: 
157 ENH calculate: - 7

-

158 + 2rr 

...:.1..::;5.:;._9 __ _:__ _ - - - - - - --- - - - - ----
160 RCL3 
161 F0Q jump if highpass 

- ..... 1·-=-6~2 _....::G...:...T.:..:08=- _ E_z:_ Q_aruf~to_p ________ _ 
163 
164 RCL2 
165 RCL4 
166 
167 
168 
169 
170 

i..-172 
173 
174 
175 
176 
177 
1 ?8 
179 
180 
181 
182 
183 

EEX 
t 

x 
GT09 

*LBL8 
x 

RCL4 
x2 

RCL2 
+ 

RCL4 

RCL2 

""' ,, ~ 

lowpass or bandpass d (I_ 
dw 

7'. = 5 i + f o'l. l _L_ 
9 1 t? \ Zrr 8W 

dft 
highpass or bandstop dw 

.._1;::;..84,____....:.._ __ - - - - - - - - - - - - - - - - -
-185 

186 
187 
188 
189 
190 

:tLBL9 
RCLB-

LOG 
EEX 

1 
x 

calculate and print 
amplitude response 
in dB 

_.1c::9~1 _ _._P_,_,R_,_T'-'-X __ ____ _ __________ _ 

192 R-i 
193 RCL9 calculate and print 
194 F0? phase response in degrees 
195 CHS 

__,1.....,9"""'6 _ _..P_._,R...._I .... X __ ------------- ·-------
197 RJ. 
198 PRT.l< print group delay 
199 SPC 

_,,2.:.0:.:.:0_-.!.:R..:..T~N ____ _ ___________ _ 

FLAGS SET STATUS 

FLAGS TRIG DISP 
C d '5;:-1.i;>: T 

BP: SW '+'o L.~ fi.i>i swp 
e 1 Clit: LIN&AI: 

-fST .. 11.T + f1t :Sat"' LD .. 
ON OFF 

O Suoi1111Ar1 o.V 1 M~l.r.x u11e" 

l..001' $TA\l..l" L..A~-1. 

5 6 

2 3 

7 <&wsep ,..,.,..ll'r 8 11s, HP 
O<'r"1Ji 

4 2 

9 Pltl»T 4 '5PAD> 3 
:So.>151lc>IJT"l /J6 

0 
1 

2 
3 

• DEG • FIX 

• GRAD SCI 
RAD ENG• 

n__.3.._ 



152 FILTER DESIGN 

Suggested HP-6 7 program changes. The "print" cormnand is used to 

output data in the program listing. These print commands are located 

at the following line numbers: 070, 191, 196, and 198. HP-67 users 

may prefer either a "pause" or "R/S" command replacing the "print" com­

mand at the above line numbers. If the R/S change is made, the program 

execution will stop at each data output point. To resume program execu­

tion, execute a "R/S" command from the keyboard. 

PROGRAM 2-3 BUTTERWORTH AND CHEBYSHEV LOWPASS NORMALIZED COEFFICIENTS. 

Program Description and Equations Used 

This program calculates the normalized (1 ohm, 1 radian/second cut­

off) element values for either the Butterworth (maximally flat) or Cheby­

shev (equal ripple passband) all pole lowpass filter approximations. 

The filters can be either doubly terminated (resistors at both ends) or 

singly terminated (driven from a voltage or current source, i.e., ~ ap­

proaches infinity). Because of duality, two filter topologies exist for 

the ladder filter as shown in Fig. 2-3.1. These topologies are bilateral 

and passive; therefore, the voltage source can be placed in series with 

the left-hand termination resistor as shown, or in series with the right­

hand termination resistor. By proper selection of the filter topology 

and input port designation, the singly terminated filter can be driven 

from either a current or voltage source and resistively terminated, or 

driven from a Thevenin (or Norton) eqµivalent source and terminated in 

either a short or open circuit. 

Rr 

9n 2 

--port 2 1.0 

2' 

n even 

2 9n 

9n 1.0 
92 

1' 2' 

n even 

Figure 2-3.1 Lowpass ladder filter topologies. 
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2 

9n 1.0 

2' 

n odd 

2 

1.0 

2' 

n odd 
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The search for explicit formulas for ladder filter element values 

has extended over four decades. Bennett [ 7] provided the remarkedly 

simple formula for equally terminated Butterworth filters in 1932. 

Norton [39] provided the formulas for the open circuited Butterworth 

case in 19 37. Belevi tch [ 5 ] published formulas for the doubly termi­

nated Chebyshev case in 1952. Orchard [40] gathered together this 

previous work and provided the missing fourth formula set for the open 

circuited Chebyshev case in 1953. Green [28] went on to generalize 

these formulas for any ratio of resistive terminations in 1954. These 

formulas had been numerically tested, but never formally proved. Doyle 

[22] provided a "hammer and tongs" brute force proof for the Butterworth 

case with arbitrary terminations. Meanwhile, in Japan, Takahasi[51], 

had made an ingenious proof of the formulas for the arbitrarily termi­

nated Chebyshev case and extended it to the Butterworth case by a limit­

ing process. Takahasi published his independent work in 195.l (in Japa­

nese), but it was not discovered by the rest of the world until 1957. 

Weinberg and Slepian [54] discuss Takahasi's results. Takahasi's 

results can also be found in the back of Weinberg's book [53]. 

The recursion relations given by Eqs. (2-3.1) through (2-3.16) are 

adapted from Takahasi. If the filter order is odd, the filter can be 

terminated by 1 ohm at one port and by any resistance 1 ohm or larger 

at the other port. By using the dual topology, the termination resist­

ance can be any resistance 1 ohm or smaller (including 0 ohms). If 

the filter is an even ordered Chebyshev design, then the first port 

termination resistance must be larger than 1 ohm. The minimum value 

of this termination resistance is given by Eq. (2-3.18). 

Takahasi's recursion relationships: 

A·s r - k: 
. s r + .k 

gr + 1 (t;2 +Tl 2 - 2 ) gr t; Tl c + s r r 

(2-3.1) 

where r = 1, 2, ... ' n - 1 

{A. s~ 
gl 

RT Ct; - n ) 
(2-3.2) 

s 2 . s in(~~ q) q 
(2-3. 3) 

c 2 . cos(Y) q 
(2-3. 4) 
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For normalized lowpass Butterworth coefficients: 

A = 1 

1 

s 2 = 0 r 

For normalized lowpass Chebyshev coefficients: 

A = 4 

F(l) 

4 

F~ (1 + 

F(x) = u -
u 

u=(ff + ~) 
ed.B/20 

y = 10 

E2 =y2-l 

w_ 3dB = cosh (: cosh-l ~) 

l/n 

~1. nun 
n even 

= ( VPi-1 )
2 

Fi+l 

(2-3.5) 

(2-3.6) 

(2-3.7) 

(2-3.8) 

(2-3.9) 

(2-3.10) 

(2-3.11) 

(2-3.12) 

(2-3.13) 

(2-3.14) 

(2-3.15) 

(2-3.16) 

(2-3.17) 

(2-3.18) 
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When the termination ratio is neither 0, 00 
, or as close as possible 

to 1, there are more than one possible set of ladder element values for 

the same filtering function. These alternate sets are synthesized by 

realizing the reflection zeros in the RHP, or RHP-LHP alternating 

rather than in the LHP. The closed form formulas realize the LHP re­

flection zero case. This realization generally results in a ladder fil­

ter with minimum sensitivity to component value changes. For a more 

comprehensive discussion of reflection zeros and order of realization, 

see Weinberg [ 53], chapter 13. 

The program is set up to calculate the minimum termination resist­

ance, and if the value loaded by the user is less than the minimum, the 

minimum value replaces the user loaded value. 

When the termination resistance is allowed to approach infinity (or 

0 using the dual topology), the filter only has one termination resistor, 

and is called "singly terminated." These singly terminated filters are 

used where it is inconvenient, or wasteful of power, to use the doubly 

terminated filter. Because the loaded Q's of the resonant circuits be­

come higher as the unloaded end of the filter is approached, the singly 

terminated design is more difficult to align. 

Often, the LC filter is used as a basis for an active filter design 

such as Szentirmai's leapfrog topology [48], Bruton's frequency de­

pendent negative resistor (FDNR) approach [10], or Orchard and Shea­

hans' type 11 active simulation [42]. Using the doubly terminated LC 

topologies for the active filter basis, will also mean that the active 

filters will be less critical toward alignment. 

2-3 

BUTTERWORTH AND OHEBYSHEV LP NORMALIZED OOEP'FIOIENTS 

~ Load Load calculate calculate calculate 
n RT But t erworU -E dB Cheb -3dB Cheb 

(RT~ 1) value s 

STEP INSTRUCTIONS 

values 

INPUT 
DATA/UNITS 

values 

KEYS 

2 Load filter order (n=- 12 maximum) n [D ··- ----- ..------------·-· ----------------··- ····-------
---- _____ If tJ:e no~-~-~-~ze!_}.~~J?rot~_!.Il_~);_s. __ --·---­

to be transformed to bandpass types 

=~~~ =~::=~==:~:=?.L.~.0:::~:0·; ··;~--~.!:~~-~-~~~!.~=-===== 
-·· _____ !'._:'_~_ponse is <!:i.~red.L . .!-.1:.~.fil ter o_rder _ ·-·---·-·-·-­

must be odd so the terminations will be ------ ·-------···--------------------.. ··-------- , ____ ~---
equal resistance. ---- ---·----------------------~--------------- ---~-----·---... 

_ _)_ ~?ad _ _!::h.e _terminat.~~-:._:si_stance .!:.:3ired··---- --~'L .. _ lJLJ 
The termination resistance must be ·---·-· --·--·- ----·----------~·---------~---~ - ---
1 or larger. For terminations less ---- ----------------~---------·------..-··-----~·- ---··----

-- ______ !'..~~~--LohzD:J.~~81.;.~-~E.L~-~~--!-h~---- -----··---
reciprocal value and use the dual ---·--------------·-- ··------------------····-----·-·---- ----·-----
topology. See note after step 7. - -- --·-------·---------·-----·-------.... --...-.-- .___ _____ _ 

4 For Butterworth coeffieicnts ~ --- ----------~--------------------~--------- '--··-··---
1--- -------------------~---------------------------1------·-

1---f-----·---------·-----------·-··-------~-- ~-------....-

-----~--------------------~--------------- L------·--·· 

1--- i----··-·-···-------------·-------------~·----~----

f---- ····-···-·-··· --- - --·------ ---------------------- L......---._.. ....... -.-. 

J...----1--------------·----- ~---..-- ----~~---------- --··------
1--·--- t-------------·----------·--·-----·--------- ~--- -----

5 For Ch~bys~~v coeffi?.~nts !:!:at define 8: ____ ........... tdS C[J 
L.__ filter that is -€ dB down at W= 1 

----------------·--·-·-------------~---------- _____ ... __ _ 
·-~---~-!'..--~Y.~!'. .. ?.!iered C1!ebyshev _has been __ ,_ _______ _ 

L. selected, the minimum source resistance ---- -----·-------- -----·--···-------------------------~ ----·------
1--- ,... _____ is ca_!_~ula_~~j and _~~--~sed J.f t~------ ···-----

1---- ·-·····----::~~~~~anc~_loaded in step 3 is smaller. - -----------------...-------- ---------
"--·- ~--·---·---------·----------·· · ··-···------ ~--·---

~--- ~----------------------------------·--- ------------
---+-------- ·---------~-·----------------------·------

I-----·+-------------------------------------~-- -----~-----

---- ~------~---.-...----·----·--·-------···- -- ·-·------ -~---
... --·- -------------------·--·------·----------·- ------------
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Example 2-3.1 -
Find the normalized lowpass coefficients for a 4th order, ~dB ripple 

Chebyshev filter that is doubly terminated, and has the miniml.llil termina­

tion resistance. The filter response should be 3 dB down at the pass­

band edge (w = 1) relative to the response at de. 

HP-97 printout 

1 ' 
StiC 

load filter order 
load termination resistance 
enter passband ripple in dB 
Chebyshev coefficients 
w_EdB (output) 

desired 
and calculate 

1. 90::46i+60 :+::H minimum termination resistance allowed at port 1 

923. 243-(lj h .. f 81 
2' 51?64 ~"'; +(1@ ~-.•·:, 82 
1. 30?5~.:.-r6t1 ·q:.~: g3 
i. E· 2'5S1 +06 .+: .;-.•· g4 

port 2 termination resistance 

1' 

Figure 2-3.2 One topology for normalized lowpass filter 
(port ordering reversed). 
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Example 2-3.2 

Find the nonnalized lowpass coefficients for a 10th order Butter­

worth filter that is singly terminated. 

HP-97 printout 

1' 5t:4 J.,. J.h• 
: , ~· :; :;J -::'r t:iL 

I • • • • • • 

. , ~":• rc ... -.+~TC 
j. c; Ht(: ~· T~lti 

! I .,: ~J;~ _:.-ri)J~} 

J . ~·.;~1fC -t O~ 

rt:..-:;.::.:- -c; 
4~r . 7 7_~-(1?. 

1 ~(.-' -t7 4-i;"! 

" .. - - ~ . -
; , l1tl tl.:;ll;i TI,' ~ 

t: :.•t: c 
; ;&c. 

., . 

l 1.:0. 

.• . 1 

• •v . , • 1 

:+ .. ; 

.j;. : .. 

~ .. f. •, 

load filter order 

load termination resistance (use 10 5 for Chebyshev) 
calculate Butterworth coefficients 

termination resistance at port 1 

gl 
g2 
g3 
g4 
gs 
g6 
g7 
88 
gg 

gl D 

termination resistance at port 2 

1.0 

Figure 2-3.3 One fonn for normalized lowpass filter 
(dual topology used). 

0 

so 

A 

2·3 t•rogram IJsling I 
B(;l 
f!B2 
oc:: 
664 
635 

[1[7 

668 

£:11 
[;12 
l' ~.:;, 
I] 14 
f.15 

:"::J -
( .. . 
t11 b 

619 
tl2fi 
a:=:.~ 

023 
024 
C25 

(!2/ 

£128 

.f.i...K..h 
STD6 

Pi 
v~· . .-: 
("1+-i 

.~TD1 

;;::~:Lt 

PT!·' 
:+:Lf:Lf 

:f:i..Bi... C 
CFl 
EE\' 

;;· ~~L[' 

EE.\' 

"R_·;~LD 

EE'.'< 
+ 

ET0.3 

SF0 

LOAD FILTER ORDER 
store filter order 

c~lculate and store rr/n 

LOAD DESIRED TERMINATION 
RESISTANCE 

CALCULATE BUTTERWORTH COEl"S 
- - - -

set W-,3dB =- 1 ___ _ 

-;,t_! = !__-_ - - -

calculate and store: 

ium~ar:::::..,,.:tnh ah ~ -···-:- -

CALCULATE -)dB CHEBYSHEV 
COEFFICIENTS 

-

02~ Gi02 

[~3a *~BL & CALCULATE - dB CHEBYSHEV 
, ;@.::.3.:...i'_..,-:,.C'-F~=:-1 _QOEFFICIENTS __ - -

i32 .+:LBL"' - - -
--.., :_-;,;:-_1 indicate Cheb"shev __ _ l:l~,:> ~ 

f,34 
035 
[;36 
f137 
638 
635 
040 
@41 
[J42 
!?43 
64"" 
045 
04t; 
247 
i148 
e45 
!35€1 
@5 ~ 

35,'.;, 
e::.3 
054 

calculate and store: 

1 l:P: (:dB/~O 
EE.~ .. · E:.z. = 10 - 1 -. R3 

C·..-r. :-
._ . . ~··-

ct.··: 

+ 
IX 

.STOE 

+ 
Rf.LE 

EC" "i 
l...i '· 

STJE 
EEY 

+ 
~CLE 

- ---
calculate and store: 

!odB/20 
y = 10 ~ RE 

calculate: 

R -:r mm - [w. -1 J~ 
.~ +1 
Vlj:1 

' 

660 
061 

136? 
064 
665 
06f 
1j(.7 

968 
Ot~9 

076 

6(4 

6,5 
o;t: 
[! 7 ;-
6 ;"? 
fC? 
138[1 
6f: 1 
iJ82 

,\ ~ 

PJ 
GS86 

------- -
if filter order is even, 
and RT desired is less than 
RT . replace Rr desired min' 
by .KTmin 

STDD 
EEX calculateandstoreJ 

--

GSf? _t' = F(1) ~ R2 
- -

i;'.CL? calculate and store: 
1 .. ··}:' 

r·· 
L8T\' 

.- .. _.: 
( 

1 -11 ) w = cosh - cosh - ~ Ro 
-3dB n E. + 

GSB4 
J ./\ ' 

.:..~.=..~.::...~_....:;·~-'-·;~~~~ -calculate W-EdB if ll)-3d-;- -

£.f:5 >'X ~o~oie.nts_re~st.e..d _ -
.:..8.=..8.::...6--G.=..S~E:~~, _print "' -3di;u._or_-ed8 - -

1387 
[188 
6.S~' 

35.j 
139.;. 
(l_~.:. 

!19~-

[19( 
698 
[199 
H'ti 
Hii 
rn;; 
16::: 
l ii-'. 
H:i~· 
Hie~ 

1Ci 

G:SBi 
;:;:::_:, 

EEX 

F2'i 

4 

RC~D 

PCLD 
EEY 
+ 
.~ .. '·2 

CPS 
Ei:X 
+ 

calculate 

•. {:+<' , n even/ 

, n odd S 
calculate and store: 

- -

F '\- --3 ( 
4-v RT ) R 
(1 j. ~)2 

X<W' X<O default 
i_.._,x, 

GSf;7 
.:.;..::6.::.8_....::E::.,:'T,:;_D~.3 _ __ - - - - - -

L..-169 .f:LEi...0 

1 lC F-CLD 
1 ~ l 
s 1.? clear coefficient register: 

[1.5:. 
[155 EEX I REGISTERS l 

w-3dB 
51 

rr 
h 

g,. 

2 
~ J 1 

$2 

3 "' ' 4 !01'1•" 
S3 S4 

D 

5 
h 

8 2v-1 
2. 

I nde.x. 
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PtS 
STDD 

11~ - - - - - - - -
--'---=G..::..S.::..B~3 ~in_:Lactual~ennination_R _ 
116 1 / ,\' 
11? ST04 initialize registers 
1i8 EE.~' 

119 1 
1213 STJI 
121 EEX 
i 22 ST07 
123 
124 
r·"' 
126 

ST08 calculate and store: 
bSBB 
ST09 
ENH 
Fr· 

+ 

128 
129 
13£1 
i31 
152 
133 
134 

STx4 if Chebyshev use A = 4, 
F.:CL2 otherwise use A = 1 
RCL .5 
GSB5 ---- ---

r+-135 :+LBL1 liCJ.U:Sim't .lQ.op__.llta.r..t __ _ 
"""1..::.3.::..£_....:I:...:::c..:;Zc.:...I increment. .r.Mi stez:.jndeJL.. _ 
137 RCL9 Sr+'/• start gr+ 1 calculation 
138 8/.:, 4 
139 EEX 
140 ST+S 
141 RCLH 
142 GSBB 
HJ SPA 
144 ST03 -,..-=---=-"'-- -- - - - - - - - -
145 4 
146 i::"' .-. ' l ,. if Chebyshev, use A= 4 
147 8TX4 

~...;,...___;:..;..,;,,;.-'...--- ------
148 li'CL7 finiSh g 1 calculation 
149 GSB8 r+ 
150 .\' '2 
151 
i52 
153 
154 
1.55 
156 
15? 
15f: 
159 
i€B 
161 
16:C. 
163 
164 
165 
166 
167 
1 . ..::F: 

f.'CL2 
x·2 

FVi 
+ 

l<:CU 

+ 
l':CLE 
F..'C!.2 

GSP'5 
Ef,<x; 

ST+? 
F.:CL7 
r;i'CL6 

add sr2 if Chebyshev 

------- -
increment r 

- - --
test ~or loop exit 

LABELS 

1+1€9 GTU1 
170 
171 
172 
17? 
174 
j"?') 

176 
1?7 
l 7B 
179 
180 
181 
162 
183 
184 
185 
186 
18( 
188 
189 
1913 
191 
192 
193 
194 
195 
196 
19? 
198 
199 
.::t1t1 

281 
202 
2133 
2134 
205 
206 

208 
269 
2iB 
211 
212 
21 .3 
214 
.-, 4 C' 
.:.:. 1._1 

216 
217 
218 
219 
i.'2f. 
221 
222 
223 
224 

SF'C 
EEX 

:f:Lf:U 
PRT\' 

SPC 
i;>p.: 

ST-:-4 
li'CLfl 
F'CL4 
SH4 
s;~4 

FIJ') 

STOi 
F'RTX 

RTN 
HBL6 
,~'CL€ 

2 

FRC 

SF2 
IN 

lf:LBL; 
RCU 

IX 

EEX 
+ 
.rx 

GSB.:f 
1.,-x 

RTN 
1:LBL4 

PCLE 
1....-x 

~·)i 

ENP 
PT/J 

J#:LE:L8 
RCL1 

STO£ 
R~ 

RTN 
FLAGS 

NOTE TRIG MODE 

---- --- .... 
RL. = 1 

print and space subroutine 

subroutine to finish gr•l 

calculation, store result, 

and setup gr for next 

iteration 

subroutine to set flag 2 
if filter order is odd 

subroutine to calculate: 

F(i<.) u - 1.1. 

subroutine to calculates 

l{n 
( ) -- Rx~ Ry 

subroutine to calculatei 

Sq= 2 Stn (rrnq,) -+ Rx 

Cq = Z. cos (nnq,) -+ RE 

NOTE TRIG MODE 
SET STATUS 

A filter- or-dear- B R, C 8utterwor1h D ~dB Cheb 
caef+1c1en"\:.s r~_nn.c1ehte 

E • 3dB Cheb 0 
coetf1c1ent.s -SdB Che.b FLAGS TRIG DISP 

c d e 1 Cnebyshev ON OFF 

lool~~e~cUiur~G~•o~n>f1;-r;reecc~u~rss~1o~n~~2 ~~~r1~.cabh-yµs~~~e7~-f;;-3 ---:---f.-:----;~--b-=:..:.:.:::.:..'...~:.:....to • 
looP set.up Loop star-+. -'3d6 j um9 print~ space 

4 
( )

1
/rt 2

odd r\Umber 1 • 
5 Slore 9n.1 6 Sf'2. tf' n odd 7 F"(x) 8 S~ f. Cq_ 9 3 ; • 

a b 
DEG 
GRAD 
RAD • 

FIX 
SCI 
ENG • 
nJ_ 

PROGRAM 2-4 NORMALIZED LOWPASS TO BANDSTOP, LOWPASS, 
OR HIGHPASS LC LADDER TRANSFORMATIONS. 

Program Description and Equations Used 

This program transforms the normalized lowpass coefficients (1 ohm, 

1 radian/sec) into the frequency and impedance scaled lowpass, highpass, 

or bandstop topologies. The normalized lowpass coefficients are obtained 

from register storage and either must be loaded by the user (for other 

than Butterworth and Chebyshev filters), or are generated and stored by 

Program 2-3 for the Butterworth and Chebyshev approximations. 

Every linear, passive, lumped, time-invariant, bilateral electrical 

netwo~k has a dual topology. LC filters are a member of this class of 

networks; hence, two electrically equivalent networks can be formed from 

the transformation or scaling of the normalized lowpass structure. These 

two forms are designated as form 1, and form 2 in the program. Having two 

forms available provides the designer some relief from awkward component 

values, or the opportunity to choose the minimum inductor topology. 

The program is separated into three parts which share common sub­

routines. These sections are 1) de-normalization parameter input (band­

width, termination resistance level, and center frequency), 2) bandstop 

denormalization and transformation, and 3) lowpass and highpass denormal­

ization and transformation. In analytical form, these transformations 

are discussed next. 

Lowpass filters: No transformation is necessary for converting 

the normalized lowpass to the un-normalized lowpass filters. The nor­

malized lowpass values need only be scaled to the desired operating im­

pedance level and cutoff frequency. The object of the scaling procedure 

is to end up with filter elements that have the same impedance ratios 

to the termination resistance at the cutoff frequency as the normalized 

filter has at 1 radian/second to 1 ohm. The mechanics of this scaling 

procedure are: 

163 
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L, scaled 

C, scaled 

(L, normalized) • (R/(2 n • BW)) 

(C, normalized) / (2 n • BW. R) 

(2-4.1) 

(2-4.2) 

The normalized L's and C's are equal to the g's from Program 2-3, 

and BW and R represent the cutoff frequency in Hz and the load resist­

ance in ohms respectively. Figure 2-4.1 shows the two forms of the low­

pass filter; either port can be designated as input, i.e., the input 

voltage source can go in series with either termination resistor. 

port 1 

n EVEN n ODD 

FORM 1 

R 

n EVEN n ODD 

FORM 2 

Figure 2-4.1 Two forms of lowpass filter. 

Highpass filters: The highpass transformation is accom-

plished by replacing s by l/s. Since sinusoidal frequencies are of pri­

mary interest, s may be replaced by j w, or l/s by -j/ w. Conceptually, 

this operation is equivalent to replacing each normalized lowpass capa­

citor with an inductor and vice-versa. The normalized values of the 

highpass elements are the reciprocals of the lowpass values, i.e., the 

g's calculated in Program 2-3 become I/g's when converted to normalized 

highpass coefficients. Fig. 2-4.2 shows the two forms of the highpass 

filter, and the element values are calculated using Eqs. (2-4.1) and 

(2-4.2) with the normalized highpass coefficients. Either port can be 

designated as the input as in the lowpass case (or in any other passive 

LC case). 
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--1 cf' 

n even n odd 

FORM 1 

---1 t-- ---t l- --- E .--; __ c,,__, R 

n even n odd 

FORM 2 

Figure 2-4.2 Two forms of highpass filter. 

The highpass transformation may also be applied analytically; for 

example, the transformation is applied to the Butterworth normalized low­

pass magnitude response equation (Eq. (2-4.3)) to convert it to the nor­

malized highpass form (Eq. (2-4.4)). 

1 
IA(w) I = 

v1 2n 
LP + w 

(2-4. 3) 

n 
IA(w) I 

(J) 
= 

J1 2n HP + w 
(2-4.4) 

For more information, see Weinberg [53]. Blinchikoff and Zverev [ 8 ] 

also has an excellent discussion of transformations both conventional as 

used herein, and unconventional to preserve LP transient characteristics. 

Bandpass filters: The bandpass filter is a combination of a 

highpass and a lowpass filter < The loaded Q, QL' of the filter is a 

measure of the separation between the highpass and lowpass portions. To 

accomplish the transformation from normalized lowpass to un-normalized 

bandpass, s in the normalized lowpass expression is replaced by the 

function of s shown in Eq. (2-4.5). 

s => QL 

fo 
QL = mY 

Wo ) + -­s 

Where f and BW are the center frequency and bandwidth in hertz. 
0 

(2-4.5) 

(2-4.6) 
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Conceptually, the lowpass elements are replaced with new elements 

that exhibit the same impedance behavior at the bandpass filter center 

frequency as did the original elements at de. Ideal inductors have 

zero reactance at de, and are replaced with series resonant tank cir­

cuits which resonate at the bandpass filter center frequency, f • Ideal 
0 

(lossless) series tank circuits have zero reactance at resonance. Like-

wise, each lowpass capacitor is replaced with a parallel resonant tank 

circuit which resonates at the bandpass filter center frequency. When 

the loaded Q is greater than 10 or so, the bandpass filter is called 

narrowband. In this case, other tank circuits can be synthesized to 

approximate the impedance behavior of the series and parallel resonant 

tank circuits for frequencies within the vicinity of the passband. 

Bandpass filters and narrowband transformations are discussed in 

Programs 2-5, 2-6, and 2-11. 

Bandstop filters: The bandstop transformation is the re­

ciprocal of the bandpass transformation, and is analogous to the low­

pass-highpass transformation.. Highpass filters are actually bandstop 

filters which have zero center frequency. To accomplish the bandstop 

transformation, s is replaced by: 

1 
(2-4. 7) s => 

Q 1~ +WO) 
L w s 

0 

Conceptually the bandstop transformation is accomplished by design~ 

ing a highpass filter whose cutoff frequency equals the bandwidth of 

the desired bandstop filter. Each shunt inductor in the highpass filter 

is series resonated with a capacitor at the desired center frequency 

of the filter. Likewise, each series capacitor is parallel resonated 

with an inductor at the desired filter center frequency. 

AMPLITUDE 
RESPONSE 

0 dB 

-~dB 
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~-~- - -

LOG FREQUENCY 

Figure 2-4.1 Bandstop filter parameters. 

If g
1

, g
2

, •••• , gn are the normalized lowpass coefficients and R.r 
is the normalized termination resistance, then one form of the bandstop 

filter is shown by Fig. 2-4. 2 • 

Figure 2-4.2 Bandstop filter form 1 (program output 
heading "21"), odd order filter shown; even order 
filter lacks last series tank circuit. 

R 
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Ihe other form of this filter is the dual of the first: 

. . . . . 

Figure 2-4. 3 Bandstop form 2 (program output heading "22"), 
odd order filter shown; even order filter lacks last 
parallel tank circuit. 

The program calculates both forms of these bandstop filters. 

Filter physical realizability. The preceding transformations are used 

by this program and result in LC network schematics that will produce 

the desired response. Not all LC networks that can be drawn on paper 

as schematics are physically realizable. For example, a network branch 

consisting of a 1 µF capacitor in series with a 10 nh inductor would be 

nearly impossible to realize since the self inductance of the capacitor 

is much larger than the total required inductance. Table 2-4.1 is a re­

production of Table 7.1 from White (56], and shows the degree of physi­

cal realizability of lowpass and highpass filters. The physical reali­

zability of a filter is assigned one of four possible scores. These 
scores are defined as follows: 

Readily realizable (R): 

Practical (P): 

Marginally practical (M): 

1 µh _.::. L _.::. 1 h 

5 pF _.::. C < 1 µF 

200 nh < L < 10 h 

2 pF 2_ C _.::. 10 µF 

50 nh 2_ L 2_ 100 h 

0.5 pF 2_ C 2_ 500 µF 

Impractical (I): All element values that lie outside the 

marginal range, i.e., 

L < 50 
L > 100 
c < o. 5 
c > 500 

nh 
h 
pF 
µF 

R 
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meant to indicate ranges of filter cutoff The table headings are 

frequency and termination impedance level. 

follows: 

These ranges are defined as 

R 
in 

ohms 

3 

50 

500 

lOk 

Frequency, 

f 10 Hz implies: 3 Hz ..::_ f < 30 Hz = 
0 0 

f 100 Hz implies: 30 Hz < f < 300 Hz = 
0 0 

f = 1 kHz implies: 300 Hz < f < 3 kHz 
0 0 

< 30 kHz f = 10 kHz implies: 3 kHz .2_ f 
0 0 

f 100 kHz implies: 30 kHz ..::_ f < 300 kHz = 
0 0 

f = 1 MHz implies: 300 kHz < f < 3 MHz - 0 0 

f 10 !Ylllz implies: 3 MHz < f < 30 MHz = 
- 0 0 

f 100 MHz implies: 30 MHz ..::_ f < 300 MHz = 
0 0 

above 300 MHz, lumped element filters are At frequencies 

generally replaced with transmission line type filters. 

Impedance Level (source and load resistances equal) 

R = 3 ohms implies: 1 < R < 10 (power filters) 

R = 50 ohms implies: 10 < R < 150 

R = 500 ohms implies: 150 ..::_ R < 2.Sk 

R = lOk ohms implies: 2.Sk .::_ R < SOk 

Table 2-4.1 Physical realizability of lowpass and 
highpass filters. 

Cutoff Frequency, fc 

10 Hz 100 Hz 1 kHz 10 kHz 100 kHz 1 MHz 10 MHz 100 MHz 

I M M p R p M I 

M M M R R R R M 

M p R R R R R R 

I M p R R R p I 

Courtesy, Don White Consultants, Inc. 

Bandstop filter physical realizability 

parameter, the loaded Q of the filter, QL. 

must include one additional 

As Q becomes higher (filter 
L 
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II 
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JI 
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becomes more narrow) the separation in element value between the series 

tank elements and the parallel tank elements increases as QL • Table 

2-4.2 is adapted from Table 7.2 in White and assigns realizability 

scores to bandstop (and bandpass) filters. The loaded Q ranges are 

defined as follows: 

Loaded Q (Q
1
), for bandpass and bandstop, 

QL = 5 implies: 3 .5. QL < 10 

QL = 15 implies: 10 < Q < 30 - L 
QL = 50 implies: 30 < Q < 100 

- L -

Table 2-4. 2 Physical realizability of bandstop filters. 

Fi her 
Prolotype 

Type 50 500 1 OK 50 500 1 OK 50 500 1 OK 50 500 1 OK 50 500 1 OK 50 500 1 OK 

1st 
2nd 

Fi her 
Prototype 

I P P I I 
I P P I I 

MR PIM PIMP 
MRP IMll MP 

f 0 = 1 MHz 

Type 50 500 1 OK 50 500 1 OK 50 500 1 OK 50 500 1 OK 50 500 1 O.K 50 500 1 OK 

1st 
2nd 

Fi her 
Protolype 

p 
p 

R R 
R R 

OL= 5 

p p I M M 
p p I M M 

f 0 =10MHz 

0L= 15 0L= 50 

p R p p p I M p 
p R p p p I M M 

t
0

a 1QOMHz 

0L = 5 0L=15 0L= 50 

Type 50 500 1 OK 50 500 1 OK 50 5.00' 1 OK 50 500 1 OK 50 500 1 OK 50 500 1 OK 

1st M P M I P I I I I I I 1 I I 1 I I 
2nd M P M I P I I I I I I I I I I I 1 

Courtesy Don White Consultants Inc. 

L 
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As the loaded Q increases~ the element value spread can become t.m­

manageable. This problem can be reduced by using narrowband transforma­

tions which are used in Programs 2-5 and 2-6 for the bandpass case. 

Narrowband transformation schematics for the bandstop case may be fot.md 

on p. 217 of the ITT handbook [44]. The concept of coupling and narrow­

band transformations was introduced by Milton Dishal [21], and expanded 

by Seymour Cohn [ 16] for the hand pass case. 

1 

I 



2-4 

BANDSTOP 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

2 For lowpaas filter component values1 -- ----------~-.,._.___. ...... __ ~----~-....... -.. -·--·---·-----------·--··-·---- --~-----
--- ___ l!-J __ l<?!lA .• ~~~_f-~ __ ;'.!'~.CJ.'!.~1'..l~in l!.t!!'~_;_ ____________ _:_cE~f_f __ 

b) load termination resistance in ohms R ·--- .. --------------------------·--------------- ·------·-----

____ ____ c:J _______ f_C!_~ ___ !-}'P_~ __ _!_ __ (P_!-_~-~---'~-~p~-~-~-~-"!--!-~_rs~~--- ------------

----- ------------- ------ ----·---------------- ----------
-- --~--------------- .... ------------~----------····-- -------

r-""--·- --~~-----~-------· -~- ---------------------'---m•••---... •••-
---- ---~-------- ------·----------- - --~-,,,--..... ---------------- ·------------
~--- --------.. -------------------------------- -- -~------~----- --~---~-------

--- ·-·------------·---------~-------···------...----------···-- ·-----~-----

KEYS 
OUTPUT 

DATA/UNITS 

---c--·-______ 1 __ _ 
L _____ 2 __ . 

---~----

~~!°~P-
---------

R 

___ ----~) _______ ~_c:>_7'._~-~-~---? __ !_!_~-~-7'. __ H~-~:t'.l-~-~-"! .. r~-~-~l~---- _________ CO CIJ ----~-----
-----------------~---- - ---~--------·-·- --- -- --------------------------11-------- ----

---- --~-----·-----~-----..----··--·----------------------- --------- L ____ l ___ _ 

~ ..... --------·----------~----·- .. -·------·-----·--·---.... _____ ...... -~-~-----
-----~2_ ____ _ 

~---- !""- ·•·""·-------·----~~-~---------·---·---·-----· ---··--- ----·-------
___ .____ 

~-- --------........ -------------·-··--.---·-----·-----.... -.......... .... _ .. ____________ .......__ ___ ··--- ~P--~~n ... 
f----- f------~ ·-·-------------------. ..--... ---------···-·- ------.---- ·-----·-

R 
~ ... - ----·-·--------.. -~----·-- --~·- ------·-------·------- --·--- -----

__ ). __ -~c:>-~-~_!_ghpasa __ !'_P te_~ com~~!1_enu~!~-~! __________ ,__ ________ _ 

,_ ___ ~l ____ ]E_!-_c!__c:E_~-~~i-~!1..~1.. in her~.z.._ ______________ >-----·----
b) load termination resistance in ohms 

----- --------------------------·---------------- r-·-----------

Rs 
~-- ·-'"---

,_ __ ,__~J_ ______ ~_'!_7'. ___ ~-~-~---! ___ (!_!_~_!_7'. __ _(_!~-~~-'?-~E.!'_!_7'._El~2-~------

---·- 1------.,.__..------ -----~--·-··---·--------------·- -------- -------
~--- ~-----------.-----------------------------·-+---

L1 -----·--
~--- !---~-------------------... ---------------··--- !'----~---- - · 

_ .Q2 ____ _ . 
~--·· ··------~-··-·--~ ....... ..-.. .... --.. --·-·-·----·-··--------··--··-·----- ---·---

-------··---····-·-··----------------~----~------------ ·-·--·--·--~ 
~.ll --~-~ _ _!._n __ 

~- ~-------·------------------------------.. -.-.-· .,_ .. ___ _ 
R 

~- ~------------------·--·------··--·~-------------· ------- _____ ......... 
-- r---------------··~-----·--........ -..--------- ---------·--- -----~· -··--------- ------· 
-- ~------------------·--···-··------------------·-- -.----·--- --·---··~ 

2-4 

STEP INSTRUCTIONS 

OONTINUED 

INPUT 
DATA/UNITS 

__ .'-___ Hig!ipas s ~~~f_~_~.!_nt va_lues oon~1-~~~-d ________ -------

--- --~_L_ ___ f~! ___ ~lP_! __ ?_ fil ~~!..J~~ac!~z:.f..~!' s~)_~------ ----------

--- ----·-----------------------~----------·-.-- --- ------ -----------------

--- -------------~------·---~.----------------------
-------· ---·-- ... -----···------···-------------·-------~-·-_ __... _______ _ 

--~ ----····-----------------------~-----··-·--·-··-~ ~-··--··-..----

--- -------- ·-------·--------------------·-------------~ 

_ ___!_ -----~Q_r ___ ~-~:tlJ_s_1-g.P ___ fJ.J_~_!_r ___ c;2~PQJJ..!J;l_'t-__ y~J~~-·n _________________________ _ 
___ -----~_) ______ _!~-~-~--!.U.!-.~-~---~.!~~.!U~~~.!.~~~l!_~:;_z __ ---~_.o.____ __ t 

b) load filter bandwidth in hertz BW 
-----~------------------------- -------·~ 

o) load termination resistance in ohms R -- ---------------------------··- -------------· - ··----~-· ·---·-·-----------~ 

KEYS 

-- d) for type l filter (series tank first)• ~ 
--~- ----------------··--··--··-------------------------·---... --------------~~~ 
,________ ---------~----... ---~--·--------------~--- -----------
~--- ~----~---~---------------·····--··---- · .. ·-------·- ·-----···-------
............ ~ -----··--·--------------~--~---~----·-----------~-- --·----
~- ; . ...._..-.------------------.-.-------------------
~-- --------------------------------~--·------------·~-

--- -----.. ·--------..--~------.··------------~--
r--~~- ----------~------------------~--··-----.----· ..... ·-~-- ------

--·--·- ___ _..__ _____________ .. _______ .......... ____ ., ___ ...... ________ .. _.__ --------
--·- ---------·-------~-------~--~---.------~---- ·-·--·-----

,___ -------------------------~-· -·--·-------- ----
r--+------------~----------------~~------·----~- ~~-----

r---:-- ~- --------·--- · ---·-·----·----·-··----------····-----~- ..... --.. ·----

OUTPUT 
DATA/UNITS 

~---------

Rs 

t-------------~ 

01 
------------~ 

--~4 _____ _ . 
--'---~----~ 

.~n--~ r c.n_ 

R 

---~s _____ _ 

-- -- -~L ___ _ 

-----~-~ 

02 
-~--------

L 
-----~----. 
··-·--A----

------
R 

----~~~~~~~~~-~~~~~~~~~~~~-~-+-~~~--+-~=--=--~~~~-+~~~~--t 

e) for type 2 filter (parallel tank first)• ~ 
r------ ---· -·-------·-------------------~-·----~-----

r--~--

r--

r-------

!--·----

NOTES: 
• All capacitor values are in farads, all inductor 
values are in henries and all reaistor values are in 
ohms. 

•• In all section 2 programs where resonant tank 
components are printed, the capacitor is always 
printed first. 

--~a____ __ 

0 ___ L __ _ 

-----~l _____ _ 

• 
-~~~ 

----~~--·-
-----~---
------

R 
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Example 2-4.1 Singly terminated lowpass filter 

A maximally flat (Butterworth) lowpass filter must pass a 1 kHz 

signal with 1 dB or less attenuation relative to the filter response 

at de, and must reject a 12 kHz signal by at least 75 dB. Program 2-1 

is used to predict the required filter order, and -3 dB cutoff fre­

quency (Butterworth cutoff frequency) with ApdB = 1 dB, AsdB = 75 dB, 

and /.. = 12. A filter order of 3. 75 is calculated, which is rounded 

to the next largest integer, 4. Re-entering the program with 

AsdB = 3 and n = 4, yields /.. 

frequency is (1000)(1.183301) 
1.183301, which means the 3 dB cutoff 

= 1183. 301 Hz. 

Next, Program 2-3 is loaded to obtain the normalized lowpass co­

efficients for a singly terminated 4th order Butterworth filter. The 

coefficients are automatically stored for use by this program. 

Load this program, load the above cutoff frequency, and select 

an operating impedance level from Table 2-4.1 An impedance level of 

500 ohms will result in a readily realizable filter. Both the type 1 

and type 2 topologies can be calculated and the most attractive one 

selected. The HP-97 printout for the above operations is shown on 
the next page. 

Programs 3-1 and 3-2 can be used to design the inductors needed 

for this design. If an active filter approach can be considered, see 

Program 2-9 for a lowpass active filter design. 

LP, HP, BS LADDER TRANSFORMATIONS 

HP-97 printout for Example 2-4.1, lowpass filter design. 

Load Program ~-1 to calculate required filter orders 

1. 06 GS£.'.:'.; 
75.6C GS'BE 

select Butterworth 
load ApdB 
load AsdB 

175 

3. 75 .u:+ 
load~' and calculate n, the filter order 
n (output) 

load new AsdB 
4.30 GSBC load integral filter order, n, and calculate A 

1.183221 ;f::f; .•. >i. (output) 

Load Program 2-~ to generate and store the normalized lowpass coefs. 

4. 1,;;t;,., load f'il ter order 
1. +05 GSFf. load termination resistance desired 

~SE:C calculate Butterworth coefficients 
1. 08606+69 :H:.,; Rir (normalized) 

1 I 53g73+86 
1. 57716+@6 
1.08239+06 
382.683-63 

1. 08~if18+66 

:+::+: .f 
:+: . ..- .... 

:+: :+:;+: 

:+ .. f.V, 

.f:.f:* 

gl 

} g2 lowpass normalized coef'f'ioients 
g} 
~ 

R lnormalized) 

Load this program (Program 2-4) to obtain un-normalized filter. 

506. 

5[16, 6+@~= 

412 • . 5-69 
106.Z-[G 
291. 7-65 
25.78-63 

,- ,-. _,..., .-. 
1_., .:r r1 .~. 

:+:!i: :• 

,,:.+::+: 
-:+:»:.;: 
:+.:+:.+: 
:+: .;:.¥: 

*·+:.+: 

load un-normalized cutoff frequency 
load termination resistance. R 
calculate type 1 lowpass filter (capacitor first) 

lowpass type 1 output code 

(open circuit) Ra 

01 
L2 
O; 
L4 

R 

GE.Bi:. calculate type 2 lowpass filter (inductor first) 

.32 . lowpas s type 2 output code 

56§. 6-69 .• :.f:+: Rs (short circuit) 

163. 1 -6.j .j::q: L1 
425. [1-09 .u: :+: 02 
72. q< -63 . ............ L; -· l 

to.?. 1 -69 .u::+. 04 

500. 8+06 :+;.;: .+: R 

~.~--------------------------------~ ..... -------------------------------~ 
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Example 2-4 . 2 Doubly terrai.nated highpass filter 

A highpass filter is required to keep the signal from a local CB 

transmitter from causing cross modulation interference in the tuner of 

a TV set. The filter will be placed in series with the 300 ohm bal­

anced line from the antenna to the TV set, hence, the filter will be 

designed for a 300 ohm terminating impedance level. Tbe filter must 

pass the TV spectrum which starts at 54 Ml:lz, but must reject the CB 

radio band at 27 MHz. One dB of ripple is allowed across the TV spec­

trum, and at least 60 dB rejection is needed at the CB band frequen­

cies. Because of the allowed ripple, a Chebyshev filter will be used. 

Program 2- 1 calculates a minimum filter order of 7 as shown below 

along with the rest of the HP-97 printout for this design: 

Load Program 2-1 to obtain minimum filter order required: 

C:J . ii,C f .6£ E 
~ . Gt: b.::Cf.' 
c: .~ 2 ~:t. :,. 

select Chebyshev 
load APdB 
load AsdB 
load A and calculate filter order , n 
n (output) 

~ . f.D ;.ss~ load integral filter order, n 
l . ~6 ~~» A where filter is 60 dB down (54/1. 78 = 30.3) 

C.. . i; f bSC:E 
c..; . 15 n .... 

load A and calculate AsdB 
AsdB at 27 MHz 

Load Program 2-3 to generate and store the normalized lowpass 

coefficients: 

I ' GSF~ load filter order 
,;:; C.& load termination resistance ratio 

J • ... ~.: f ;[ • load Chebyshev passband ripple in dB and start 
: , i;1~.: 1TUtJ f· •_.: normalized -3 dB frequency (output) 

: • tWt.1~6 ... uiJ 4- .f ;t &ti- (normalized) 

.: . ~ o£5cTtif .f. :\' • &1 
i . 11l~>i1.?. .,. f. f &2 
3.693£4.,.f16 :f:~ » &3 
1 . 11~5~ ..-£1J ,f. Ji:~ g'+ 
,3 . 65~b4 -rJG 1t;tf: .f &5 
~ . J J15; ... tij;i Ji..f> :f g6 
i. • 16b50Tl1J ipu: g7 

normalized lowpass coefficients 

1. O@B6tht16 H ::t: R (normalized) 
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This highpass example is for a balanced structure filter, and the 

program output is for an unbalanced s tructure (one side common). To con­

vert the unbalanced structure to the balanced structure, capacitors are 

placed in each side of the filter, and their equivalent impedance is one­

half the unbalanced value (twice the capacity) . 
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Load this program, Program 2-4, to obtain the un-normalized filter: 

load cutoff frequency 
load denormalization resistance 
calculate type 1 highpass filter values 

, ' 
~J.. highpass type 1 output code (inductor first) 

466. ~ - E:S .t..f.+. 
1· 1 :- · - - ~ .-
C• • .;._ . .:;- J.,::: :f:_f: .f.' 

285. B-fS .¥.:;:.'f: 

B. 3; 2-1i. :+:.+:.:+. 
~ S.5. S-69 .-.: ,.:+.· 
B. B:;:S- 1 L .+: ~ :~· 
4~s . 1- es ... :.;::1. 

R 

calculate type 2 highpass filter values 

highpass type 2 output code (capacitor first) 

4. 5J:=- 1;; 
?95. 5-t15 
3. -:6- -~ 
( ~)~ . 5-6? 
,, , -c·-;::· 
;-'9:; . ~ -65 

-1 • . :- c: 

.Y: . .,. C1 
.y:., .~: 12 
:.,.: C3 

:n~ Li+ 

·' ""· Cs 
• J 1 6 
iH C7 

" -r..t R 

Programs 3-5 and 3-6 can aid in the aircore inductor designs needed 
here. 
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Example 2-4.3 Bandstop filter 

Consider implementing the filter cited in the previous example as a 

bandstop filter rather than as a highpass filter. The stopband required 

is from 26 MHz to 27 MHz. The center frequency of a bandstop (and band­

pass) filter is the geometric mean of any two equal attenuation frequen­

cies (this relationship does not hold for narrowband bandpass transforma­

tions for frequencies outside the passband). The center frequency of 

this bandstop filter is then 26.4953 MHz. If the upper -1 dB point is 

54 MHz, then the lower -1 dB point is (26.4953 MHz)t/(54 MHz)= 13 MHz. 

The normalized frequency multiplier, A , is the ratio between the pass­

band and the stopband, or A = (54 - 13)/(27 - 26) = 41. From Program 

2-1, the filter order that meets these requirements is 2. Even ordered 

Chebyshev filters do not have equal termination resistance levels, and 

this filter is to be placed in a 300 ohm system (equally terminated). 

To satisfy all requirements including equal termination, a third order 

bandstop filter will be designed. The HP-97 printout for this filter 

design follows. 
Load Program 2-1 to calculate the minimum filter order required: 

G.: i ttt· 

l. 66 GSE·H 

.3i 60 
{ .92 

41. [i [! 
C' .,: :· : 
-...'• J.C• 

26.4953 
2EJ .21 
24.03 

.~::t.f 

.• ::+ .. -+: 
;__:;.S f; ,:i 

:f;Jt:.l 

:f;:f. :+: 

select Chebyshev 
load APdB 
load AsdB 
load A and calculate filter order, n 
minimum n to meet requirements (use n = 2 min) 

load n desired and calculate A for AsdB = 60 dB 
A 

form l/A 

stopband bandwidth (11Hz) 
enter center frequency (MHz) 
upper stopband edge (MHz) 
lower stopband edge (MHz) 

and calculate: 
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-..:_,. 

l. 
1. [t948?+fii:."'i 

2L 02355+fif~ 
994.162-63 

::·t: . 455~-r-6t: 
41. +6i 

.• . 
.:.:.J. .. 

300. i}t60 

62 . 76 -1.:: 

:::. 7?2-66 

62. ( 6-1a: 

;,f, [.i 

~.Bf 

SBD 
.op.~: 

.f.:+ .. ~. 

.;· E E!--1 
f. ::f;f; 

.¥ )l..f 

.+::+:.+: 

load filter order 
load termination resistance ratio desired 
load Chebyshev passband ripple in dB and start 
A for 3 dB bandwidth (output) 

R.r (normalized) 

} normalized lowpass coefficients 

R (normalized) 

load filter center frequency 
load filter bandwidth 
load de-normalization resistance level 
calculate type 1 bandstop 

type 1 bandstop heading (series tank first) 

R 
s 

R 
unbalanoed structure 

~ ~. type 2 bandstop heading (parallel tank first) 

5. 64;)-66 

36.86- 1.2 
1.1 71-06 

t: , :754- 1.:?. 
5 . .:· :; -ra 

.• ::f;.-,: 

:+:;+: :+: 

f .. IJ: .•: 
Ly~ L&/i 

balanced structure 

R 

R 

so 

A 

001 
002 
003 
004 
005 
006 
807 
008 
009 
810 
811 
012 
813 
014 

2-4 

*LBUI :WAD CmiTER FREQU&fCY 
Pi 

ENH 
+ 2xf

0 
-RO 

)( 

STOO 
RTN 

Pi 
ENTt 

+ 2llBW -Rl 
x 

ST01 
RTN 

015 
016 
017 

tLBLC U>AD DENORMALIZATION RESIST 
ST02 R -R2 

RTN 
*LBLD BANDSTOP TYPE 1 ROUTINE 

SFC 
2 
1 print heading 1 21 11 

PRT.'."·=: 

81B 
1:.7119 
020 
[121 
1322 
823 
024 

CF1 indicate type 1 topology 
GTOB 

!325 
826 
027 
828 

*LBLE BANDSTOP TYPE 2 ROUTINE 
SPC 

2 
2 print heading •22• 

!329 PRTX 
030 SF1 indicate tYlJ.e 2 .to"Dolo~ 
031 *LBLB 
032 SF2 

..:..f1.:..;33:....-.....;G:...;;S-=-B;:;_2 _ _ __ _ _ _ _ _ 
calculate and print R8 

- - -
034 F..:CL2 
035 RCL1 
036 x 
!337 F..'CLB 
038 ,1-;'2 

039 
040 
041 
042 
043 

ST04 
RCL2 

xz 

calculate and store: 

.- R4 

------ ---

.,..0_,_4 4,___.S._.T_...0.._5 _ _ 
B45 CU;' 

- - -
046 STO? initialize index registers 

1347 9 
048 STOI 

....---949 *LBLt bands"t.£.p_ calculatio~l~ _ _ 
050 GSB9 increment indices and 
051 X>Y? test for loop exit 

-=-0.::..:52=--_G""'T'"""0-'-4 _ _ _ _ _ __ _ __ _ 
053 SPC 
054 RCL; recall ~ 
~0~55"-_R~C'""'L'"-'-4 _!.eca.11_.Y~o~Ll._ ____ _ 
056 CFB set print order for type 1 
057 F1? test for type 1 filter 

[
=:;=:-.,..G~..,,~""""~ - - - - - - --- -
060 RCL5 substitute l/(R·"'0 ·QL) in Rx 
061 SF0 set nrint order for tvne 2 
062 *LBL6 
""06""'3"---'G,..S...,B...,..8 .J!.9 sub ~ t_ca.lcula ti,Qn ~ ptln.t 
864 GSB9 increment indices and 
065 XH? test for loop exit 
-"'0=66"--_.G ...... T_,.Q_._4 _ _ _ _ _ _ _ _ - - -
1367 SPC 
068 RCL i 
069 RCL5 

recall ~ 
!.!!Call JL(R.WclL)__ ___ -

070 SF0 
071 F1? 

set print order for type 1 
test for type 1 filter 

-- - --- -

[

072 GT06 
0?3 CLX 
074 RCL4 substitute R,/(4)0 .QL) in Rx 
075 CFB 
076 *LBL6 
877 GSBS gosub elt calculation & print 

...__878 GT01 2oto loop start 
_0_?_'-g-*=LB ...... L ..... 8 ~l...§ll~t....@lQlll~ti.Qn_&_ptint _ 
080 
881 STOB 

x 
fonn and store me· Rx - RB 

-=-=-c,..----..,,,.,,...,,- - - - - - - - -
1382 F13Q if flag 0 print R8 
...,,.0..,....8:'_·. _P __ R_T.,...~1· _ _ _ _ _ 
084 RCL0 calculate mating 
085 xz resonant elements 
1386 
887 1/X C, L = 

1 

088 PP.TX 
Bt19 FW· 

- -

89[1 P.Tt-1 
if flag O, return to 
_!!!a~ E.!_O ~81!1... _ _ _ _ _ 

recall and print R8 891 P.CL8 
1392 PP.TX 
093 P.TN return to main proe:ram 
-01_9 __ 4 __ •L-'-"B;...;;;'L_,:. _LOwnss '.l'Y.t'E l_a::JOTINE 
895 SPC 
096 3 
097 1 print heading "31• 
098 F'P.TX _ _ _ _ _ _ _ _ _ 
099 cm _J.ndicate lowpass_filter... - -
100 CFl _!_ndicat&__t~ l_filter __ _ 
Hi1 GSB? _calculate some_pol'!.!?ta..nts __ _ 
1 IJ2 G"T02 e:oto outout routine 

1--- - --

REGISTERS 
4 5 

scratch scrdtch 
2 3 

2TI:BW R 
7 8 9 6 

k h 

51 S2 S3 $4 SS 56 57 SB $9 

D 
R,- index 



A 

a 

1133 
H14 
ms 
W6 

2-4 

:+:LBU LOWPASS TYPE 2_BOU_1'.INE 
SPC 

~ print heading 11 .?2" 
.::: 

liF PPTX 

-- -

.;;.1
7
8

7
8_--=-C-'-F..::;.H indicate lo~ass filter - _=: ~ 

_1,;_8_"'""9---=-S_F..::...1 indi_.cate ~p~2_filter __ _ 
-=:.1-=-Hl=-___.:;G;.;::;B..::;,B~? COMP.Ute g me_l conJ3~ts -
111 RCL2 
112 .~"2 

113 
ST-;

4 
change to LP type 2 constants 

114 STX5 
11 5 GTLV goto outout routine- - - -
.::..11 1:...;1~,.=--. ----=-=.1:L::..:Bc.::.'L.::::.,·:il HIGHPAS~ TYPE £ROUTINE _ _ 

SPC 
118 4 
119 2 print heading "42 11 

12@ 

+" 
1.;_=--'5~._t:L....::.B=L.;;..c nrnm'ASS TYPE_J. ROUTIN_j_ __ 
126 SPC 

print heading "4la 127 4 
128 1 
129 PPTX 
..:.1-=3=-0---=S_t:'..::;,8 indicate l!!gh~?S-= = = _ 
. ..::1...;;.3-=-1------'C'---:F-.:....1 1ndica~ tn_e_J_ _____ _ 

load f'o 

LPt 

..,..1=<'.'=--· ~G;...;.s;..::.B.:,..? ~alculate~P ~e__l qg_n.etant~ 
133 RCL2 
134 ~·~ 

135 ST~; change to HP type 1 constants 

136 sr.x.·5 
1.37 :+:LBL2 _LP & Hf_ output rout:j,pe ___ _ 
138 SPC recall R 
=-1.""'J9'----'-'P=C""L [I"'". _ _ _T _ _ _ _ _ _ _ 
140 F1·i 
141 1 ~ .. ~. if type 2 filter, form l/Rr 
-14~::-· _p_.;;1""""·1.;..;..:=· - - - - - - - - - --

14.J x calculate and print R
9 144 pp~· 

LABELS 
8 

load BW 
c 

load R 
D 

BS1 
E 

BSa. 
b LP2 

c 
HPt 

d 
HP2 

e 

........-148 
149 
15@ 

--151 
152 

:+:LBL3 LP ~d_liP _Q!lt~ijoQ.p star_t_ 
GSB9 increment indices and 
X> \·'•! test for loop exit 

153 
154 

GT04 
RCLi 
F0? 
J/ X 

recalLzk--=-_-_-_-_- ...:: 

if highpass, form l/gk 

155 
156 

RC~5 calculate and print 
first filter element 157 PH\' 

158 L~SB9 incrementindic;g and - - -
159 X.> \''' test for loop exit 

14-160 GT04 
""1...;;.6-=-1--'R.:..:C:..:Lc..:.i recall_gk----_-::::._-:=._--=. -: 
162 F0? 
.:.1-=-6 =-3 _ ___,,l..;.../ .i.:...X _i_f _hi_ghpas_s ,_ f_o_rm ~ gk __ 
164 RCL4 l 
165 x ca cula te and print 

166 PRTX other type of filter element 

--167 .e:ot~loop start - - - ---
'-168 

169 
1 ?0 
1? 1 
1 ?2 

bT03 
:+:LBL4 

SPC recall and print port 2 
RCL2 termination resistance 
PRTX 

1.., .. J,. .j 

SPC 
SPC 

174 RTN return - ~ 1 tD •--·-'-~" --i 

""1-"-7-=-5--':+:'-=L'-"-B=.L'--? _!!ubroutine to_Q_alg_ LP ~L 
176 RCL2 
., 7? 
.i.i I 

178 
RCL1 calculate and store 

inductor scaling1 
R/( 271' .BW) + R4 179 ST04 

...c._..;;..___;::_:_:c....;. - - - -

180 RCL2 
181 
182 
183 
184 
185 
186 
187 

x2 

ST0.'5 
CLX 

STO? 
9 

STOI 
188 RTN 

calculate and store 
capacitor scaling& 
l/(2n.BW.R) .. R5 
------- ---

initialize indices 

-=1'-"8""9_ ::...:*L::..:B::.:L=9 _incr ind1ces_!!_nd_ioQJLex.it _ 
1913 EEX 
191 
192 
193 
194 
195 

ST+? 
ISZI 
RCL6 
RCL? 

RTN 

FLAGS 
OH. 1qhpass 
1 

Type 2 

SET STATUS 

FLAGS TRIG DISP 
ON OFF USE'R:S C 1-\0ICE 

0 • DEG FIX 
O calculMe 1 

BS leap rl:n 2oalc e...; 3 4 2 
lbl 2 return BS Coer LP/HP loop rtn 1 • GRAD SCI p!"ll\t R 

s 6.~al ~ 7 8 t:ia~s op l I """''°" Lt'CY 3 
2 • RAD ENG 

de:1t1natlon. LP/HP coefs output. loaf' BK Lt te:rl, 3 n 
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gP-67 suggested program changes. A print or R/S routine has not been 

provided, although register 9 and label "e" could have been used for 

this purpose. The reason for this omission is to preserve the heading 

format. Any program statements placed between a numeric entry and a 

print statement cause the printed format to be in the set status of the 

program; however, by placing the print statement directly after the nu­

meric entry (see lines 20 through 22), "21" is printed without trailing 

zeros. 

On the HP-67, the "print" statement causes the program halt for 5 

seconds and a flashing decimal point. This situation slows program 

execution and may not be desirable. The HP-67 user may wish to have the 

program stop at the data output points. To cause the program to stop 

at these points, change the program as follows: Delete steps 019 - 022, 

026 - 029, 095 - 098, 104 - 107, 117 - 120, and 126 - 129. Change the 

"print" statements to "R/S" statements at the following line numbers: 

083, 088, 092, 144, 157, 166, and 171. To restart program execution 

after a program halt, execute a "R/S 11 from the keyboard. 

Remember, when deleting steps from a program, always work from the 

back of the program forward. By observing this convention, the line 

numbers of steps not yet deleted will remain tmaltered. 



PROGRAM 2-5 NORMALIZED LOWPASS TO BANDPASS FILTER TRANSFORMATIONS, 
TYPES 1, 2, 6, AND 7. 

Program Description and Equations Used 

This program converts normalized lowpass filter element values to 

a set of four bandpass topologies (16), [21], [56). The four topologies 

are shown in Fig. 2-5.1, and the parameter Aij is defined by Eq . (2- 5 .1) . 

Types 1 and 2 are exact transformations and will transform the lowpass 

response independent of the loaded filter Q (Eq. (2- 4.7)). Types 6 and 

7 of this program, and types 8, and 9 of Program 2- 6 are narrowband 

approximations , and only provide accur ate transformation results when 

the loaded Q is greater than 5, and preferably gr eater than 10. 

RT 

4 Qq2 .. Gq4 

1 
~'h ~ Qq,. • Q9i -G<13 G 95" 

TYPE 1 ( flt 5 order shown) 

~~ 1 Q Ck " ~q1 
1 ~93 .f 

Q 92. ~q4 

TY PE 2 (5+"' order shown) 

C=_-i_ ~{~-A11) 

~<h 

CJ1 Ai2 CJ.A 

TYPE 6 ( +-+"' order .$hown) 

CJ1 A1?. 91 A.n ~A" 

4 9~(~-Au-AM <}4 (Q· A~) 

TY PE 7 ( 4+h order shown) 

Figure 2- 5.1 Bandpass filter topologies for types 1, 2, 6 , & 7. 

185 

11 



186 FILTER DESIGN 

(2-5.1) 

Figure 2-5.2 is a reproduction of Table 7.2 in White [56] and is 

intended as a guide to the best suited filter topology for a particular 

application. The physical r ealizability of a filter topology is 

assigned one of four possible scores based upon element values. These 

scores are defined as follows : 

Readily realizable (R): 

1 JJh < L < 1 h 

5 pF ~ C ~ l µF 

Practical (P) : 

0.2 µh ~ L ~ 10 h 

2. pF ~ C ~ 10 llF 

Marginally practical (M): 

50 nh ~ L ~ 100 h 

0.5 pF ~ C ~ 500 µF 

Impractical (I): 

All element values that lie outside the range of 
marginal i.e. , 

L < 50 nh 

L > 100 h 

C < • 5 pF 

C > 500 µF 

The table headings are meant to indicate ranges of loaded Q, filter 

center frequency, and termination resistance level. These ranges are: 

Frequency; 

f = 10 Hz implies: 3 Hz < f < 30 Hz 
- 0 0 

f = 
0 

100 Hz implies : 30 Hz < f < 300 Hz 
- 0 

f = 1 kHz implies : 300 
0 

Hz < f < 3 kHz 
- 0 

f = 
0 

f = 
0 

f = 
0 

f = 
0 

10 kHz implies 3 kHz < f < 30 kHz 
- 0 

100 kHz implies: 30 kHz < f < 300 kHz 
- 0 

1 MHz implies: 300 kHz < f < 3 MHz 
- 0 

10 MHz implies: 3 MHz < f < 30 MHz 
- 0 

f 
0 

.,, 100 MHz implies: 30 MHz < f < 300 MHz 
- 0 

NORMALIZED LP TO BP, TYPES 1, 2, 6, & ? 

At frequencies above 300 MHz, lumped element filters are 

generaliy replaced with transmission line type filters. 

Loaded Q (QL) , for bandpass and bandstop, 

QL = 5 implies: 3 ~ Q1 < 10 

QL = 15 implies : 10 ~ Q
1 

< 30 

QL = 50 implies: 30 ~ Q
1 

_s_ 100 

Impedance Level (source and load resistances equal) 

R = 3 ohms implies: 1 ~ R < 10 (power filters) 

R = 50 ohms implies : 10 ~ R < 150 

R = 500 ohms implies: 150 < R < 2 .Sk 

R = l Ok ohms implies: 2.Sk < R < 50k 

187 



188 FILTER DESIGN 

Band -Poss f 0 =1kHz f 0 =10kHz 
Filter 

Prototype OL - 5 0 L = 15 0L = 50 0L= 5 al - 15 OL - 50 

T~pe 50 500 IOK 50 500 lOK 50 500 lOK 50 500 lOK 50 500 !OK 50 500 ! OK 

p I p p I M p 
p R R R R R R 
R p R R M p R 

f 0 =100kHz f 0 = 1 MHz Band-Pass 
Filter 

Prototype QL = 15 QL = 50 

Type 50 500 1 OK 50 500 l OK 50 500 l OK 50 500 1 OK 50 500 1 OK 50 500 1 OK 

1st P R R P P I M M I P R p p p I M p I 

lj i ~~'' If~''!' ''I''\~ I~ ' 1p~; ' 1j11;~;! 
7th P R R P R R M P R R R R P R R M p R 
8th R R P R R P R R P R R P R R M R p 
9th P R R P R R M P R R R R P R R M P R 

10th R R R R R P R R P R R p R R M R R M 
11th R R R R R R P R R R R R R R R R R R 

Band-Pass f 0 =10MHz f 0 =100MHz 
F iller 

Prototype OL = 15 

Type so 500 l OK 50 500 1 OK 50 500' 1 OK 50 500 1 oi< 50 500 1 OK 50 500 1 OK 

1st M P M I P I I I I I I I 1 I 
2nd . M P M I P I I I I I I I I I I I I 

::~:~ :: ;;; :·· J:l[~: :~~.:. i !11·~i~~· 1~~ : ~::r :j:1~;i~~ ~:: : ~:~1 1::: rn:: i~~i ~~ '. ·: ~ :~ ;:,: ::: :;: :, ~ : :~i ;::.~~~i :~.: , 
6th R R M P P I P M I P M .. .. I . .. ~· I I M I 

7th M R P I P P I P P I P M I I M 
8th R R M R P I P M I P M P I I M I 
9th M R R I P R I M R I M R I p I M 

l 0th P R I P M P M I P M I M I M I I 

~I_ • _ ..!!._ ~ R M M P M I P M I M I M 

Jl'ig. 2-5.2 Physical realizability of bandpass filters. 

Courtesy Don White Consultants Inc. 
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To use the routines for types 6 through 9, the filter must have 

termination resistances as close to unity as possible. To achieve this 

result, a desired termination resistance level of 1.0 should be loaded 

into Program 2-3. 
Of the filter types presented both in this program, and the accom-

panying program (types 1, 2, 6, 7, 8, 9, 10, and 11) only types 1, 2, 

10, and 11 are exact transformations of the lowpass characteristic. All 

the remaining filter types are narrowband approximations, i.e., they 

will faithfully transform the lowpass characteristics within the pass­

band and within a few octaves of the stopband. Types 6, 7, 8, and 9 do 

not have equal numbers of transmission zeros at both zero frequency and 

at infinite frequency. The result of this imbalance is to skew the 

filter response away from the frequency where the extra zeros exist. 

Figure 2-5.3 shows this occurrence. 

AMPLITUDE 
RESPONSE 
IN DB 

EXTRA ZEROS 
AT INFINITE 

/ FREQUENCY 

FREQUENCY 

Figure 2-5.3 Bandpass filter response skewing due 
to extra transmission zeros at infinity. 

One should not choose types 1, 2, 10, or 11 automatically. Types 1 

and 2 may be difficult to realize in a narrowband application, and 

types 10 and 11 (also types 6 and 9) contain redundant inductors. De­

pending upon the frequency range and element values, these redundant 

inductors can be burdensome. As a guide, filters operating below 1 kHz 

may best be realized with an active filter (this subject is covered by 

other programs in this section); between 1 kHz and 100 kHz, the minimum 

inductor LC design should be considered and compared with active ap­

proaches; above 1 MHz the simplest LC topology should be sought to ease 

the tuning problem. 

~~--------..._.---__________ ................ ---------------------------------



2-5 

~ 
NORilALIZED LOWP!SS TO BANDPASS TYPES L 2 6. & 7 

load load load 
center load termination filter# 

frequency bandwidth resistance & start 

STEP INSTRUCTIONS INPUT 
DATA/UNITS 

KEYS 

_ !_ __ --~~.!!_both sides of program card _______ .. _____________ ,.__ _____ ..__ ____ . _____________ -·-----~~ 

--~- - - --~~~-~nte~ __ fr~~!!1_~~.!~.~~-------------·------·-- ----~-o _____ _ 

c::a=J 

1---- ---·-------· ----------·------------- - -- ·-------- ---------

f--- -- --~-----------------------~---~-------------------- -~-----· ··---

------- --·---------------------------------------·----·-~--- -------------
------- ------- -- ---------~-------·---------------------- ------------- -------

------- ~------------------- ------- ·---------·-------- ___ ,_ ______________ .,._._ ________ _ 

------- ~----- ---- ------------ . *Th.~-.9~Y11.ii;~~!l~~n~.J';~-:;~;J?_~;--Q=f-P.r - -----
------- ~-'!-.~~J2_!!oe_a not exist for types l or 2 . - -----------------

--------------·---·--- --.__-------~-' ---~'- -----------------

1.......______ ··- ----·-·--~---------~----~--·--- ... ----·------ i---·---------------

--~-- _!'!!'._f!-!1..~1:-~~--~~~!_J~<>~ steP.a 2 through 5 as 

~P.t>!~~~~_!.e ___________ ~-=~:=::::::: :: ::::::::::::::::::: :::::: ====::=::: 
1----- ---------------------------------------------------------- -----------

------- 1...--------------------------------------------------------------------------------------------- -------------------

--- ---- - ----- ---~ 

-------~--~-----~-------------------- ----------

..,_ _____ _ 

c;~ 

OUTPUT 
DATA/UNITS 

__ Q_ ___ _ 

____ J< ____ _ 

____ __!_ ____ _ 

---·------
tank 0 
tank L 

------·--
-~-~g el~~-

----- ---------
tank 0 ________ _.._ 

taJlic: L 

tank 0 ----------------
--~~_!i __ 

0 

-- ---...-~.!·-··- ---. 
-- ---- ---~----- - ---

RT 
----~--____,, __ 

,_ ______ _ 
i----·--------

,_ ____ _ 

-----
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~ample 2-5.l Type 6 filter 
A maximally flat passband (Butterworth) bandpass filter is to pass 

a 500 Hz band of frequencies centered around 10 kHz. In a bandpass 

(or bandstop) filter, the center frequency is the geometric mean of 

the upper and lower bandedge frequencies, i.e., f = (9750 • 10250)~, 
0 

or f 
0 

= 9996.87 Hz. The filter should reject by at least 30 dB those 

frequencies removed from the center frequency by trore than 500 Hz. The 

required filter order is obtained from Program 2-1. Using this program, 

a minimum filter order of 5 is calculated given AsdB= 3, ApdB = 30, and 

A= 1000/500 = 2. Program 2-3 is used to obtain the Butterworth nor-

malized coefficients for use by this program. 

The proper bandpass topology is selected from the table in Fig. 

2-5 .2 under the headings: f = 10 kHz, 
0 

QL = 10000/500 = 20 (use QL 

15 column), and R = 50 to find that a type 6 is readily realizable, 

therefore a type 6 filter will be designed. The HP-97 printout for 

the above operations is shown below. 

Load Program 2-1 to calculate minimum filter order: 

select Butterworth 
load ApdB 
load AsdB 
load A and calculate n 
filter.order, n (output) 

load integral n and calculate A 
A for given ApdB and AsdB 

load A and calculate AsdB 

As-dB 

Load Program 2-3 to calculate normalized LP Butterworth coefs: 

5 . ;;fH load filter order 
.: , .;:,EE load desired termination resistance ratio 

C;~ E :~ calculate Butterworth coefficients 
l. fi6hit:1.,-(1f1 t»:; Rr (normalized port 1 termination resistor) 

.t::.1 !f 

·¥~ .•. . +. 
:+:·•::f 

gl l S2 
g3 normalized lowpass 
St+ 
gs 

coefficients 

1. 66666-tfif! :+~: ., R (normalized port 2 termination resistor) 

= 
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Example 2-5.1, continued: 

Load Program 2-5 (this program) and calculate type 6 elements. 

95'96" ;;, 7 b·SEH 
50li . GSBB 

6. GSBE 

load center frequency 
load bandwidth 
load termination resistance 
load filter type desired and start 

50. Jf\::;-r-66 :-;: .f .-+ termination resistance 

25. 768- 05 *** C1 
9.3443-03 ~** L1 

25. 766- 09 *** C2 
9.0705-03 *** L2 

25 . f t:.e- t1S 
9. 2B94-t::: 

:H .i; 

.... , -~ 
:+ ... .• 

. + .. ,l 

.f :f:* 

431 . 9-: - 66 q . . f 

25 .. ?t~·=. - t:?_; .f .l :.f 

9 . 34.:l~-6~ .:f. . . ,::+: 
Cs 
Ls 

termination resistance 

Figure 2-5.4 Type 6 bandpass filter schematic. 

50 (2 
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Type 6 tuning technique.* After the filter is designed, the inductors 

fabricated and adjusted, the capacitors obtained, and the filter con­

structed, the filter must be tuned. For series resonant tanks, such as 

in this filter and types 8 and 10, tuning is accomplished by decoupling 

individual tank circuits using open circuits. 

Assume the inductors are wound on ferrite pot cores, and are the 

adjustable elements. Referring to Fig. 2-5.5, to tune L1 temporarily 

open the circuit at "B" and tune L for series resonance of the L1 , L12 , 

C circuit at the center frequency of the filter, 9996.87 Hz in this case. 

To tune L2 , L12 , L2 3 , and C, re-establish the connection at "B, 11 

and temporarily open the circuit at points "A" and "C." Tune L2 for 

series resonance at the center frequency. Continue this procedure of 

opening adjacent tank circuits and tuning until all series resonant loops 

have been tuned to the filter center frequency. 

A B c 0 E 

Figure 2-5.5 Type 6 filter showing circuit opens for tuning. 

For information on ferrite pot core inductor design, see the Fer­

roxcube catalog "Linear Ferrite Materials and Components," and use Pro­

grams 3-1 and 3-2 to aid in the design of ·these inductors. 

When designing the inductors, the designer must not allow the mag­

netic core excitation to drive the core near saturation. The voltage 

across an inductor is "Q" times the voltage across the series LC tank at 

*For parallel tank filter tuning procedure, see the example in the type 
8, 9, 10, and 11 transformations program. 
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resonance. With inductor Q's of 100 or better, inductor voltages can be 

larg~ with respect to the voltage across the filter. The voltage 

across a filter element at center frequency is approximately 

I. · X 
1 

where I. is the filter input current and X 1 t is in e emen t in e emen 
the element reactance. 

0 

so 

A 

2-5 

_J_6_1_ :_t:L_f_:L _ __ LOAD_ODJ_TER_ r_R_EQ_um_c_Y - -
862 F 
663 ENT 
864 + 
6135 
6[16 
667 

609 
Bi0 
611 
ei.:: 
613 
014 
615 
016 
61? 
018 
f119 
[126 

s-:-oe 
FTr~ 

ENTT 

PCLC 
'.-· -+ './ 

:" ': +-; 

STD2 

form lllld stores 

2rrf0 ·- RO 

- --

form and stores 

2n. +o R 
Q = 2~ BW -- 1 

LO!D TERMINATION 
RESISTANCE 

_[1_2_1_ .• _:L~B_L_E _LOAD rILTER TYPE l_.b~L 
022 STJ: 
623 
024 
2125 
626 
027 
02B 

[131 
(.f32 

f136 

. ..- t.•::= 

GTO.:· 
F'CLI 

3 
,\='/'? 
bTOo. 
F:CLI 

4 

.=-~= .,. ·.· 

i?CLI 
5 

t137 L~TO,,_ 

generate 1 ERROR1 if other 
than filter types l, 2, 
6, or 7 loaded. 

1 ERROR 1 is generated by 
calling unused label (a} 

~---- -- -- -- -- -- -- -
038 RCL.I calculate indirect label 

STOI 
INT 
\.'-+ ,..,+-

rF· 
SF 
=0 

corresponding to desired 
filter type 

--------
set flag 0 if type• 1 
or 7 are entered otherwise 
clear flag 0 

049 tLBLB ~ l~alculatj,QJl stari _ 
050 ll:L8L1 type 2 oaloulation start 
~8=5~1--G~S_B.~Ci initialize flag• & ~s - -= 

-852 tLBL2 files~ 2 1002...J!.t&rt _ 
05.3" RCL? 
054 2 
855 
856 
057 
058 
059 
066 
061 
062 
063 
064 
665 
M6 
86 '1 
1368 
069 
1371$ 
071 
872 
073 
@( 4 

075 
e76 
077 
678 
079 
88@ 

-081 
[182 

OB5 

[18 7 
088 

FRC 

SF2 
RCLi 
RCLl 

FE: '? 
!/X 

STOC 
F8? 

GSBS 
F1? 

GSB7 
RCLC 

F0? 
GSB7 

Fl ? 
GSB& 

SPC 
DSZ I 

EEX 
ST+ 7 
RCL6 
RCU 
X6Y? 
GT02 
F:CLD 

FB'? 
J/,'-; 

F.:CL2 

L~3B6 

G·Tok. 

•et tla1 2 it branch 
number i• even where 
k is the branch nlllllber 

-----------

--
it ~ranoh even, fora l/Q.g4 
- ------"'" 
calculate and print 
braacb capacitor 

- -

calculate and · print 
branch inductor 

-------
increment indices 

-------
test for loop exit 

-----------

calculate and print 
termination resistance 

REGISTERS 
2 3 4 ~ R 5 'R ~ 6 7 8 

9n 
9 .. 

2rcfo Q R -01t-
_.,.._ n k A, IL•~ 

WoR Wo «lo IVoR 

S1 S2 S3 $4 S5 S6 S7 58 59 
91 9i g~ g+ 9s- g" g7 gs q, g10 

IB le type5 h ~ 7 D RT IE II rndei<. q« q11 common el.e111ent <3i~1 
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A 

a 

1390 
091 
092 
093 
094 
095 
096 

.-097 
098 
@99 
10(i 
1f11 

GSB9 
RGLi 
STOf 
ST08 
RCLl 

.x 
STOG 

it:t...BL4 
f 1 ~· 

GSB5 
DSZJ 

EEX 
102 ST+ ' 

reoall and store gn 

- - ----
calculate and store Q•gn 

types 6 ~ L!oop start _ 
if type 6 print OOlllllOD 

tank _qgaoi to :t._ya. lue _ _ 

increment indicies 

-------
...:::1.=,.0~:::,_1_P.:..:.::. c=. L.=,.i _____uo.U... U - _ _ _ _ 
104 f\:CLE 
105 
106 
107 
188 
109 
11[1 

111 

.[ v .., 
1 /,\ 

RCL9 
• .. •-+;..• 
{;+-I 

112 ST09 
1i3 + 

- '---'-1=_1_4_....:G:....;;-S~B..;;..@ 
115 RCL9 
116 RCLB 
1 ii' 
118 GSB8 
119 SPC 

interchange gi and gi+l 
-------

calculate Ai, i+l 
-------

interchange 
1i, i+l and Ai+l, i+2 

oa1cu1at• typ"86 tank L -
_n tl]lt 7 3!.Dk CL_ - -

calculate coupling ele11ent 

------- -- -- - - - - -
12@ l<:GL 7 
121 RCL6 
12:: X.>Y'? 

'-123 GT04 
124 Fl? 
125 GSB5 
126 RCL~ 

i..--...::1-=2..:...7_~[.;;.S=...B@::... 
128 RCL2 
129 (;586 
13.; GTOh 

:+:LBUI 
132 RCL8 

teat for loop exit 

if type 6print last tank -
_J}9.p.Mi to.r..._ - -

calculate type 6 last tank 
h_or ~e_Llart...tW o_ -
print tenainatioa resistano1 

133 x caloulate and :priat type 6 
134 CHS tank inductor or type 7 
135 RCLC tank o&paoitor 
136 + 
137 GSBB 
138 rn·;· if type ""fPrint CCHiiiaon taiik 
139 GSB5 inductor value 
14i3 GTO~=· 20to a'Daoeandreturn - -

LABELS 

load~ B load BW C load R 0 E load t.)'pe 

bspacet rtn c d e 

O type ~ star\ 1 type 2 slarl 2 type'> 1E.2 3 type<& b6T 4 "types,!~~ 7 
tooo s+al"l st-··• •-... s• 

spnnt COt\fflOr"I 6p ... t ¢space 7 CCW" L ou't pJt:. a i.... o.-C aft..\l'lt. 191n1tia1i,e 
etemen1: 

141 it:LBL5 common element print subr 
142 RCLC 

145 
146 
147 
148 

RCL5 

PRT\ 
RTN 

c:.1_4c._9_.tc.::L""f..::;Lc:..f: ..,Upe D O.LtYJUL 7..JLB\Uir _ 
15@ RCiA 
151 
1 c; ·~· F'RTX 
153 RTN 
_1_5_4_it:_·L_B_'L_9 initialization subroutine 
155 SPC - -- -- -- -- -

156 SF1 if flag 0 1• set, clear 
157 FO·;· flag 1 and •ioe-•ersa. 
158 CFl - -
159 RCLB it type 6s 
168 1/X 
1 ··1 C:TL'i4 B_ - ~ ; -~ - ..... R'S 

b M ~ R~ 
162 ST05 
163 RGL2 
164 
165 

Fl·~ 

166 S!H 

if type 7• 

_(_ -.R4; .!L ..... RIS 
R.Wo Wo 

167 STx5 
..:...=..;......___::...:...;.;..::;.. -- -- -------
168 
169 
170 
171 

1-,; .... 

fEX 
ST07 
cu 

ST09 
RCL6 

9 
+ 

175 STOI 
1 r6 RCL2 
1?? .tLBL6 
1 ?& PRTX 
J ?9 tLBLb 
1 BB SF'C 
181 Rm 

FLAGS 
0 type 1 o..-7 

1
t.'Jpa2'0>"0 

2evet\ bnu·•c:n 

3 

initialize k 
----------
initialize An 1 ' n+ ------- --
calculate register index 
for In 

---------
recall teniination R 
print and epaoe subroutine 

space and return subroutine 

SET STATUS 

FLAGS TRIG OISP 

ON OFF USER9 CHOICE 

0 • DEG FIX 

1 • GRAD SCI 
ENG 2 • RAD 

3 n.:-

NORMALIZED LP TO BP, TYPES 1, 2, 6, & 7 197 

h The "print" mode of output can be llP-67 suggested program c anges. 
- " I 11 d b h · like statements at line numbers changed to the R S mo e y c anging 

147
, 152, and 178. The program execution will halt at each data output 

· t and await restart by the user via the "R/S" key• 
pain 

11 

~-===-~~~-------.......-....... -----------~--------------------------------
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PROGRAM 2-6 NORMALIZED LOWPASS TO BANDPASS FILTER TRANSFORMATIONS, 
TYPES 8, 9, 10, AND 11. 

Program Description and Equations Used 

This program conve"tts normalized lowpass filter element values to a 

set of four bandpass filter topologies [16], [56]. These four topolo­

gies are shown in Fig. 2-6.1 in normalized form (1 ohm, 1 radian/sec 

center frequency). The parameter A. . is defined by Eq. (2-5 .1). Types 
l.J 

8 and 9 are narrowband transformations of types 2 and 1, while types 

10 and 11 are exact transformations of types 2 and 1 obtained by apply­

ing Norton transformations to the shunt elements of type 2 to form type 

10, or to the series elements of type 1 to form type 11. This transform­

ation process is detailed in the equation derivation section following 

Example 2-6. 2. The typ.es 8 and 9 narrowband transformations will only 

provide accurate results when the loaded Q (ratio of center frequency 

to bandwidth) is greater than 5 or so. This restriction is not present 

with types 10 or 11. Because the type 8 or 9 coupling element causes 

extra zeros of transmission at either de or infinite frequency, the fre­

quency response will be skewed away from the extra transmission zero 

frequencies as implied by Fig. 2-5.3. Figure 2-5.2 should be consulted 

for picking the filter type best suited to the center frequency, loaded 

Q, and impedance level of the intended application. 

199 
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---<>------4-----__ _J_ __________ --+-------o.-..J 
TYPE 8 

1' 

t•q"{A"·"-<• 
A,..., , ... 1) 

L ..._.. 

TYPE9 

TYPE10 

1 {(9,, ·Au) 

1;-1-q.,A,2. --..... 
L L 

Fi-glurie 2-6 .1 Normalized b 
types 8, 9, 10, and 11. andpass filter topologies for 

1 

1' 
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Table 2-6.1 Types 10 and 11 normalized element values. 

Type 10 Type 11 normalized element value element element 

ck Lk (Q . Ni+2- l r g. - Q • gi+l l. 

N - 1 

Lk ck Q . i 
gi - Q . 

gi-1 

Lk k+1 ck k+l 
Ni 

' ' Q • g. 
l.-1 

ck+1 Lk+l 
1 

Q·gn 

1K+1 ck+1 Q·gn 

Q . gi-1 
Ck+l, k+l Lk+l,k+2 N, 

1 • 

k 1, 3, 5, ... , n (n must be odd) 

i = n - k + 1 

The reverse ordering of the normalized lowpass coefficients from 

the element subscripts occurs because the dual form of the normalized 

lowpass filter is used. The dual is required to place th~ 1 ohm 

resistor next to the first shunt capacitor which is required for types 

8 and 9 when transforming even ordered filters. Since the same register 

setup and recall routine is used for types 10 and 11, the dual form is 

carried over for convenience (it is not required). 
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Types 10 and 11 can be redrawn to show the ladder structure as T's 

or pi's of inductors and capacitors as shown in Fig. 2-6.2. 

CtrC3 c1c5 L5 

R = 1 I Rr 
~3 L34 C45 

TYPE 10 

C,2 ~5 

R =RT 
L1 c, c2 L2 L3 C3 C4 L4 L5 C5 

TYPE 11 

FIGURE 2-6.2 Types 10 and 11 showing T's and pi's of L's and C's. 

These pi's and T's of inductors can be replaced with an active realiza­

tion that contains only op-amps, resistors, and capacitors by using 2 

back-to-back generalized impedance converter (GIC) circuits as detailed 

in Orchard and Sheahan's paper [42], and shown in Figs. 2-6.3 & 4. 

GIC 

2 

Figure 2-6. 3 Antoniou GIC circuit [ 3 ] . 
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If z1 , z2 , z
3

, and Z5 are resistors and Z4 is a capacitor, then, 

z. = 
in 

sL (2-6.1) 

Furthermore, if R2 = R3 (a Q enhancement condition), then, 

L (2-6. 2) 

Two GIC circuits with the component selection outlined above can 

be combined to produce a circuit that simulates a T or pi of induct­

ances. These circuits are shown in Fig. 2-6.4. 

Aside from the elimination of inductors, this particular mechani­

zation is very easy to tune. Changing resistor R1 in the GIC alters 

the apparent inductance seen at the terminals. The capacitor, C4, 

needs to be stable (e.g., polystyrene or mica) but can have a large 

initial tolerance which is accommodated during the tuning procedure. 

1•0-..._ ___ ._o 2' 

Lk Lk+l 
2 

Lk,k+l ==> 
,. 2' 

Figure 2-6. 4 Pi or T 

GIC a.:2~--u"---~2 G IC 

R· I 

2 

1•0.. _ ___ __ .._ ___ .,_ _ ___ _ -0 2' 

, 2 
Rk Rk+1 

GIC 
2 

GIC 2 

Rk,k+l 

1' 2' 

inductance simulation circuits using GIC's. 

The diagrams and discussion thus far have used the filters in 

normalized form, i.e., 1 ohm termination resistor, and 1 radian/ 

second center frequency. The prototype filter is denormalized by 
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multiplying each normalized inductor by 2nf /R, and dividing each nor­
o 

malized capacitor by 2~f R, where f and R are the desired center fre-e o 
quency and termination resistance level respectively. The program ac-

complishes this denormalization by calling either subroutine 7 or 8. 

For types 8 and 10, subroutine 7 denormalizes capacitors and subroutine 

8 denormalizes inductors, and the reverse is true for types 9 and 11. 

Tuning procedure for types 7, 9, and 11*. After the component values 

have been calculated, the inductors designed,** fabricated and adjusted 

to value, and the capacitors selected and padded to the proper value, 

the filter may be assembled and tuned so it will exhibit the desired 

response. 

Tuning is accomplished by adjusting each of the parallel tank ele­

ments. For low frequency filters, the inductor is usually chosen as 

the adjustable element. At higher frequencies the capacitor is usually 

chosen as the adjustable element. The resonance of the tank circuit must 

include the effects of the coupling elements. By temporarily shorting 

out adjacent tank circuits, the coupling element influence will be in­

cluded. This tuning procedure is described next. 

1) Temporarily place a short at location "B" and adjust C 1 (or L1) 

to resonate the tank circuit at the center frequency of the filter, f • 
0 

The connection (short) must be low inductance with respect to the other 

inductances in the circuit. 

2) Remove the short at "B," and temporarily place shorts at locations 

"A" and "C." Adjust C2 ( L2) for tank circuit resonance at the filter 

center frequency. 

3) Continue shorting out adjacent tanks with low inductance shorts at 

locations "B" & "D," "C" & "E," and "D," and adjusting each resulting 

tank circuit for resonance at the filter center frequency, £ . 
0 

steps will complete the tuning of the filter. 

These 

** For zwre information on inductor design, see the ferromagnetic core 
and air core inductor design programs contained in another section of 
this book. Also see the Ferroxcube Inc. publication "Linear Ferrite 
Materials and Components" for information on ferrite pot core induct­
or design. 

* See progra.m 2-5 for the type 6, 8, and 10 tuning procedure. 
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Figure 2-6.5 Circuit shorts for Types ?, 9, and 11 tuning. 
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~ample 2-6.l TyPe 10 Filter Desigt!_ 
A Chebyshev response bandpass filter is required to pass a 20 Hz 

band of information geometrically centered about 1000 Hz with 0.5 dB 

ripple or less, and to operate in a 1000 ohm system. The filter stop­

bandwidth is 60 Hz, and the filter should reject frequencies lying out-

side this band by at least 60 dB. 
Referring to Fig. 2-5.2 under the headings f = 1 kHz, Q.L = 1000/20 

= 50, and R = 500, type 8 is practical, and type 10 is readily realiza­

ble. Since active inductor simulation is anticipated, type 10 will be 

selected. 
Program 2-1 is used to calculate the filter order necessary to meet 

the requirements, and Program 2-3 is used to calculate and store the 

normalized lowpass coefficients for use by this program. The HP-97 

printout for all these programs is shown below. 

, .. 

Load Program 2-1 and calculate required filter order 

-.:.;. ·; ..... ·* 

< .•• 

select Chebyshev response 
load APdB 
load AsdB 
load A and calculate minimum filter order 
n, the minimum filter order (output) 

load integral filter order and calculate A 
A to meet ApdB and AsdB given n = 5 

load A required and calculate actual AsdB 
AsdB for n = 5 and A = 3 

Load Program 2-3 and calculate Chebyshev LP normalized coefficients 

1 . 
, , . 
1 . 
2s 
i . 
i , . 

...... ,,...,,..._ 
l. i,.:i::·titi 

.5 GSBC 

00000+60 ;+:J:+: 

70577+£i6 :+;:+:.+: 

22963+tif1 :+::+::+. 

54063+00 ;+::;::+: 

22963+60 :t::+::+: 

?0577+6(i *** 

load required filter order· 
load desired termination resistance ratio 
load Chebyshev passband ripple and start 
normalized -3dB frequency (output) 

RT 
(normalized port 1 termination resistance) 

g1 
g2 
g3 
g4 
g5 

1. 00006+(10 ~.:+::+: R (normalized port 2 termination resistance) 

I 
~~~---iiiiiiiiiill----------·---------------------------------------
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Example 2-6.1 (continued) 

Load program 2-6 and calculate type 10 filter elements 

1066. GSBfi load center frequency 
20. ;sBB load bandwidth 

i-006. GSBC load termination resistor 
16. GSBE select filter type .and start 

1.86688-09 *** Cl 
13. 38?S+fif1 *»:* 11 

188. ?52-€13 it;;;::+: 112 

1.86608-89 *** C2 
i3.5?41+00 *** 12 

iJ4. 19S-6S it.·.-+:»: C23 

1.26442-69 *** C3 
20.033i+@O :+: .-+::+: L3 

188. 75~-63 '*** L34 

i. 86608-[;9 *** C4 
H. 5741 +[II] 1#:** 14 

134. 199-~9 .+:*.-+: C45 

1. 89263-05 ~1/i ."f: C5 
13. 5?41 +t1fi it:** Ls 

1 . fif!0&6+0Z. ui;· ~ 

c,~, L3 

L,2 ·Ci3 

c~• 

L:u C45 

Figure 2-6.6 Type 10 bandpass filter schematic. 

RT 
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E~ample 2-6.2 Singly terminated type 10 filter design - Because the type 10 filter is an exact bandpass transformation of 

the lowpass prototype (as is the type 11), the terminating resistances 

need not be equal. This example will show the synthesis of a singly 

terminated type 10 filter, i.e.,~ is allowed to approach infinite re­

:sistance. The equally terminated filter case is the least sensitive to 

component value changes. When the filter is singly terminated, the oper­

ating Q's of the tank circuits become higher as the open (or shorted) 

end of the filter is approached. This means that the changes in tank 

' Q's will have a greater effect on the overall operating Q of the tank in 

the filter, and hence, the filter response. The HP-97 printout for the 

singly terminated type 10 filter follows. Refer to Fig. 2-6. 6 for the 

filter schematic. 

Load Program 2-3 

5. GSf:,:i 
1.+65 G.SBf; 

1. 05926+6[1 H .+: 

1.53B66+66 it::+::+: 

1. 642?2+06 :+::-t:it: 
1. 814U{T(i6 Jt;Jt::+: 

1, 429i ;'T(;t\ *** 
852. 839-!33 :+;;::+: 

load n 
load RT ratio 
load Chebyshev ripple 
w_3dB (output) 

Rr 
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Load Program 2-6 

i [1[16. GSBf:i 
;:·ti. G'3BB 

1 BOG. GSH. 
i 6. G.SBE 

load f 
load b~dwidth 
load termination R 
select type & start 

l.00000+6~ *** R 

3. 7.3236-t.19 
6. 66484+0(1 

i24.B64-63 

.5.73236-e~ 
6.786681-f/(i 

.+: .-+::+: 

:+:Jf:+: 

.+::+: .1;: 

:~: .+::;· 

204.171-69 .;: ;+: .-+: 

1. 76961-09 .+:.'f .. "f" 

14. 3222+86 .:+::+ ...... 

1:i.5. 645-63 .-.:.'f .. v:: 

3. ?3236-69 :+:.+::+: 

6. ?8668+66 l::f .f." 

2. fiBBl4-i39 )1-. ~::;; 

12. 2443+66 :n:.~ 

10. 0066-63 ...... :+: (short circuit) 

Derivation of types 10 and 11 transformations 

N: 1 
·(N-l)Z ~(N-1) 

2 1 

z ~ NZ 

1' z' i' 

Figure 2-6.7 Norton's second transformation. 
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Figure 2-6.7 shows one form of Norton's second transformation [39]. 

This transformation changes a single shunt impedance into a T of imped­

ances, one of which is negative, plus an ideal transformer with turns 

ratio N. Figure 2-6.8 shows how a parallel resonant tank ~ircuit can be 

changed into a section of a type 10 bandpass filter structure. 

L 

N(N-l)L 

- 1 
(N-l)L 

1 C= -

-(N-l)L N(N-l)L 

T~ 
L NL 

'2 ' 

Figure 2-6.8 Norton's second transformation 
applied to a parallel LC tank circuit. 

2' 

In Fig. 2-6.8, Norton's transformation has been applied back-to­

back, i.e., the 2-2' terminals of the Norton transformation of the 

inductor have been connected to the 2-2' terminals of the Norton trans­

formation of the capacitor. The same transformer ratio, N, is used for 

both transformations, therefore, the two ideal transformers are back­

to-back providing an overall transformer ratio of unity and can be 

eliminated. 

_J_ Qgl 1 

_ 1_ 
Qgl _1 _ 

Qg2 Qg2 RT 

2' 1 

Figure 2-6.9 Type 2 normalized bandpass filter obtained 
from lowpass prototype (note port ordering). 
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Figure 2-6.9 shows a type 2 normalized bandpass filter obtained 

from the transformation of a lowpass prototype. The dual lowpass form 

is used (see Fig. 2-3.1 lower) and is scaled to a cutoff frequency of 

l/Q (Q is the ratio of the filter center frequency to bandwidth); each 

frequency scaled series lowpass inductor is series resonated with a 

capacitor at w = 1, and each shl,lilt scaled lowpass capacitor is parallel 

resonated with an inductor at w ·= 1. Next, the circuit of Fig. 2-6.8 

is stibstituted for the parallel resonant tank, and the negative ele­

ments in the series arms combined with the positive series elements of 

~ig. 2-6.9. The resu.lts of this process yield the topology shown in 

Fig. 2-6.10. Higher ordered (odd order) filters are obtained by repeat ed 

application of this procedure. 

i' 

Figure 2-6.10 Type 10 normalized bandpass filter resulting 
from transformation. 

The type 11 bandpass filter is shown in Fig. 2-6.1 and is the dual 

of the type 10 structure. Type 11 can be derived in a manner similar to 

the type 10 procedure by applying Norton's first transformation to a 

type 1 normalized bandpass filter. Norton's first transfonnation is 

shown in Fig. 2-8.1. Since type 11 is the dual of type 10 it can be mo re 

directly derived from the type 10 structure itself as shown by E'ig. 

2-6.1 and Table 2-6.1. 

lhe value for Ni given in Table 2-6.1 is derived by making the 

transformed tank capacitor (inductor) value the same as the first lad­

der tank capacitor (inductor) for type 10 {11), i.e., 

1 Q· gi-1 
= 

Ni· (Ni-1) 
(2-6. 3) 

• 
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Solving for Ni yields: 

Ni= ~( 1 + y1 + 4q 2. gi-l • gn ) (2-6. 4) 
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014 
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+ 
}:." 
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RTN 

.+LBLB LOAD FILTER BANDWIDTH 
Fi 

ENH 
+ 

RCUi 
X:T' 

STD1 
RTN 

form and store: 

Q 271: .fo -~ R 
L = 21t BW ~ i 

E!iB 
019 
02@ 

:+:LBLC LOAD TEP.MINATION RESISTANCE 
ST02 
RiN 

821 :+:LBLE LOAD FILTER T'YPE AND START 
022 
823 
f12>t 
B25 
@26 

2 
----- -

028 
!PCi 

63G 

calculate starting label 
STOI index 

INT 
4 

X<O? 
GTD« 

021 
032 
033 

SFB 
FRC 

X=f.·? set flag 0 if order is odd 

834 Cffi 
f35 GTO i JZ:oto 11tartin2 label -- -
B36 *LBL8 _j;YM._ 8 and 2-J:outine__ _ 
.... 0-=-3~7---"t:-=-S=B-::....9 _inijJ,_alll_e ~i sters_ _ 
038 RCL i 
839 STOE ~ec~l;i~~d storelgl for 
840 STOB ua er topo ogy 

----------
041 f:CLi 
042 x 
843 STOC 

calculate and store colll!llon 
element value reciprocal 

..,,...-------=-- - -- -- -- --844 CLX -
045 ST09 initialize A01 = o 

-:44~.~.. :tLBL2 ~es_§_& 2 loop statl_ _ 
"' F1? print type 9 tank 
-=B--=-4-=-·8_-=0.;=-=,~=~.--'""5I ~apacitor~ ___ _ 
B49 ,,_ 
050 EEX increment indices 
051 ST+? 
~----'--'---- - - - - - --::e __ s~""? _ __ R_C_L __ i ~call gU-L-
053 RCLE 
854 Xt'r' recall gi 

- -
-

and store gi+1. 
055 STOE 

REGISTERS 

056 
857 
658 
r;ir.-. <.•,)_., 

860 
86~ 

064 
865 
866 
067 
068 
669 
870 
07i 

.__ 072 

rx 
1 ··)~ 

RCL9 
.~i't'r' 

ST09 

RCL9 
RC:LB 

.li 

GSB7 
SPC 

RCL7 

calculate Ai, i+l 

--
interchange A. 1 i & Ai . 

l.- ' 'l+f 

calculate lll'ld output 
coupling element 

RCL6 test for loop exit 

GT02 
--OU.tput type 9 tank-- - -

~0~7~4-~b~~f~;B~.5~ _ _,capacitor 
875 RCL.9 output rest of last- - -

F < ,-, 
1 ;" 

&76 
877 

GSBB _j:.~circuit_ _ _ _ 
RCL2 

078 
679 

GSB6 recall and print terminating 
GTOb resistance value 

881 
082 

llBU~ _mes~ ~tput routine_ 
RCLS 

883 ~·CLC 
f.84 + 

output type 8 tank 
capacitor, or type 9 
tank inductor 

OBS GSB8 
~~-=-=~- - - - -
886 F09 
887 bSBS 

GTOk:, 

output type 8 tank 
inductor 

---

889 .f:LBL1 types 10 & ll routine start 
898 GSB9 ini tializeregiaters -- -

~..,.0.,.9~1-...,.tL,....B"'[~3..- tYPes 10 & ll loop start-= 
092 RCL9 Q. g~ ·~ 
093 RCL i 
094 RCL1 
895 
096 
@97 
898 
899 
1130 
101 
1@2 

;.:: 

ST09 

RCLE 
EEX 

L,/-t'.' 

···~' 

L:n,n-2.,. .. ,1 

103 - . ~ 
..,1,_,,@,..,,4,--_S~T=D=3 Q·gL - Q.-'3.i.H 
HIS FJ? -if first tim--;-throughloop; 

....,1,..,.0 ... G _ _ s'""T=o ....... c _fil;,o r~ u«L.0£. flla.t .L.....o.r CL 
10? Fl ? output type 11 tank 

..,1..,.@,,,8 __ G_S_B~7 ~apaci to_!_ _ _ 
109 2 - - -
118 ST+? increment index, k 

2nf'o 
2 3 4~ R 5 R i 

SCl"atcn u.>oR 1 ~ Wo' WaR R 6 
k 

8 
scratch 

9 
scratch n 

$ 1 S2 SJ 54 S5 S6 57 sa S9 
9e 9, 

D 
g12. 1nde'X 

111 
112 
113 

RCL6 
RCL? 
!:)'r'? 

2-6 

test for loop exit 

_1 _14-----:G....,.T_087~ __ __ __ -- -- - -
115 RCL9 calculate and store 
116 DSZI transform.er ratio for 
1i7 RCL i Norton tranaformations 
118 RCL1 
119 
120 
121 
122 
123 
124 
... -.C' 
J.C,.,_I 

126 
127 
128 

x 
ST09 

4 
.li 

RCLC 
x 

EEX 
+ 
.fir' ,, 

EEX 
129 + 
130 2 
131 
132 SIOE -- -- -- ---- -
133 
134 
135 
136 
13? 
138 

EEX 

RCL9 

calculate and print tank 
inductor for type 10 or 
tank capacitor for type 11 

GSB8_ - -- -
139 
148 
141 

RCL3 
FB? 

print type 11 tank inductor 

GSB7 --- - - ---
142 
143 
144 
145 
146 
147 

SPC 
RCLE 
RCL9 

ST08 
GSB8 

calculate and print 
ooupling element, L for 
type 10 or C for type 11 

- - -
i48 SPC 
149 RCLC print. type 10 

158 Fl? tank_:apacitor __ _ 

151 t:SB7 /print type 10 tank 
~-=-----=c=--=-i ~2 RCLC inductor, or print type 11 
"'"1..1"'"C'""'"'.\ __ G __ ·s_B-=-8 tank oapaci tor 
154 RCLC'- _ __ _ --
155 FO'? print type 11 
156 GSB? tank inductor 
"'"L:.c"i;"'-, _ _;cSP~C~- _ _ _ _ _ _ 
158 f.'CLB cale\llate and print 
159 GSB? coupling element, C for 
160 SPC -9'PL10 or L_fQr __t.yplL.ll _ 
161 DSZI decrement index and 

..... 162 GT03 return to loop start. 
163 :+:LBUl last tank output' 
164 RCL9 0 for type 10, or 
165 GSBB L for type 11 

LABELS 

A load to 8 
load BW C D 

load R E load type 

166 
16? 
168 

RCL3 output type 10 
F&? tank inductor 

GSB? -- -- -
SPC 169 

178 
171 
172 
1 ?3' 
1?4 

calculate and print 
RCL 2 termination resistance 
RCLD 
F1? 
1/X 

175 GSB6 
176 no1::. 
1 h :t:LBLS common~ellt__out.put 11uhr -
.-1-'--?~B~~R=C=L ...... C recall comm.on element 
179 :t:LBL7 i,.LQ_( odd/everuutpirl. s.ub1- _ -----
180 1.·'X 
181 RCL5 
182 x 
183 F'RT.'>:' 
J 84 RTN 
_1 ~_.5_t_.LB_;L_8 ..Qf_L -Uuld..Lu:en.l-Dut.pm. .auhr -
186 
18? 
188 

RCL4 

PRTX 
189 RTN 
190 tLBL9 initialization subroutine_ 
-1 -=-9-c-1 ----=s=p-=-c 
1 q;:· SFl 
193 FfjQ 
194 CFl 
195 
196 
197 
19~ 

199 
2[18 
281 
202 
203 

SF3 
RCLB 

1....-x 
ST04 
STOS 
RCL2 
F1? 
1 /,!<,' 

ST-=:4 

flag 1 flag 0 
--

setup denorm.alization 
constants for L's and C's 
(register order changed 
depending upon filter type 
being odd or even) 

.-2;....0_4 __ :::_-;r=. ·"="5.,.._ __ _ _ _ _ _ _ __ _ 

2!.'i5 EEX 
286 STD? 
287 STa9 initialize registers 

208 SIOE 
""2'"'i.t'"''-'-'R"' .. C""L...,ti··- -- -- --
218 
211 
212 
213 
214 
2i5 
216 
21? 
218 

9 
+ 

STOI 

initialize normalized LP 
coef recall index register 

---
RCL2- recall termination R 

*LB[6 print and space subroutine 
PRTX 

it:LBLb space and retum subroutine 
SPC 
RTN 

FLAGS SET STATUS 

Otype 9o..- f1 FLAGS TRIG DISP 
ON OFF • • 

• 

DEG 
GRAD 
RAD 

FIX 
SCI 
ENG • 
n__f5__ 
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HP- 67 suggested program changes . To change from the "print" to "R/S" 

mode for program output, make the respective change at the following 

line numbers: 183 , 188, and 217. The program will now stop at out­

put points and await restart via the "R/S" command from the keyboard. PROGRAM 2-7 WYE-DEL TA TRANSFORMATIONS FOR R, L, OR C. 

Program Description and Equations Used 

This program performs the Y- 6 transformation for groups of three re­

sistors, capacitors, or inductors. These transformations find use when­

ever awkward or physically impractical element values result from electri­

cal network design. The resistive transformation is often used with op­

erational amplifier summing network design to keep the resistor values 

low. The inductive and capacitive transformations can be of assistance 

in filter design . 

The Y- 6 transformations for one- of-a-kind elements are summarized 

below : 

"Y" topology "6" topology 

Figure 2- 7 .1 ''Y" and "6" topology definitions. 

For capacitors as network elements: 

Y~ti 1i~Y 

C1 c · c /re a m c a ECC/C2 

C2 = Cb· Cm/ EC Cb = ECC/C1 

~ = Ca· ~/EC c = I:CC/~ m 
EC = c + ~+ c Ecc = c1c2 + c2ck + c1ck a m 

217 
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For inductors or resistors as network elements (read L's as R's): 

Y-+/'i /'i-+Y 

L1 = [LL/Lb L L1 • Lk/[L a 
L2 = [LL/L \ = L2 .~/[L a 

~ = [LL/L L = L1·L2/a m m 
[LL = LaLb + L L + LbLm [L = L1 + L2 + Lk a m 

STEP 

2-7 

Y-6 a ... y TRANSFORMATION FOR L OR 

INSTRUCTIONS 
INPUT 

DATA/UNITS 

~-g ___ --~~Jjt_l)J!__~lement t_YJl~_t__________ __ ------------ ----------

if cB:Paci tors --- ---------- --- --- ------·-··-· 
~---· -----ir--i~ductors, or_ res~_:i~~!_!I_ __________ - -- ----- -~----------------------

4 Select transfo rm~_!:-.t<m_~l'P-~.L-------------- ···------·· 
-----=~=~};~transformation ····-----·--- -------

~- ------------------------------------- - ------
----- ------·--------- -----------·--------------- --------
- -------·-···--------------------------- -·--·····-·· 

___ ___.. ···----- - ---------·--------------------------------~ ---------..-
'--- ----------------..---------~-----~~------- ~----·-----

--- ---------~--...----..--------·------~- --- ------·-- ----------

t.+Y transformation ·-------------- '--··------.,._ ___ ,_______ ___________ ., __ _,,, __ ________ _ 

----- L.- ·--------~------~------·-----------------·-··-~---- -----~-·-

---- Lo.-·---~------------------------------

.____ .. ___ L -·------------...--~--------~~-------·-------·~-~-~ 

--· 
~-- -------·-----------·----~--------·----,.. .. ~------

1--·- +---------------.. ---·----------- ------m----... .. ~-------
-----L.---------.. --------------------------..-----.. - --- -- ----
-- '---.. ---------------------------------.---·--- ----~--

-----·-.... --.. ~------·---·--·------------·---~----·- ,___ _____ _ 
-----~-----·--~------~------------- -~------

-------· -----------·----------------·~------~------- -----------_____ _._ __________ ... _________ ------~-----~ ---------

---- ------------------------···--------·-·-- ---------

KEYS 

c~ JCD 
o:J o-=i 

f 

OUTPUT 
DATA/UNITS 

~------

~~~~!'._-~ 
~~~ment m 
eleme~!-_ _ _!' __ _ 

~!.~J_p __ _ 

~!.~E!.!1.'LL 
~ lemen_i_~--

e l~«:-~~_?-
~~-~t3_ __ __ _ 

element 1 ·--------
~-!.~1!1-~i;t.i..k_ 
~.!.~~~.i_?_ 
u _,k_,_g__ 

elel!l~E_!._~- --

1'!'.!_~~fil-~. 
~_!_c:_~er:~_l?__ 

.Li:.,~iE __ _ 

~ 1 t __ 1:._t!_ 

,!!lt_.k..~. 

~.!_!-__3~-
~ elts. 1----------
~-----
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Example 2-7.1 

Convert the Y network of Fig. 2-7.2 into an equivalent ~network. 

Compute the total capacitance both before and after the transformation. 

o--c_i}"..._ ______ c_zr-.._ __ o 

Figure 2-7.2 Capacitor networks for Example 2-7.1. 

HP-97 printout 

;;:f.; 
GSEL 

::.. • 06t"'i-[1€ :+ ·~ ,.. 
3. JOJ-[i f .'+,,'f .f 

1.S33-f€ 

t: ·~ , . 

)f:.·+ :+ 
·+ l :+ 
.+;,+. -~: 

~: } load capacitor values 
Cb 
select capacitors 
perform y+~ transformation 

~ } before transformation 
l:C's 

C1 } 
~~ after transfonnation 
EC' s 

As a result of the transformation, the total capacity has been reduced 
by 69.4%. 

Example 2-7. 2 

A top coupled parallel resonant bandpass filter of the type 7 topo­

logy has been designed with the element values shown in Fig. 2-7.3. 

nie 1 picofarad coupling capacitor is a problem since it is the same 

relative value as the parasitic (stray) capacities of the printed cir­

cuit board. By converting from a ~ capacitor configuration to a Y 

configuration, the minimum filter capacity is 202 pF as seen in Fig. 

2-7.4, and the parasitic capacities of the printed circuit board are 
easily managed. 

WYE- DELTA TRANSFORMATION FOR L, R, OR C 221 

c, 200pf c2 200pF 

Figure 2-7.3 Type 7 filter design. 

HP-97 printout for ~ +Y transformation: 

.: !:16 . - - G~· E-' c 1 [. 

::5c c 
2 } load capacitor values 

.:.· ·:·=·E ck 
::.G.,. select capacitors 
Sf:E start ~+y transformation 

206. e-1 ~ :+·:+:•: C1 

} @;)6-12 .f :+: ,_ ~ summary before l 

2t10. •Zi-12 :+:.f:+. C2 transformation 
401 0-12 :+..+.~· total capacity 

2fr2. 0- 1::.. :+· ~-·.+ c 

} 40c 46-65 .f . ... .. ca summary after 
2f12. 6-l - :f .• -~· cm transformation .::. 

b ,,,-;, 86-09 ........ total capacity "!" t:f c 

Figure 2-7.4 Network after ~+Y transformation. 

c, 2~202pf 
Cm 40.4nF 



2-7 l,ro~ram I"'isf in~ 
temporarily store 

881 o+:LBUl LOAD element 1 or a 048 STOE _element m_C?.!' ijn.....!!_o ratclm.ag 
002 STOH 849 RCLB calculate element b or 2 OB3 RTN 050 RCLC 
084 :+:LBLB I.CAD element k or m 051 }( 

065 STOB 052 RCLD 
08t~ RTN 3r7 ,)..; 

007 tLBL r.: I.CAD element 2 or b 054 STOC 
868 STOC - - - - - - - - -055 RCLE store element m or k 069 F.:TN 056 STOB 
@10 :t.LBLe PRINT ELEMENTS 05i' HOe -;.,,.~+--= 1 =--,t. YA,,::., - - -
011 SPC 858 tLBLE START A •Y TRANSFORMATION 
012 RCLA 059 GS Be print elements 
013 F'RTX 060 F8'1 - - - - - - - - - -
014 RCLB 861 GT01 

jump if L or R 
015 PRTX 062 tLBLB Y•6f'orLorR, t::.•Y fore -
Oi6 863 RCLA ---------+ 

form and [il? RCL C 864 ~'CLB 
store rxx where 

818 PRTX 065 x x is L, R, or 0 
Oi9 + 066 RCLB 

. 620 PRTX @67 RCLC 
L121 SF'C 068 x 
022 inN 869 + 
023 :+:LBLO START y ... c. TRANSFOJMATION 0?0 RCLA 
024 GSBe _prin~ elements 

~ - - 071 RCLC - - - -625 f8•? jump if' Lor R 072 x 
fJ26 GTOB 073 "t 

027 :+:LBL1 -ll_;y I'or L-or R, y;;;j:, ""for c - --- - ----- 074 STUD -- - - - - - - -028 RCLR form and store ~X where 075 RCLC calculate element 2 or c 
029 RCLB x is L, R, or 0 0?6 and store in soratchpad 
8JB + 077 STOE 
0J1 RCLC 878 RCLD --- - - - --calculate element k or m 
032 + 0?9 RCLB 
033 STOD BBO - - - -- - - - - - -BJ4 RCLA calculate element a or l 081 STOB - - - - - - ---635 li'CLB and store in scratchpad 082 F..'CLD calculate element 1 or a 
BJ6 ·:·:· 083 /?CL~ 
037 RCLO fJ84 
L138 085 STOC - -- - - - - -039 STOE - -- 086 RCLE store element 2 or c - - - - - - - -848 /i:CU1 calculate element m or k 08? STOA 
041 RCLC 088 GTOe --Print element values - -
042 x 089 .tLf:L,,. SET CAPACITORS AS ELEMENTS 
[143 RCLD 890 cm 
044 

- - fJ.91 RTN -
store element 1 1345 RCLE a or (IQ::· .•:LBLh SET INDUCTORS OR RESISTORS 

846 STOA 09J SF0 AS ELEMENTS 
047 R.J. 094 RTN 

REGISTERS 
0 I 2 3 4 5 6 7 8 9 

so SI S2 $3 54 SS S6 57 SS S9 

A 
a f

0 
element k or m le element 

D ~x or r.XX clE soratohpad II element 1 or 2 or b x is L. R. or 
LABELS FLAGS SET STATUS 

A .ioae1 B "Ioae1 c load D Y+o. E A•Y 0 
L or R FLAGS TRIG DISP 1 n"r A t.. ~- - ~ -- \,. 

a beet c d 8 1~rl.nl; I ON OFF USER S V11Vl.Vl!i 
set 0 LA R e ements 0 • DEG FIX 

od~s~r R ~ .. Ift.or R 2 3 4 2 1 GRAD SCI 
2 RAD ENG 

5 6 7 8 9 3 
3 "--

PROGRAM 2-8 NORTON TRANSFORMATIONS. 

Program Description and Equations Use~ 

Two network equivalence transformations developed by Edward L.Norton 

are shown below. They can be extremely useful for modifying network ele­

ment values or topology. 

i ' t.' o------o 

z 

f ' 

N: 1 

1 

f' 

2 

NZ ---
N-1 

FORM 1 

f 

( > 

FORM 2 

NZ 

-z 
N-1 

-N 2 Z 
N-1 

z 
T 

N: 1 

-Z 
N(N-1) 

Figure 2-8.1 Two forms of Norton's first transformation. 

z 
1' 

1 

z ,, 

-(N·l)Z 
f 

( ) NZ 

2' f' 

N: 1 

2' 

FORM 1 

( > 

FORM 2 

N-1 --z 
N 

N:1 
N(N-l)Z ~-

1---+---1-filz 
N2 

z 
N 

Figure 2-8.2 Two forms of Norton's second transformation. 
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2 

z' 

2 

2' 

z..' 
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Figure 2-8.1 shows two forms of Norton's first transformation, 

and Fig. 2-8.2 shows two forms of Norton's second transformation. 

The transformed network always contains a negative element, which is 

combined with a positive element not involved in the transformation. 

N must be chosen so this combination results in a zero or positive ele­

ment value if the element is to be realized passively (there are active 

circuits which can simulate negative elements). When N is chosen so 

the negative and positive elements annihilate one-another, the overall 
• 

network topology changes. This technique can be used to reverse an 

"L" network as shown in Fig. 2-8.3 

Zs NZ5 N :1 
1' 

2 

Zp {::::) NZp 

2' 
2' 

N= 
Zp < 1 

Zs+ Zp 

Figure 2-8. 3 Norton transformation applied to an "L" network. 

Chapter 10 of Zverev (58] has many example of the application of 

Norton's transformations. Some insight into the power of Norton's 

transformations is related in the article "Reminiscences" by W.R. 

Bennett in CAS-24 no. 12 (Dec. 1977). Dr. Bennett recollects that Ed 

Norton could efficiently furnish a network to give a prescribed loss 

characteristic with the minimum number of elements by using only a very 

ordinary sliderule, his intuition, and his transformations. 

This HP-67/97 program will transform either capacitors or inductors 

and resistors. Because the impedance of a capacitor is inversely pro­

portional to the capacitance, multiplying an impedance by N has the 

effect of dividing the capacitance by N. Figure 2-8.4 shows form 1 of 

Norton's first transformation when the element being transformed is a 
capacitor. 

+ 

•' z' 
0 ... -----0 

rl .,___ 
c 

f' 

Figure 2-8.4 

NORTON TRANSFORMATIONS 225 

o/N N: 1 

0 

I N-1 

f 

< ~ (1-N)C -c N2 N 
t' 2' 

FORM 1 

N: 1 

II 0 

I 1 NC 

< > 
11-N)C 

f' 
0 

._ ___ 1---~ 

FORM 2 

Norton 's fi"rst transformation for capacitors. 

The same reciprocal relations hold for Norton's second transforma-· 

tion as applied to capacitor networks. 



User Ins•ru~•ic,ns 
NORTON TRANSP'OBMATIONS 

~ load o~ load load calculate calou.late 

0 Lor R N 
lat xf'm 2nd. xf'm 

I forms forms 

STEP INSTRUCTIONS INPUT 
DATA/UNITS KEYS 

1 Load program card 
~·----- ~--------------- -- -----------·------··-·----------~------ .. ----- ~-~---...-----

t------- ·----------~------~------~-------------- - ----------·-------· ---------
OR 

,_ _] __ __ Lo~-J.~~~ transformer ratio deaired I ~ 
----------·----- ----·------ -------------- ----------· LJL__J 

4 To calcu.late 'oth forms of Norton's i----- ---·------------------------------------------------·--------------------------.. ·------------- --------------------
- ·- · -~!~~~--~~!'_:!1SfO rma.Uon ----------------------------------------------------------------------- ----------------

..,.....___~ -·---------------~-------.--·---- - -----------------

--- ·-------~----·~-------~~--------------------------- ----···---------
------ ...-.-- ·---·-·---··---- -----""·---·· -~-----· ___________ __,..,_, _________ -------·--··------

...,_______ ___ . __________ ___._ _____ ~--·--- --··-----------------~-----

--···---------

,.. .!L ---±'~--~~1~~1~.1-~--~~gi._J'orms of Norton 1 s . - ------ - ------------- -------------------------~- ....._.___. ______ .,._. __ _ 
,___ _____ i- --~~~~~~--1--~-~-sfo rma tion -- --------------------- --·---------------~ L....-:....---------
----- ~·---------~--~------·--------------------- --·----~-----·--··-~ ..... _ .. _____ _ 
--·-- ------------------------..-----------·----.. - --------·--------~ - ----------·-

~- ------·------------------------·-··-------1-.--..--......------
--- -------------------- -----·----------------·-~-------- - ~__.. ... ____ ~-- ______ ,.. ,. ___ _ 
---- ~--~-------------- ----------- ... ---·-------"'----·-----·-- ----~-·-----

~--- .. ----·----·----~-- ---------~------·--·--- -----~-------

--------------·-~- ..... ~-·-.. -----·----------~ ----.------
----~------·---~----------~-------------------··- ~---------- -

I----· - - -------- ------------- - ---------------·-·-----------·-------- -------­

~--- --- ~--- .. ------··-.. ··-----------··---------~---·~- ... - -·-------------- -----------------

-~--------·--------·---------------------·-.-- i---.------·--

fo:na one 

form two 

fonia one 

form two 

(;~ 

OUTPUT 
DATA/UNITS 

1----------

--------------

{ -~~~-~---~-~~-­
' -~-~-~A-~-~- --~-~-1! 
_!~t e_!_~-

-----~P-~.C?-~----· 
xfllr ratio 

{ 
~~~!:~~~ 
series elt 
----~--- -~·-

Bbunt elt -··--------·--

' 
••riee elt 
-~-·---------

•hunt elt --------

l 
series elt ·-·--------
---~!.'!.~----
-~-r---~-!--~~ 
----~.P.'!'._C:S_~---- ·-

{ 
----~.P-~C:S.4! ______ 
series elt '----------
shu.nt elt ---------------
~-~-!'J.~-~---~J.t. 

.._. ___________ _ 

L-----------·----
'---------
,__ _____ _ 

NORTON TRANSFORMATIONS 227 

Example 2-8.1 - An impedance stepdown of 3:1 is required at the output of the band­

pass filter shown in Fig. 2-8.5. A transformer could be used to provide 

this function. Instead, use No,rton 1 s first transformation to provide 

the impedance stepdown without a transformer. 

1 
L

2 
x C2 
I 

I 
U.5h I 

I 
lh C3 

x 

Figure 2-8.5 Bandpass filter network for Ex. 2-8.1. 

1 

A hypothetical {3:1 turns ratio transformer is inserted at x-x, and all 

network elements to the right scaled down in impedance by a factor of 3 

as shown in Fig. 2-8.6. 

l2 
{3:1 3C2 

1 ideal 

c, L1 
3C3 

l3 

3 

Figure 2-8.6 Network of Fig. 2-8.5 after insertion 
of hypothetical transformer. 

.1.. 
3 

Form 2 of Norton's first transformation is applied to 12 and the 

transformer as shown in Fig. 2-8.7. The resulting negative shunt in­

ductor is combined with L1 as shown in Fig. 2-8.8. 

~~--------liiiiiiiiiii ............ __________ ~--------------------------------------
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HP-97 printout for Norton ' s first transformation 

= . ~ 
-
~ .. 

: • 18~+r..":tf, 

8t:0~0-€;2 
-~ . i34~ +(16 

j . ""? _; "'~1f1 

-683. ~;-;_::~ 

~8£ . ~ - fl-3 
'3S4 • .:.- J3 

.;~&E L 2 

-i l4 } N .;;6( 

,;350 calculate Norton ' s first transformation 

fl. ~· 

}/ .. y::, 
:;::~JI; 

:t-t-1 

, -.. 
.f,:f,f 

'i.H 

La 

th c 

transformer ratio 
) 

L 

} ~ form 2 
L c 

0.2887h lC2 

·0.683 h 0.3943h 

Norton equival ent 
inductor and transformer 

form 1 

Figure 2- 8. 7 Network of Fig. 2- 8 . 6 with form 2 of Norton ' s 
first t ransformation applied . 

.L 
3 

1 0.2887 h 

c1 

0.317 h 0.3943h 

NOR'l'ON TRANSFORMATIONS 

1 
3 

Figure 2- 8 . 8 Final network with all negative elements absorbed . 
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;][1,? 

804 

039 
f1 (: 

0:2 

1 ...- _'.·: 

STC0 

·== ! :_t 1 

014 ~i..bLD 

2-8 

LOAD C 
indicate c9aci tor enfil = 
fora and at.ore reciprocal 
of eat"_ _ _ _ __ 
reeto re entry 

LOAD L OR B 
indicate L or R e~ =--_::: 
•tore ent17 

CALCULATE FIRST TRANSFOml 
"""0-""1""'"5---=-S"--F'-=-C ______ _ -
fl 1 t: PCL1 

[11.S 
615 
026 
021 
e22 
623 
024 
325 
026 

PCLl 
ff,k 

ST02 
t:SB3 
PCUi 
PCL1 

fo:na l •hwit element 
calculation 

fora 1 eeriee elment 
ce.lcula tion 

--

02e 1;sp0 
------"-;.... - - - - - -
629 PCL2 
t:l3[1 F.:Ci...1 
63'1 
[JJ2 

)( 

CHS 
;seo 

fora 1 shunt el•ent 
calculation 

-------~----- -- --034 SFC 
035 RCLl 

F'RTX 
0.5 7 SF'C 

recall and print tranefon11er 
turns ratio 

03B S"PC 
-'--=-"----=-c.....:.. -- -- -- -- -- -
b35' F.:CU1 
f .tfi PCL1 
641 EEX 
B42 
B4? 
f144 
045 
046 
ff47 

ETD2 
CHS 

GE:Bft 
PCLfJ 
.~'CL1 

056 GSBfi 

fona 2 shunt element 
calculation 

--------
fona 2 •eri•• element 
calculation 

>351 F.'CL2 fono. 2 shunt eleaent- - -
f152 GTCi i calculation 

REGISTERS 
0 ~ 2 3 4 5 
co"'L N scratch 

so S1 S2 S3 $4 SS 

A IB IC D 

853 
054 
!.155 
856 
05;:' 
1:158 
059 
660 
0€.1 

.tLE'LE CALCULATE SEOOND TIWlSnJH( 

RCU fora l aeries el•ent 
ff ,'., calculation 

ST02 
CHS 

--

062 GSB0 
B63 
064 
Bt:5 
@66 
067 
06t: 
B69 
O;:'Ei 
071 
872 
07.5 
6(4 
075 

077 
0?8 
0?9 
BBB 
@81 
[1R> 

B83 
084 
885 
886 
f187 
086 
[189 
090 
091 
092 
093 
@94 
B95 
396 
097 
098 
899 
10t1 
1[J 1 
102 

6 

RCL6 ---
RCi..1 fo:na, 1 •hwit .i ... nt 

x calculation 
GSBB 
RCL2 
PCL.1 

x 
GBBO 

SPC 
F..'CL1 
PP.TX 

SPC 
SPC 

RCU 
EEX 

F.:'CL1 

RCLff 

ST02 
GSBB 
RCL& 
f;:CL1 

G"SB!'.' 
PCU 

CHS 
Ji:LBL1 

RCL1 

G"SBf.1 
SPC 
SPC 
RTN 

inBLB 
Ff!? 
1/X 

PF.:TX 
RTN 

fora 1 ••ries elmumt 
calculatioa 

recall an• print ideal 
transformer turn• ratio 

fora ~ aeries elemeat 
calculaUen 

form 2 shunt el•ent 
calculation 

- --

--

-

--

- -
fora 2 Hri•• el••nt 
calculatioll 

7 8 9 

S6 S7 sa S9 

IE II 

2·8 

LABELS FLAGS SET STATUS 

A load C B load L 
c Load N 0calc. type 1 E calc: type 2 0 cepdCLtor FLAGS TRIG DISP 

a b c d e 1 ON OFF USER'S CHOICt 
0 • DEG FIX 

0 out.put $0 tw-. 1 2 3 4 2 1 GRAD SCI 
2 RAD ENG 

5 6 7 8 9 3 
3 

n __ 



PROGRAM 2-9 BUTTERWORTH AND CHEBYSHEV ACTIVE LOWPASS FILTER 
DESIGN AND POLE LOCATIONS. 

Program Description and Equations Used 

This program calculates the pole locations and Sallen and Key topo­

logy element values for un-normalized Butterworth or Chebyshev all pole 

lowpass filter approximations. 

The program is designed to allow the use of capacitors with speci­

fied values as might result from the actual capacity measurement of a 

selected capacitor. The design process starts by assuming that all re­

sistors are equal to the design resistance level, and the capacitor 

values are calculated to meet the filter requirements. The user may 

select new capacitor values near the original values, and the program 

will c.alculate new resistor values to meet the filter requirements. 

These resistor values can generally be selected from the nearest stand­

ard 0.1% resistor values. 

The normalized pole locations of a Butterworth lowpass filter lie 

on a circle of unit radius as shown by Fig. 2-2.1 with the generalized 

pole locations given by Eqs. (2-2.12) and (2-2.13). The normalized 

pole locations for a Chebyshev lowpass filter lie on an ellipse as shown 

by Fig. 2-2.3 with the generalized pole locations given by Eqs. (2-2.15), 

(2-2.16), (2-2.17), and (2-2.18). 

Each complex conjugate pole pair can be expressed in either the 

cartesian (real and imaginary parts) or the polar (magnitude and angle) 

co-ordinate systems. A variation on the polar system allows the pole 

pair to be defined in terms of the natural frequency (polar radius), 

w , and "Q," or quality factor. The relationship between these co-
n 

ordinate systems is shown in Fig. 2-9.1, and described by Eqs. (2-9.1) 

through (2-9. 3). 

233 
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Figure 2-9.1 Co-ordinate system relationships. 

o-2 + w2 
k k (2-9.1) 

(2-9.2) 

(2-9. 3) 

lb.e element values for the Sallen and Key type active resonator are.: 

easily expressed in terms of w and Q as follows: 
n 

E ~+~;ti> 1 
io R R 

1 2 i"' 
0 Eout 

Figure 2-9.2 Sallen and Key active lowpass filter topology. 

BUTTERWORTH AND CHEBYSHEV ACTIVE LOWPASS FILTERS 

= 

1 
= 

R1 = R2 = R 

2Q 
w R 

n 

C1 

4Q2 
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(2-9.4) 

(2-9.5) 

The Sallen and Key resonator topology is chosen over other types be­

cause of the low parameter sensitivities to element changes. This 

type of filter synthesis is .called the cascade method.. Each pole pair 

is synthesized by an isolated op-amp resonator circuit. The entire fil­

ter is formed from a cascade of these resonator circuits. With each 

pole pair being independent, the overall filter sensitivities to cC)mpo­

nent value changes are higher than an equivalent LC filter. See refer­

ence [49] (page 314) for more details. 

If higher order filters are required (n g:reater than 9 or so), 

either the leapfrog (Szentirmai) topology using Deliyannis resonators 

[48], [20] or Cauer-Chebyshev filters using biquadratic sections [35] 

should be considered. 

If the two capacitors in the Sallen and Key circuit are specified, 

then the following equations express the resistor values. 

1 + i1 - 4Q2C2/C1 
Rl = 

2Qw C2 
n 

(2-9.6) 

R2 
1 = (2-9.7) 

W 2C1C2R1 n 

To ensure the quantity tmder the radical is positive in the equation for 

R1 , c2 should be selected to be a lower value, and c1 a higher value 

than given by Eqs. (2-9.4) and (2-9.5). 

If the filter order is odd, then a real pole exists. A third order 

op-amp resonator circuit may be used to produce both the real pole and 

a complex conjugate pair. The lowest Q pole pair is selected for reali­

zation by this circuit to minimize sensitivities, and to keep the ele­

ment value spread within bounds. lb.e third order section topology is 
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shown in Fig. 2-9.3. 

where 

E. 
'" 

Figure 2-9.3 Third order op-amp resonator circuit. 

E 
out 1 

Ein = D(s) 

E 1 1 1 _o_u_t =-~~~~~~~~ 
Ein Cs 3 + Bs2 + As + 1 ~ + _s_ + l • T S + 1 

w 2 w Q 
n n 

1 
A= C1 + 3C3 = T + w_Q 

u 

T 1 
B = 2C3 (C1 + C2) = - -- + ~ w Q w n n 

T 
C1= C1C2C3 = ~ 

n 

(2-9. 8) 

(2-9.9) 

(2:-9.10) 

(2-9.11) 

(2-9.12) 

(2-9.13) 

The equations for A, B, and C represent three equations in 

three unknowns, c1, c2, and C3. By algebraic manipulation, a cubic 

equation in c 1 alone may be obtained. 
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(2-9.14) 

A Newton-Raphson iterative solution is used to find the real root 

of this equation (there will be at least one). Once C1 is found, the re­

maining two capacitors are found as follows: 

A - C1 
C3 3 (2-9 .. 15) 

C2 
c 

(2-9.16) =--
C1C3 

If the three capacitors are specified, then the transmission func­

tion (Eq. (2-9.9)) may be used to obtain three equations in terms of 

the three unknown resistors. Equating like powers of s, as before, 

these equations result: 

T + __!__ 
w Q 
n 

(2-9.17) 

(2-9 .18) 
T 1 

--+~ 
W Q W L 
n n 

(2-9 .19) 

By algebraic manipulation, R2 may be eliminated leaving two equa­

tions in two tmknowns, R3 as a cubic function of R1 alone, and a quadra­

tic equation in R1 with R3 as a parameter. Tha quadratic formula is_ 

used to reduce the second equation to R as a function of R
1 

alone. 

These two non-linear equations in two unknowns are solved using an it­

erative method given in an unpublished paper by Robert Esperti of 

Delco Electronics. 

(2-9.20) 

{ R12(C 1(c 1 +C 3)) + R12(AC 1) + .Rl (B)_ + ~l} 

J(;a) ,_ 
'V 

R1 
-b + c =-2a a (2-9 .21) 

-b A - C3R3 c c -= 
2(C1+C3) = 2a a (C 1+c 3)·C1C2R3 (2-9-22) 
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R'3 n 

FILTER DESIGN 

R' ln R1n+1 

Figure 2- 9. 4 Esperti's iterative method. 

Referring to Fig. 2-9.4, an initial guess for R1 is made. The cor­

responding value for R3 is calculated using R3 = f(R 1). The corres­

ponding value for R1 (say R' 1) is calculated using the above value 

for R3 in R' 1 g(R3). Using R3 = f(R' 1), a second value of R3 is 

calculated; this value of R3 is designated R' 3• Finally, a second 

value of R1 is calculated using R1 g(R' 3); this value of R1 is desig-

nated R" 1• Straight lines designated >.. f and A.g are drawn as shown. 

The intersection of these two lines defines the next guess for R1. The 

iteration is halted when the new and old values for R1 agree within 

10-
6

%. The convergence of this method is quite fast with four iter­

ations generally providing the above accuracy. Furthermore, the 

method will converge when direct substitution type iteration proves to 

be divergent. 
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The above procedure may be done algebraically to yield a recursion 

relationship as shown below: 

1 -

g(f(g(f(R1n)))) - g(f(R1n)) 

g(f (Rln)) - Rln 

(2-9.23) 

The recursion relationship may be further reduced to an algorithm 

that can be used to program the HP-97. This algorithm is shown below: 

R" ln 

o' 

e: 

g(f(R' ln)) 

R' - R 1 ln n 

= R" 1 - R ' 1 n n 

0 =-- -...,......,-
1 - o' lo 

Terminate if 

(2-9.24) 

(2-9.25) 

(2-9.26) 

(2-9.27) 

(2-9.28) 

(2-9.29) 

(2-9. 30) 

Each time through the R"i = g(f(R1 )) calculation, the value of R3 is 

After the iteration loop termination, 

The following formula relates R2 

stored in a scratchpad register. 

values for R 1 and R 3 will be at hand. 

to these resistors and the other known quantities: 

(2-8.31) 

To simplify the initial guess for R1 and to keep the range of num­

bers within bounds, the selected values for the capacitors are normalized 

to 1 ohm, 1 radian/second values for use by the program. After the car-

1 . d · t calculated, the resistance values responding norma ize resis ors are 

are de-normalized before output. 
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Example 2-9.1 

A 1 dB ripple Chebyshev lowpass active filter must pass all fre­

quencies between de and 1000 Hz within 3 dB, and must reject all fre­

quencies higher than 2000 Hz by more than 60 dB. Program 2-1 may be 

used to determine the necessary filter order. This program calcu-

lates a minimum filter order of 6.19, which is rounded to the next high­

est integer, 7. A 7th order, 1 dB ripple Chebyshev lowpass filter that 

is 3 dB down at 1000 Hz, will be 1 dB down at 983.1 Hz and 69.4 dB down 

at 2000 Hz ( A = 2000/983.1 = 2.035). 

This program (Program 2-9) is used to calculate the element values 

for a 7th order, 1 dB ripple, 1000 Hz -3 dB cutoff frequency Chebyshev 

filter. A design resistance level of 10000 ohms is chosen which will 

make the capacitor values around l/(2nfR) • 0.016 µF. 

BUTTERWORTH AND CHEBYSHEV ACTIVE LOWPASS FILTERS 

PROGRAM INPUT 

7. ENT·t n 
1. 1;Sf:.:.. E dB 

18006. G85C. design resistance level 

1 (1[1 £1 . ;_-:;Sf:D -3dB frequency 
983. i +D6 .;:.'f.· :+: -ldB frequence (output) 

PROGRAM OUTPUT 

section one 

6. 154+63 *** 
1 B. 96'1'06 .;:.:+::+· 
354.2-05 :+::H: 
745.5-12 :f:it.'f: 

• 47-66 ENT-I' 
?5ti, -12 GSBE 

14. 83+63 H :.-.. 
5. 052+63 :+:.-+::;. 

section two 

4. 993Tfi3 .~.-~·:, 

.3. 156+6t:i .• . ~ .• 
126. 4-[19 , :u 

3. 1 ?3-[19 Jj.:.;:.;: 

• 22-0£ an·r­
-3. -0s GSFE 

l (. ?2+ft3 :+::t: ~ 

3. 429+63 :+::t•:+: 

section three 
2. 965+(1.;; 
1. 297-rf1d 
1~26S+6:5 

163i S-f1S 

t: r 2-t:i-
8. BiS6T'6: 
t:7. ~ l :;"t,;:: 
l:;:. ;;:;:+(13 

:i,. :~ :+: 
l ' ll 

:~ . .-+;1: 

:;:.'f .. ~ 

:+.:H 

... . ;.:t. 

.f)f :,. 

.'j::+:.,. 

alternate values 

alternate values 

of second order pair 

pole location 

alternate values 
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R1b R1c R2c R3c 
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OO~F 
-re, 

Wn ° 4993Hz W n = 2695 Hz 

a - 3.166 Q a 1.297 

er ~ 1269Hz 

Figure 2- 9.5 Overall active filter schematic : 

7th order Chebyshev lowpass 
1 dB passband ripple 
- 3 dB at 1000 Hz 
-69 . 4 dB at 2000 Hz 

~C3c 
6200PF 

-1 
E 

out 

Note: This ordering of the filter sections will result in the lowest output noise assuming the 
resistance levels in the resonator sections are low enough so the op- amp voltage noise dominates 
(see Program 1- 6). Because the highest Q resonator is first , it will be prone to overload at 
frequencies near the resonant peak. For filters operating at higher signal levels where self 
noise is not a concern , the ordering of the sections should be reversed with the lowest Q section 
placed first. 
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PROGRAM INPUT 

1 tiftfJ . t~SBe! 

1. 161 +03 :~:** 

n 

R, design resist level 

f- edB 
f-3dB (output) 

PROGRAM OUTPUT 

section one 
6 . 9£.U-ri~ 
~ . 24 7~t.>f; 

1::4. _::;4- 29 

-s. - 6_~ 

2036 . - i. 
14 • .26+6 -
7. 18€:+C3 

:,. . · .~. 

l:EBE 
·:;..~: 

.'j:.· . · 

section two 
6 . 9<: 01'"~:.:: .· ..... 
8til. _>..;·3 . Jl . . 'f 

;:3, ;e:-f19 :+:.~ : 

_ . • 01ti-!J9 n .• 
24 . - t:i9 £1 ,,. 

82€ d-. - 2 G3E C 
14 . &l-t-l~ .$ . . JI.»" 

?. 104+03 :t.:f," JI. 

section three 

6. 92[1-rff:: 
555. 8-fj 
b. --2€1-t-~1 3 
19 . 2;_-('3 
2i..1. 14 -J_-

f ~ .,; .s"" - :-,9 
~.: . --s 

... - . --
- . ( ..:"' l': 
;- , t7~Tf13 

., ..... 
-r .. i;:t. 
f :t.". ' 

:f 

"* 
ENi"I 
c;-111 

:4: ; 

.-.. .'f. 

' .f. .f. 

w 
Qn 
C1 
C2 
C' l } 
C'2 alternate values 

R1 
R2 

~n} 
(J 

C1 
C2 
C3 

CI l } 
c' 2 
c' 3 
R1 
R2 
R3 

alternate values 

of second order pair 

alternate values 

T 
w 
w 
a: 
J: 
1-

z 
0 
i= 
u 
w 
If) 

0 

~ 
z 
0 
i= 
u 
w 
I/) 

w 
z 
0 

z 
0 
'f: 
u 
w 
I/) 
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2-9, CARD 1 P1·ogram IJsfln~ I 
881 tLBLA BQT..'!'lgt't!Qfil'fu _10~_n _____ 11:>6 Erut 
002 SF1 ..J.~lc~t~ ~tj.!:l"W'_9rth _____ 857 + 
003 EEX setUJ> regietere1 858 1/X 
004 STOB f-~dB/f-£dB - 1 059 CHS 
005 STOD cosh a = 1 868 yx 
006 STOE sinh e • 1 861 STOB 
007 RJ. -re"cover n - .,_ - - - -- - - 862 GT05. -.,:;;to data entrv fia2 clear - -088 GT08 -~~ -f'f1+-,;;- ~,i;..;-A~t.:rv -;,Jbr. 863 tLBLC LOAD OPERATING RESISTANCE 889 t LBLo. ___ ,~~~!..:_LOAD _n~dB ____ 864 ST06 LEVEL 810 STOB store E dB 865 GT05 - .e:oto data entry fla.e:-Olear - -011 RJ· -ric2Y~ J'D t._e~ cll:<!§r.: n ~ =- 866 tLBLD _LQ_~~d.B~ §l'.\Bl' 012 CF1 indicate Cheby!hev 867 FJ? - - - --
813 GSBB -:g~:b.. r.i.lter-o~~r entIT s~~ -868 (;TO? jump, if Butterworth 
814 RCLB 869 ST09 - ------ - --- -
815 EEX 878 RCL5 
816 1 calculates 871 EHTt 
817 • 872 1(2 
018 1flX e = v10°•HdB - l 873 EEX 
819 EEX 874 -
020 - 875 .fX 
021 IX 876 + for Ohebyshev, calculate 
022 1 /X' - - - - - - - - - - - - - - - -

877 RCLA t_3 dB 023 ST05 l/e - R,5 878 ux f-EdB = 
co sh[+ coeh-1(~ 024 ENTt - - - - - - - - - - - -- -

879 yx 
825 ,1(2 

calculate and store: 888 EHTt 
026 EEX 881 J/X 
0''7 + a .. .J:.._ -1 1 882 + ~. 

@28 .fX n sinh (y) ~ R2 
083 0::·q + 884 EHTt 

030 RCLR 085 + 
031 1/X 886 SF3 _ B_!t_d!ti° ~§-r_ fJ.~ ~ ~ ~ ::-_ 832 yx 887 PRTX print f- E ilu 033 ST02 11ll8 tLBLd _LO.A0.J:-~4B. ~ ~AltT- ___ 834 ENTt ------------ 889 Fl? 
835 j ,·'X 

calculate and 898 RCLB if Butterworth, 836 - store: 891 F'l? calculate 
83? 2 

sinh a 992 x and print f-~dB 
838 - RE 893 F1'? 
839 STOE 894 PRTX 
040 RCL2 - - - - - - - - - - - - - '-895 *LBL7 841 ENH 896 Pi - - -----------
842 J/X calculate and store: 

897 ENTt 
843 + 998 + 
844 2 cosh a - RD 899 x if flag '' 27d'•R~ 045 180 FJ? 
046 STOD 181 ST03 
847 GT05 -go to datCentry fla.e: clear - 182 EEX - - - - - - - - - - - - - -
848 tLBLB LOAD - Ed Jl'OR BUTTERWORTH 183 ST08 setup for next loop 849 EEX'._i.f bande~ge is not defined 184 SPC 050 1 '-b...Y -=3!!13 ...ru>Ul.t _ - - - - ..---185 *L~~~ _ ~c~n~ order fil tei:_loo)!_ __ 851 calculate and store: 186 p 052 10x 1 187 RCLB 853 EEX !::.id.a ... [10°• 18dB - 1 J~ -.R 188 RCLI 054 - f_edB B 189 x 
855 1'.'CLR 118 EEX 

2-9, CARD 1 t•rogram l.Jsrln~ II 
111 ~R 167 EEX R1 calculation (continued) 
112 RCLD calculate pole positions: 168 + 

169 .(V 113 x '" 
114 STO? erk -(sinh a) (sin 

2~~1 TC') 178 EEX 
115 x:v 171 + 
116 RCLE wk-(coeh a) (cos ~~1 -rr) 172 RCL1 
117 x 173 
118 ST08 174 RCL2 - ------- --- --- 175 119 ~p 

120 RCL3 176 RCL9 
121 x calculate Wnk and Qk 177 
122 PRTX 1 ?8 PRTX - - - --- ---------
123 ST02 2 2 2 179 RCL4 
124 x:v Wnk = <Yk + wk 

188 x R2 calculation: 

125 cos ~= 1/(2 cos( tan-1 ~ )) 181 RCL.9 
l 'Y l/X C5""k 182 x ~t:> 

I 2 , , ) 127 ST01 183 RCL2 
R2= 1 (wn •C1 •02·R1 

128 2 184 gz 

129 185 x 
138 PRTX 186 ux - -- ---------- -131 LST.11 increment k by 2 187 PRTX 
132 ST+0 '-188 tLBL4 --- ------------ 189 RCL0 133 F8? jump if n is even test for loop exit 

-134 GT03 198 RCLR 
------------~- -- 191 X.>Y9 135 RCL0 

136 EE.'>i -i--192 GT01 ----------
137 

odd order filters 193 SPC -spac~ paper upon loop exit + test for last section 
138 RCLA (3rd order section) 

194 SPC 
139 X~'r'? 195 RTN 

... .-148 GT02 ______________ _ ---196 tL8L2 _c~l~u_.!.a~e __!~l_Jr__ci_ or@r_pQ)J; 
~141 tLBL3 calculate o1 for 2nd order 197 RCLE 

142 RCL1 198 RCL3 
143 RCL2 199 x 2Q 
144 - 01=-- 280 PRTX 
145 RCL6 Wn·R 

[281 .tL8LB _!I~~ loop_fQ.! g,ig_ Q.!rA I!'a_g _ 
146 202 PSE 
147 PRTX 283 GT00 ------------ •l8L8 _ :t~l ~r~re1e!:_ e~t!)' ~aj?_r __ _ 148 EHTt save o1 in stack 204 
149 ENTt 285 STOR --------------~ .150 RCL1 calculate c2 for 2nd order 286 2 
151 x2 287 
152 02-~ 288 ENTt set flag 0 if n is even 
153 PRT.lrl .Q 289 INT 
154 RTN 210 CFB 
155 •LBLE _ I;f>~ ~T- Q_APACI1:91L VALIL.E~ _ 211 X=Y? 
156 F3? 212 SFB ------- -- -----~ 

157 F3? if numeric entry, store, 213 Pi 
calculate and store: ,...158 GT04 otherwise jump 214 RCUl 

159 ST09 215 EHTt -rr; ( 2n) --- ------------ -+ RI 168 ,o,;:y calculate R1 : 216 + 
161 ST04 21? -
162 

+ .)_1 - qq,2 o'/o'' 218 STOI 
163 RCL1 R1'"' 

1 . 2 l 219 tLBL5 _ ~t_! _l!!.n!r.1 J~g_ tl~l2.... B_!:!b!:.. _ 
164 x2 2•Q•Wn·C2 220 Cf 3 
165 x 221 RTN 

REGISTERS 
0 2k - 1 1 2Q 2 3 w 4, 

01 5 
1/€ 

6 7 8 9 a orwn -3dB R wk Ok scratch 
so S1 S2 53 54 S5 SG 57 SB S9 

1 fifi f'Uc;; 

LABELS FLAGS SET STATUS 

ioad n t dB 
8 load R ~-:r;~P.& go If _€nP. & go Eload 01fO:; 0 n even FLAGS TRIG DISP 

aca~act,-gr b c d e 1 se't. ror ON OFF 
ent~y Rut tr 0 • DEG FIX 

A filter order, jBE 
l,or f:t~~jc 02 

D 
cosh a jEsinh a I' Tr/(2n) n dB' or 1 or 1 

o~~~ yar11 1ca~c~litio1 2 ~~t11 o{Cler 3 g~t~uird 4 l~~:g ... exit 2 1 • GRAD SCI 
rea OO'D OU U 

2 • RAD • ENG• 
SC.Lr "'"'~ 6 7 8 9 fata entry 3 • n~ entrv fla2 
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2-9, CARO 2 l,rogram IJsfin~ I 
001 
002 
003 
004 
005 
006 

RCL? t.c:>k for 'rd order section RCLB erk 
RCL6 R 
p:s 
SF2 

ST06 store denormalization R 
00? -=-=-'---"'"'R-.1 __ - ---------------
008 
009 
010 
011 
012 

ST00 calculate and stores 
~p 

gz c.Unk 2. "°le 2+ erk 2 
ST01 

2 26"fc .. ~ 
013 
014 

STx0 Q 
~"---R~c-.L~E -c-afoul1i{"e-s.na iit.Oret -- - --
015 
016 
01? 
018 

RCL1 
x 

1/.!i 
STOC 

019 ..:....:..::___S::...;Tc...::0..:..5 _ _ _ _ _ _ _ _ _ - - - - ---
020 
021 
022 
023 
024 
825 

RCLE 
RCLB 

calculate and store: 

'?'" i + B = -- + ~ as 
x l4i Q wn 

STOB (b)(...L + ~) 
ST04 Wn '( Q 

----....--R=""c,..,..L=E - ;al~late-~d ;~;e-;- - - - -026 
027 
828 
029 
030 
031 
032 

RCL0 
x 

RCL1 
+ 

RCLC 
x 

as 

033 ..::..:..=--_S::...;T...;:.O;..;.,A ----------- - -- - -· 
034 
035 
036 
03? 
838 
839 
040 
841 
042 
043 

3 use register arithmetic 
STX4 to form and stores 
srx5 'B/2, and 'c 

2 
STH 
ST03 - iitl ti-al~e- ;egi ;t;r-; fo-;:- - -

EEX Newton-Raphson iteration 
CHS 

8 
ST09 

044 ..:...;.-'--..;...*:;.;LB:..::L;..;:.0. Newton-Raphson routine to 
045 
846 
047 
048 
049 
050 
851 
052 
053 
054 
055 

RCL3' find the real 'rd order 
RCL3 '\ root of f(C 1).., 0 
RCL3 \.-. _ _ _ _ _ _ - - - _ 
RCU1 

)( 

RCL4 
+ 
x 

RCl.5 

calculate f(c 1) as: 

f(0 1) = c1-' - AC1
2 +~Cl _,O 

REGISTERS 
1 5 1/€ 

3B S5 
-2- RJ:, 

D 

056 
057 
858 
859 
060 
861 
062 
863 
864 
065 

ST00 

x 
RCLA 

2 
x 

x 
RCL4 

-=0_,,,6b,,,..r --=-:::-+-:" _ _ _ _ _ _______ _ 
867 SHB form and store: 
868 RCLB O O f} C1n) 
~86~9-~S~T-~3 __ ln+ 1 = _ l.!! _: :_r~ OLi.} __ _ 
070 RCL3 iterate again if 

:~~ ABS f( C1n) 
873 RCL9 f'(01n) ~ 10-8 
874 X~Y? ci ~ 
""0-'-7'°-5-'°-bT'--"0'"""0 ____ n ____ _ _____ _ 
876 RCLA calculate and stores 
077 RCL3 
878 
879 
888 

3 

_08....,1 ___ s_ro_4 ______________ _ 

882 RCL3 calculate: 
883 
884 
885 
886 

RCLC 
.'>i:'r' 

887 RCL4 - orderc~-c;,-an:ro3in- - -
088 ;x::y the stack 
889 RCLJ 

-=
8
0 __ 9
9

_a
1 

_...,.t;..,,.3B,,....9 __ ~e~to_!'e_f .§ 2rder _____ . 
t;SB1 denormalize and print 

~0,.,,.9.c.'="" -~t;S="!'B~l capacitors 
....,,B.,,.9~.,.l _*-=-LB,,..,L-=1 _______________ _ 
894 RCL3 capacitor denormalization 
095 

096 RCL6 Oden - Cnor/(":!EdB"R) 
897 
098 PRTX 
099 RJ· 
100 RTN 

...,.1~01=--_*L,,..,B=L.,,..E LOAD ALTERNATE CAPACITOR 
102 GSB9\ VALUES FOR Oi, 0 2 , & c

3 183 RCL3 \ 
184 P:S ~---------- -
~:~ s~~ initialize registers 

_,.1~01~-~="r~o""2 - - ;~;e-c""i~c;: -&-c; - - - - --
10s ru 
189 ST01 
110 RJ· 

6 7 8 9 
R wk 0-k 

S6 S7 SS 59 
10-8 'c R scratch scratch 

cosh a IE sinh a 11 c/(c1 ·02) 

A 

a 

5 

111 
112 
113 

2-9, CARO 2 

STOB 
R~- - - - - - - - - - - - - - - - - -

RCL6 form ~EdB * R 
)( 114 

..;....:.....;.....__- - - - - - - - - - - - -- - - - -
115 
116 
117 

srx0 
STX1 normalize ci, 02, 0~ 
STX2 

118 
119 

EDI - sto-;; iitl tUl -;-e~s-fo-; R~ - -1-----=--=-----:.:.:..:.;----------..,,.,....,.,,-......--1 
..o.,;.;;___S;....;T...;;.0.;:..3 _______________ -· 
120 RCLC 
121 
122 
123 

RCLB form and store: C 
01·02 

RCL1 
124 
125 STOI 

-126 -=-"---'-*L=B:..::L"-7 -~~d:-! J.ie.raj:.!_o_!! jQ_o_E _!l~_!'.t_ 
127 
128 

RCL3 calculate and store• 
GSBB ' ( ( ) ) ' 

129 
138 

ST04 R1 = f g R1 
-"=;;..._""""""i;s;_..;;B...;.8 -cafcUlate and store- - - - - -
131 ~---'S'""'"'T0=5 _R_i '= j'.(.g(.RJ,.)_} _________ _ 
132 RCL4 I 

133 
134 
135 

ST-5 calculate: S - R1 - Rl.. 
--'-"-=---=-Rc'"""t.:...3 ~alc;;lrl; ? .. -i(.

1
- _:-R, - - --

ST-4 1 
.::..::.::;...._......::... ............ - -- --- ---- - ----
136 RCL4 
137 

--138 
:r.·=a·? cS= O escape 

-=-=-=---=-GT:....:0.:..6 _ _ _ _ _ _________ _ 
139 
140 
141 
142 
143 

EEX 
RCL5 
RCL4 o form: 6R1 = 

i,... sts 
144 ..;;._;.-'-----·----------------- -
145 ___ s_r_+_3 _r~~-~l'l="l _~_ B~+-~.l- --· 
146 
147 
148 
149 
150 

'-l--151 
'"-152 

153 
154 
155 
156 
157 
158 

RCL3 

ABS 
RCL9 
X:f'r'? 
GT07 

*LBL6 
RCLI 
RCL2 

RCL3 

RCL8 

iterate again if 

159 ..=..=:--__.;;·_ - - - -- - - - - - - - - - - -
160 
161 
162 
163 
164 
165 

B 

b 

RCL6 
STx3 denormalize Tesistors 
srx8 

x 

LABELS 
c D 

c d 

,~~m.rn~uz, 12 3 

6 ·~,~~~rti 8R1-f'6!; (R:i)) AS"an .. ~~ -

e .ioa~ 01, ,Oz 
e 

4 

9 ,.... ;) 
rotit:lne 

FLAGS SET STATUS 
0 

FLAGS TRIG DISP 
t ON OFF 

0 DEG FIX 

~~~S&Uf~.t. 1 GRAD SCI 
2 • RAD • ENG• 

3 n_~_ 3 
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HP-67 suggested program changes. Program space does not allow the addi­

tion of a print, R/S toggle and associated output routine. If the 

HP-67 user would like the program to stop instead of halting for 5 

seconds (print command) change the "print" statements to "R/S" at the 

following line numbers: (program l); 122, 130, 147, 153, 178, 187, and 

200; (program 2); 098, 165, 167, and 169. To resume program execution 

with the above changes, execute a "R/S" command from the keyboard 

after each data output point. 

PROGRAM 2-10 BUTTERWORTH AND CHEBYSHEV ACTIVE HIGHPASS 
FILTER DESIGN AND POLE LOCATIONS. 

Program Description and Equations Used 

This program calculates the normalized pole locations and provides 

element values for the un-normalized, unity gain Sallen and Key type 

second and third order highpass active resonator circuit. Higher order 

filters are formed by cascading second order sections, and one third 

order section if the filter order is odd. The program uses either the 

Butterworth (maximally flat) or Chebyshev (equiripple passband) all pole 

filter descriptions. 

The program is designed to allow the use of specified capacitor 

values such as would result from the actual measurement of a standard 

value capacitor. The corresponding resistor values are calculated for 

each section. The nearest 1% standard value precision resistor will 

generally suffice for the calculated value. 

The design process starts by finding the normalized lowpass pole 

locations for the desired filter type. If the passband cutoff fre­

quency is different from the conventional definition of the bandedge, a 

scaling of the normalized cutoff frequency is done. The Butterworth 

amplitude response is 3 dB down at the passband edge, while the Chebyshev 

amplitude response is E dB down at the passband edge, where E dB is the 

passband ripple in dB. The scaling factor is K, and the normalized fil­

ter cutoff frequency is denoted by w • 
n 

The normalized and scaled lowpass pole locations are sequentially 

found as complex conjugate pairs, and, if the filter order is odd, the 

real pole location. The lowpass, unity-gain, Sallen and Key, normalized 

active filter circuit element values may be found in terms of these pole 

locations. The element values of the highpass normalized active resona­

tor may be found from the normalized lowpass structure, The normalized 

lowpass structure is transformed to the normalized highpass structure 

by replacing each lowpass resistor with a capacitor and vice versa. 
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254 FILTER DESIGN 

The normalized highpass element values are the reciprocals of the corres­

ponding converted lowpass element, i.e., a 2 farad capacitor becomes a 

~ ohm resistor. This conversion is equivalent to replacing s by l/s in 

the lowpass transfer function equation. The un-normalized highpass 

equation is found by replacing s by w Is where w = 2nf , and f is the 

highpass cutoff frequency in hertz. 
c ' c c c 

Each complex conjugate pole pair can be expressed in either the 

Cartesian (real and imaginary parts) or the polar (magnitude and angle) 

co-ordinate system. A variation on the polar system allows the pole 

pair to be defined in terms of the natural frequency, wn, and "Q" or 

quality factor. The relationships between these co-ordinate systems is 

shown in Fig. 2-9.1 The Butterworth and Chebyshev pole locations are 

given in Program 2-2. By putting all the foregoing concepts together, 

the denormalized highpass element values can be expressed in terms of 

wn and Q with the second order circuit topology as shown in Fig. 2-10.1. 

ct 

ein o---1 t-----<~~ I---.~ 

Figure 2-10.1 Highpass Sallen and Key circuit. 

w / w 
R1 

n c 
= 

Q(Cl + C2) (2-10.1) 

2 

Rz 
(wn/ wc ) 

R1·C 1·C 2 
(2-10. 2) 

The Sallen and Key unity-gain op-amp resonator is chosen over 

other types because of its low component count and low parameter sensi-
tivities to element value changes (see [19]). High Q. realizations are 

difficult with this resonator type since the resistor value spread is 

4Q
2 

when the capacitor values are equal, however, this constraint is 

not a problem here since the pole Q's are rarely greater than 10. 
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High pole Q's occur with higher order filters (n greater than 9 or 

so). In these cases, the Szentirmai leapfrog topology [48], should be 

given consideration, or else an elliptic response lower order filter 

might meet the amplitude response requirements (the phase response will 

be less linear however). 

All operational amplifiers have bandwidth limitations, i.e., the 

µA-741 has unity open loop gain at 500 kHz typically. When the operating 

frequency range of the active filter contains frequencies that approach 

1% of the op-amp unity gain crossover frequency (500 kHz for the µA-741), 

then the contribution of the operational amplifier compensation pole and 

lower open loop gain must be considered. Program 1-3 can be used to cal­

culate the pole location shifts. Positive and negative feedback reso­

nators of the Deliyannis type can accommodate the op-amp compensation 

pole and open loop gain characteristic (see [19]). 

If the filter order is odd, then a real pole exists. A third order 

op-amp active resonator circuit may be used to produce both the real 

pole and a complex conjugate pair. The lowest Q pole pair is chosen for 

realization by this circuit to keep the element value spread within 

botmds, and also to minimize sensitivities. The third order active high­

pass topology is shown in Fig. 2-10.2. 

c, 
ein o----j 1-----<---I 1--------1 

Figure 2-10.2 Third order highpass active filter section. 
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The transfer function in terms of the R's and C's assuming an ideal 

operational amplifier is: 

where 

and 

E out --= 
E. in 

s 3R1R2R3C1C2C3 
D(s) 

(2-10. 3) 

(2-10. 4) 

The resistor values may be ohtained from the capacitor values and 

the pole locations by the simultaneous solution of three equations in 

three unknowns. These three equations are generated by equating like 

powers of s between th~ ~esired transfer function as expressed with 

the p.ole locations and the above transfer function. The desired trans­

fer function in terms of the complex conjugate pole pair as expressed 

through w and Q, and the real pole location, l/T, is: 
n 

or, in descending powers of s: 

E 
out --= 

E 
in 

(2-10.5) 
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The resulting three equations in three unknowns are: 

R1 R2 R3C I C2C3 = C:Y c ~.) (2-10.7) 

R2 (R3C2C3 + R1ECC) = (:0)2
(1 + w ~.) 

c n 
(2-10. 8) 

After algebraic manipulation, a cubic equation in R1 alone is obtained: 

where the constants K 3, K2, K 1, and K0 are defined by: 

K = 
0 

(2-10.10) 

(2-10.11) 

(2-10.12) 

(2-10.13) 

(2-10.14) 

The program uses a Newton-Raphson iterative solution to find the 

real root of Eq. (2-10.10) for R1 (there will be at least one real root). 

The details of the Newton-Raphson technique are shown in Program 1-5. 

Once R1 has been obtained, the values for R2 and R3 are obtained 

using the following equations: 

(2-10.16) 
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~ BUTTE.RWORTH AND OHEBYSHEV ACTIVE HIGHPASS FI LTERS 
0: nti:;dB load f-€dB 

& s '.l;.a;rt 
Bz n Bs ~dB R load f -5dB load 

& start of f o~ 

STEP INSTRUCTIONS INPUT 
DATA/UNITS 

-~-- _Jf ~~tterworth re sponse is desired : 
- --Lc;~-dri1~-;-·;;;-der ··--·---------- --··-;;·---

.,-~- ------------------·-----~---~-----..-.....------- ~--·---·----
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--.. ...... .. 

..-.....~ ----- --------------·---~--------~---------------- ------ ~ 
---·- ---~* I_f __ ~tterworth re spon s e has be en selec ted -------

-------------- ·-------------- .! ----------
---- _______ _!-_~-~-.!'_::_que~_;r_where the r e sponse i s 3dB __ _ 

_____ :!-!}_"!._~ wi 11 be prin t e d-:------------------ - ···--·----
----------- - ------- ---~-~----- ___ .. ____ _ 

KEYS 

l~ 

OUTPUT 
DATA/UNITS 

.._ ____ _ 

----- ---

t----.--~-- ---... 

f'-ldB"' 

-~~~-l_ii~:E..~. 
conti nua------... .. ~~--~ 
tion on 
- --~--------

ne~-E~~~ 
f or rest 

- - --···-·-

- ------

t-----~------

--------

2-10 

~ 
BUTTERWORTH AND OHEBYSHEV AOTI VE HIGHPASS FI LTERS 

, 
I 

STEP INSTRUCTIONS 

6 

,L 

CONTINUED 
T 

J 

T 

INPUT 
DATA/UNITS 

- -·- - T h;design ~ap~~i-tan~-e--~alue is out;~tt;d-:-;"i+·*~=-~~ 
>--- If this value is unacceptable from a circuit 
-- or practicality point of view, alter the 

design resistance level accordingly using 
key 11 0 11 , then recalculate the design capa­
citance level using key 11 D11 • The design 

~--- cutoff frequency need not be re-entered 
even though the original frequency entry 

.,_ _____ _ was via keys 11f 11 , 11 D11 • 

When an acceptable design capacitance level 
has been found, continue program output by 
using 11 R/s". 

_____ .,.... __ ~ 

new R 

i------- --------..--------- ----- -~ ------ ·-·----- -~------------ - ------ ·-- --~-·- - -------·-

7 Enter capacitor values to be used in this ----------
----· second order fii·t;;-;;;~ tion **"*" - 01 

-----·- ·----~--~~-~~------·--- ----·-------~-- ·----·--~----- ---~- -~- - -·-~,;::...,._.___ 

02 
~--- !-------~--.-------------------------~---~--------~--- .. ~------
-- -----------------------------~---------------~-.----~- --------~-~-~--

-·-· ------------------------------------- ------ -- -------
----- - ----~--~--- -----------~--------·------- ·-----
--~.a----~-------------------·--·-------........ -----.. - i------~.---~--

1------- ---------- ------------------ -----·---------- 1----------·-
Keep entering capacitor values for sue- ______ ?12 __ __ _ 

----... ceeding sections until all second order C2 
-- sections have been defined. ____ :::.2 __ 

------
~----

----~ 

---

If an odd order filter is being designed, 
the last printout will be a set of three 
numbers, and the display will flash to 
indicate that the loading of the second 
card is required. It is not necessary to 
stop the program, just insert the second 
card into the card reader and read both sides, 

. . 
~~-~-·~~ 

01 _____ n_ __ 

02n __ 

KEYS 

[ c_] 
0] 

l~ 

OUTPUT 
DATA/UNITS 

Cdesign 
t--~-----------

f-------
new Odes f---------

---~E..L __ 
_______ gi_ __ _ 

stop 

-----~j. ___ _ 

-~-----
__ _s_E~-~----
____ n_g _____ _ 
___ Q2. _ _ _ 

-~~p ___ _ 
_ R12 _ _ 

--- ·--··--·----. . 
~----- -----------. . ------------
-------

·aaa··a:ra:e:r· 
filter: 
_l~:.l;,__§.~gj,__ 

load the three capacitor values to be used ------- ----~1-7;;, ___ _ 
__ After the second card reading is complete, ~ ---~_p--~ 

with this third order filter section using / ' , 
,______ key uEu. --01--- lmil) n~~11:~g- · 

---- 1"~~---;-;~-;,--~f;~sistan~·;··-j_·~--~~~ -------- 02 . IENT +I ----·---------
---~~ =~~~~~anc-;I~£~~ds, -ai:.~-!:~~CJ~~~! _____ ___ !5___ IT::J ~--!.1_~ 

is hertz. -------R2 __ _ __ , __ .____ --------------------- ~--------- R:>) 
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Example 2-10.1 

A fifth order, ~ dB passband ripple Chebyshev active highpass fil­

ter is to have 3 dB or less attenuation at 10 Hz. A National Semicon­

ductor type LF-156 bi-fet operational amplifier is chosen as the active 

element in the filter. 

Design an active filter to meet these specifications and choose 

the operating resistance level to achieve the lowest capacitance values 

in the filter without affecting the de drift characteristics of the 

operational amplifier by more than 10%. 

is -25°C to +85°C. 

The operating temperature range 

From the LF-156 data sheet, the maximum input bias current occurs 

at the highest operating temperature, +85°C, and is approximately 1 nA. 

The typical input offset voltage is 3 millivolts. The resistance level 

that will generate 0.3 millivolts with 1 nA flowing is: 

-4 -9 
R = (3 x 10 V)/(l x 10 A) = 300 kQ 

The filter is then designed with this value in mind as the largest re­

sistance value which has an effect on the de output of the last filter 

stage. Being a highpass filter, each stage of the filter blocks the 

de voltage present from the preceding stage. 

The filter design will be done twice, once with 300 kQ as the 

design resistance level to determine the value of R2 in the last (third 

order) section. The operating resistance level is then scaled to 

cause the highest resistance value (R2) to be 300 k Q. The HP-97 

printout for these operations is shown on the next page. 

In the second run of the program, the design capacitance level is 

0.1749 µF. The nearest larger standard capacitor value is 0.22 µF. 

The filter will require five capacitors, therefore, five 0.22 wF mylar 

capacitors were drawn from stock, and their capacities measured. The 

measured values were: .2236 µF, .2014 µF, .1965 µF, .2173 µF, and 

0.2542 µF. 'lhe filter resistances are designed around these capacitor 

values. 
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Example 2-10.1 printout 

FIRST PROGRAM RUN 

LOAD FIRST PROGRAM OARD 
!:" rnn ~· · ;::- .~·~ Eo. . ~ 

?60066. G:::sc 
,/ ,-.: GSBD .. ;:: .. 

10.59+06 " :+: .+::~. 

53.C5-05 :u :;;: 

~· . .l ~ 

966.S-J.? :r::t:;;: 
4. 545+013 ;;:i+; .! : 

.5.3~e::-e9 ENTt 
GSBE 

31.?1 +8.'3 :f:.'f:.f: 
2. 62[-;+36 H::+ 

6.51. 3-[:.? .+:H 
1. 172+6;] JU: .;: 
342. 1-03 :t::;;:t 

53"05- 09 ENT-t 

• - .- . r-. r-
:.: ~·t:t. 

9JJ. 4 :--'+6 .? .f: *:;. 
4.?. 86.:..§j :~:;.;..-.-.. 

98S. ; +03 ~~ -+::t: 

303.+t:-3 

303. J- f .j .f ;j.:J: 

30fi6Ji:. 
9t. 99+03 :t:;!J 

load filter order 
load passband ripple 

load design resist 

load -)dB frequency 
-idB frequency (o/p) 

design capacitance 
level (output) 
continue execution 

~" first section 

enter first section 
design capacitance 
R1 first section 
R2 resistor values 

Wn 

Q second section 
1/-r-
LOAD SECOND OARD 

enter design cap 

second section 
resi star values 

scale design 
resi stance level 
to make R) become 
300 kn.. 

SECOND PROGRAM RUN 

LOAD FIRST PROGRAi\1 OARD 

5. £NT~ 
. 5 t;SBu 

96 . 99+03 Gss.: 

JB. GSBC 

10.59+f1B *** 
1(4 . 9- 89 

96e .s-cz .t:, .... 

4.545+!30 .t.it::f; 

. 2236-06 rn l 
• 2014-eG ;sec. 
7.9;6+03 :+.J#.:+: 

6c-5. 9+0:? :t:~: :t. 

651. 9-03 '"*·'; 
1. 178+&!:1 :t.t..;: 

342. ; - 133 :f;.y::;: 

. '9o5- £1£ £: T; 
. 2173-f.!6 ENH 
.:-£542-06 bSBE 

24.1;-'+03 *·f* 
9 . fL 4-r@;;; *"- ·+· 
24?. $+6-3 *** 

load ne111 de sign 
r esistance l evel 

n ew design capacitor 
va lue (output) 

w" 
Q 
0 1 first section 
0:2. selected caps 
R1 first section 
R2 resistor values 

~ 
Q second section 
1/'t-

10 AD SECOND OARD 

g~ } second section 
.2. input (third 

05 order filter) 

R1} second section 
R2 resistor values 
R5 

FINAL SCHEMATIC 

Ein o--1 t------1 t----t 

.;z23b 
,qF 

Eout 

t '247.8 
~ I< _n_ 



0 2k-l 

so 

2-10, CARQ 1 1•ro~ram IJsf in~ I 
....::8:.>£.0~1---"':;;...,LB..,,L..._B _B!l_TT~!/O]T]} :_~Ap ~ _ _ _ _ 856 
~8~13:!:.2 _ ____,,S."-F..._1 _i~di_£a!_e _ffi!_!-t~~o~th_ _ _ _ 057 
13&3 EEX setup registers: 858 
884 STOB f-)dB/f-EdB = 1 BS9 
&es STOD cosh a - 1 0£8 

\'"' 
ENT1" 

J/ X 
+ 

...:ti-=-.0..;...6 _ _,_S~T.,,.,OE~- _ -~i~h-~ _ =:.._ ..!._ _ _ _ _ _ _ t161 STOB 
067 GS85 __ ___________ _ _i----""'fJ.-62 __ -""'r;...,T0...:6--.,,_,..,...,...._ ....... .._.._,.....,...,_ ____ 

1 ...:8:.:B;.;,.8--'i;=-=r="o~6 1:163 .-.:LBLB I.Q_AJ2 _E~B_f~r-~!:_t~~~_!:h __ _ 
809 tLBL11. OHEBYSHEVi LOAD n f eciB t164 

-=B=-=1-=-0--..,,..:;C='=F-=1 =:-ii1:di~ate.}:~b_i~v = =- =-= 1:165 
-"6-=-1 =-1 -=-S T-'C_1B __ sto re E: dB 06 6 
--=Bc.:.1.::.2_....::b;..:.S=B-~~ _gQi\ii l:!i~~routine-_-_-_-_~ 867 
&13 RCLB calculate: 868 
814 EEX f169 
1115 1 E = (lOO.iEdB - 1)~ 070 
016 @71 
f.17 rnx 072 
fi18 EEX iF3 
@19 - Vi'4 
€126 [1~·~· 075 

EEX calculate and store: 
1 

RCUi 
1 ...-.~· 

)'-~ 

.rx 
J/X 

STOB ..:;8,;;:2-=-1---:1-/,.,..,.'.\' - - - - - - - - - - - - - - - 876 GT06 
store 11

E - R5 n7-
IJ22 ST05 

1
' a t *LBLC LOAD OPERATING RESISTANCE 

82.:; ENH - calculate and store7 - - -- - 078 ST0£ LEVEL 
fl24 X<: 879 GT06 

B25 EEX ~8~81!J~_*L--'8--"L.;;..D LOAD f'-)dB and START 
026 + ...:e;.;s;..;1_ .....:S::_:T,.::O_;:..C :)~mE9r~rj,Ji_s:!:~e r-~B---= ~ 
027 .fX a -= ...!.. sinh -\ J..) - R2 882 FH · · f Butt th 
028 + n ~ - 883 HOB Jump 1 erwor 

- -- - --------- -
829 RCUl 884 RCLB recall Cheb denorm ratio 
830 1 /X 885 ST03 
i33i '/X 086 form -~dB frequency 
832 ST02 fl87 FJ'? print f-EdB if data- entru.~ -
033 EHTt - ca lculate -and- st.;re; - - - - - i3S8 GSB4 
034 l/X 889 RCLC -rec~ll f-~dR - - - - ---
B35 - sinh a - RE ...,,B~9-=-l1_t:..:;L;..::B,.=· L..:;.d _LO_ADJ-_f da_ ll:Dd_S'I'.}.fil' ___ _ 
836 2 ~8~·9-=1-....;:s:...;T.:::.D;:_.C. _ t~m!2.o 1:8.l:iJy_ :rt.QI~ u-~.m!.en.cy _ 
BJ? 1392 RCLB recall Buttr denorm ratio 

E P9 7 Ft? 
838 STO if Buttr, store ratio 039 RCL2 - cal~ulate-and-st-Or;: - - - - - ...:l'-=-3....:4_ .....:E:..::T-=0--=-3 ____________ _ 
B4t ENT1 895 
041 1/X 896 

842 + co sh a - RD 89 ? 
B4J 2 "- 098 
844 899 
845 STOD 18@ 
846 LSTX - ca1cuia:te ·and-store: - - - - - Wi 
i347 RCL5 1 i:.12 
1348 ENTt 103 
849 ~z 1B4 

Fl? 
PRTX 

if Butterworth, calculate 
and print f-)dB 

i;;LBLO - - - - - - - - - - - - - - - -

SPC 
CF2 

RCLC 
ENT-t 

+ 
Pi 

if flag 3, 2rcfc • R5 

1158 EEX f-~dB = cosh(...!..cosh-1(...!..)) 1B5 
851 - f-)dB n EO iB6 F.J·; 
fl52 .n' _1--"0_7_--'S'-'T...:.O~S _ _ _ _________ _ 
85~ + 188 RCL5 
054 RCLA 11:.19 RCL6 

l/X 118 x f155 

REGISTERS 

R 
2 3 

a orwn Q K 
SI S2 S3 S4 SS S6 

calculate and print 
nominal capacitor value 

7 u.> , / 8 
'7wc 

9 

S7 58 S9 

A !~il ter order, fBE. 1 n ·1 dB' ' 
f-)dB le cutoff 
f-EdB frequency 

0 
co sh a or 1 IE sinh a or 1 11 

2-10, CARD 1 

111 l/X print design capacitance 
...:.1..:..:1<==----· ---'-P.c;..,FT,..c;-X __ __ ___ __ __ __ _ 

166 
167 
165 
169 
170 
111 
J 12 
17J 
1 74 

F''CL4 
calculate and print R2 ~-

113 SPC stop program execution and 
114 R ... ··s _aw_:i-i_!: ~p~ri:_t~r je~i~i~n- __ 

...:1-=1....:..'l-~E~E-X 
~ setup for next loop 

116 STJt1 
-117 

SPC 
RCLB 
RCLI 

EEX 

calculate normalized 
pole locations: 175 

176 
177 

1'.'CL9 

F..'CL? 

RCLe 
RCUi 
.\'.> )-''? 

test for loop exit 

118 
1i9 
1213 
12i 
122 
123 
124 
125 
125 

-tR O"Jc = (sinh a)(sin((2k-1)
2
TTn)) ._o-i--=-1'--?b"--, --"-bT_C_il ______ - - - - - - ---

l<'.CLD 1"?9 SFC loop exit 
1 BB SPC 
151 RTN 

l<l. = (cosh a)(cos((2k-l).E.)) 
-JC 2n 

127 F'CLE -182 *:..BL2__)!:._d .5'.'_r~r _filter_s~ctj,o_!l __ _ 
183 RCLE calculate a nd print 
184 RCLJ real ) rd order po le location 
185 x 

136 
cos 

ENTt 1 

186 F'i?TX 
~ 187 SPC 
>--188 ':LBL3 wait loop for second 
• 189 SF2 card read 

1913 PSE 
'---191 GTOJ 

2 cos(tan-1 ~ ) 
(Jk 

137 + 192 :t.LBL4 _p.r_in_t .Jl,nlL ~t_f:!_ag_;i_ 
..:.1-'--q"-~ -~P=R=T."'"''.,; --- -ne 1...-x 

139 STOi U4 SFJ 
..:.1....:..4l=--·1 _..;...P-'-'R-'--T;.,-::-·' - - - - - - - - - - - - - - --l.---.;1:,;.9~::,;..; _,.,..;R.;.,;Tl~·l _...,.... _ ___,:----:--:--------t 
141 2 ..:.1 ::..9 t;...: ___;.f-=:L....:..B.;.L~~· en~ _§_U'Q.!'outin_e _____ _ 
142 ST+B increment 2k by 2 191 P~- recover and store n 
143 F!Y' -ifev~~orcferri1t.;r-:--;t~--- ..:.1=-9=--B _ __;:s__;_·r-=-011'-'-·'. ____ _ _____ _ 

199 ., 144 RTN and awaii ~p~citoJ _!al_u~ _ _ ~ 
-=-1 ~-'--;~_'-, -R-':c-':L-11 - odd ;;-rder filter: 286 - 1 O if · 

' F~r. set f ag n is even 
146 RCL~ jump if last section 201 · "-
i4? x;~"? 202 cm 

&T02 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ 2i33 X=tY' 
149 RTN await r.ana,..;tor vai"e"' 284 SF6 __ _ 

_._1-"'-.5"'-C---"'=:L""B.::.L=-E _LOAD Q.APA_OI1_()R_V~U~ _ _ __ -=2-=-·11-'5--~p~; - - - - - -----
151 F2'? reject input if )rd order Hl6 RCLA calculat e and store: 

t d ·•·7·- ENP - -152 GTDJ ~e_£t_io!!_ !!_a~ )?_e~n__Q1f~iQ~1_ ~ _ _ ~c1 t 
2[;8 ..:.1..:..5.::...."! __ s_·r_o __ i::; _ ~o..!:_e _Q2_ _ _ _ _ - - - - -
209 154 .\t'r' store o1 216 

_:1..:_5.:_5_...;;5...:."T...:.0 ...:.4 - - - - - - - - - - - - - - -
156 + 211 

calculate and print R1 212 
1 ~~ RC~ 1 '·'n /..__ c ::· 1 , 
l .JO A R ....... / y_, 

1 = - ·4 159 RCL2 Q( o
1 

+ c
2

) il 

STOI 
ff.\ 

8TD3 Wn initialization 
RT1J 

:+:LBL6 
exit routine, 

-- - -

160 RCL5 2i5 
161 216 

SPC 
CFJ 
HN 

clear flag 3 and space 

162 ST07 217 
163 
164 
165 

• . .:-+•.J 
1'\PI 

FRTX 

LABELS FLAGS 

l NOTE TRIG_ MODEi 

FLAGS 
ON OFF 

0 • 
1 • 

2 • 
3 • 

SET STATUS 

TRIG 

DEG 
GRAD 
RAD • 

DISP 

FIX 
SCI 
ENG• 
n~ 



0 

so Rl 

A 

2-10, CARO 2 l,r·o~ram IJsrln~ I 
00: R/f oanc e l nause after card read 
BB2 *LBLE LOAD 01 t02f C.? and START 
003 SPC 
004 GSB9 -test for-PiS - - - - - - -

_,0,_o __ s_....;;....;;.P.::.. .. '--s - - - - - - - - - - - - - -

0136 SF2 execute 8.I}d signal P~S 
-0--'0-'-?--S ...... T.:...O:::..J -store 0 - - - - - - - - - -
"""B-88-----R-.J. - - - Q/ - - - - -· - - - -

-==...:.~.::..~_ ...... s ...... r.::..~!:::.. ·- s~~e-c~ __________ _ 
011 STOl store Ci 

...:....::...::__-..:..:...:..=- - - - - - - - - - - - - -fi12 RCL2 
BlJ 
814 
015 
016 
017 

x· calculate and store: 

018 
019 
820 
021 
822 
023 

RCL2 
RCL3 

.':.{ 

+ 
RCLJ 
RCLJ 

x 
+ 

RCL1 
x 

824 STO? 

Ct· -rec .- R7 

_0_2_5_....;i;...;;.-s_BJ'--Q .Y~ and-i:fs~t _!).~1_ ~--_-_---= 
826 RCL'i bt . d to w 
027 STOI o ain an s re 0 

...;;0..:;;;2"-8-...;;~...;;.· C.;;...LE::... - - - - - - - - - - - - -
IPQ RCL3 calculate 1/"'t" 
iJ39 x 
8.:.1 RCLl -recall! Q - - - - - - -
832 RCL2 Wn 

..,:=1~~!--R~~-~-=--~ - - - _It - - - - - - - - -
035 SFZ execute and signal P:l:S 

"""a=3t>-=--.--~=q~a~O - store -R - - - - - - - - - - -

:~~ 8r~! -sto;e Wn- - - - - - - - -

....:B;..;:3~9-....:.....:...;..R.J,.:... - - - - - - - - - - - - - - -

1340 
841 
1342 
843 

UX form and store 1/Q 
ST06 

ST05 
store 1/T 

- - - -

REGISTERS 

044 
045 
846 
047 
048 
049 
050 
051 

x 
RCL4 

+ form c1 ( _L + wn) 
RCL1 'l'Q 

x 
RCL2 - - - - - - - - - - -

RC:J form and store C2 + O.? 

852 STOA 
-e--·5"'"'3-~-"-x-. - - - - - - - - - - - -

854 RCL 4 form. and store: 

:;~ RC~I Ki- ~~(:Q + Wn)C1(C2+C3) 
857 ,!(£ 

858 
859 
068 
861 
862 
863 
864 
065 
066 
06? 
868 
069 
07& 
071 
8?2 
873 
074 
875 
076 
0i7 
878 
079 
880 
L181 
082 
053 
884 
L185 
086 
BB? 
888 
889 
698 
891 

STOB 
RCL4 
RCLI 

-
.~'\·2 

RCLI 

RCL5 

RCL~ 
x 

STOA 

- --- - ------ -

form and store: 

RCL5 - - - - - - - - - - - - - - -
RCL4 
RCL6 

)( 

+ 
RCL7 

x 
RCLI 

-
STOC 
RCL1 
RCL2 

+ 
RCL? 

x 

form and store: 

- -----------
form and store: 

CHS K3 - -(Ci + C2)(C1 t CC) 
STOD 
RCL?, - - - - - - - - _

8 
- - - -

EEi\ form and store 10 •R 
8 for iteration loop 

exit test 
B92 ST09 

2 4 5 6 1 e 9 

s1 Cl S2 02 S3 
C5 SS l/'r S6 l/ Q. 

D 

S7 SB 
Cl• ECC f/f' 

IE sinh a or 1 ii 
S9 8 

10- .R 

-893 
094 
095 
096 
897 
898 
899 
lfJf1 
181 
1B2 
183 
JB4 
1[;5 
106 
10? 
108 
189 
110 
111 
i12 
113 
114 
115 
116 
11? 
118 
119 
120 
121 
1':•") ... .:...'-

123 
124 
125 
126 

'-1 27 

A 

a 

o New-wn-
'Ranhson 

5 

2-10, CARO 2 

f:i..BL 0 _NfilltQn::BaILh~n_l.Q.ol(_ f.o r.. Ri_ 128 RCi..13 recall and print R1 -
RCLO 129 PRTX - - ---- - - - -- --
RCLe 1313 RCL::• 
RCLB 131 RCL4 
RCLD form and store: 1-:-·:· RCL6 calculate and print R2 ........ 

:·~ 

f(Rt) = K3 R15+Kz.R1 2+KiR1+Ko 
i.53 x 

RCLC 134 + 
+ 135 RCLI 1 i ~")-R1(C1+C2) -(-+ 
x 136 

R2 
We T -RCLB 137 RCL1 02 + C5 - 1.JB F:CL2 

" 139 + 
RCU! 14[1 P.CL fi 

+ 141 x 

STOB 142 --- - - - - - - - - - --- 143 RCL2 C' ~, 

+ 144 RCL3 
+ form: 145 + 
+ 

f I (R1) .. 5K3R1 2+2K2R1 +K1 
146 

~:CLD 147 F'RTX - ----- - - -- - - -
x 148 F.'CLO 

RCLC 149 -~· 

ENH 15[i RCLi 
+ 151 .··~ calculate and print R5 + 152 RCL2 
x 153 ::..:: 

RCLB 154 RCL.3 
- 15.5 .x.· 

- - (~) w';/'1: ST::8 _f~rm.::_--~RL ;;;;_fiR~Zf ~R..i.)_ 156 i..-X 
R5 - - = RCL8 1 ,,..., ~:CL4 

form R - R1n + 6R1 
...JI' We R1 R2.C1 Ci. C9 

ST-0 1n+1- 158 RCL; - - - - - ·- - - - --
ABS iterate again if 

159 
RCL9 160 .~,·2 

Xf Y? loR1I ~ 10-6.~ ; .- ., ){ lt• l 

GT00 ~62 RCLI 
16? 
164 RCL5 
165 x 
166 F'RTX 
16? SF'C - -- -- ---- -- - -- -
168 Jl:LBL9 
169 F2'? if flag 2, execute P~S 
171'.1 FtS 
171 f;.'TN 

-
LABELS FLAGS SET STATUS 

B c D E lea~ 0 
FLAGS TRIG DISP canA ... ~ A-~ 

b c d e 1 ON OFF 
0 DEG FIX 

1 2 3 4 2 
P~S 

1 GRAD SCI 
2 • RAD ENG • 6 7 8 9 P~S 3 
3 n~ 



PROGRAM 2-11 DELIYANNIS POSITIVE AND NEGATIVE FEEDBACK ACTIVE 
RESONATOR DESIGN (USED FOR ACTIVE BANDPASS FILTERS). 

Program Description and Equations Used 

Active filter resonators are constrained by component value ranges 

(10 ohms to 10 megohms, 100 pF to 10 µF), operational amplifier gain­

bandwidth limitations, and overall circuit sensitivities. The Deliyan­

nis resonator circuit all.ows high Q realizations and also compensates 

for the finite gain and bandwidth of the operational amplifier [ 20]. 

Q. 

as 

This resonator synthesizes a second order pole pair of given w and 
n 

The natural frequency, w , and the quality factor, Q, are provided 
n 

outputs from the active Butterworth and Chebyshev filter programs 

contained in this section. 

This resonator type has the ability to synthesize a resonator with 

infinite Q. The infinite Q resonator is used in the interior stages of 

the Szentirmai leapfrog filter topology [48]. The leapfrog active fil­

ter is a direct simulation of a passive LC filter, and generally has the 

same low sensitivity characteristics of the LC topology. When narrow­

band active filters are required, the leapfrog topology will be one of 

the viable candidates for filter realization (also see the GIC realiza­

tion in Program 2-6). 

The circuit for the Deliyannis second order bandpass circuit is 

shown in Fig. 2-11.1. 

267 
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~--..... ~--o Eout 

Figure 2-11.1 Deliyannis bandpass resonator circuit. 

The transmission funct~o:n is obtained using nodal analysis. In matrix 

form, the nodal equations are: 

E = A(s) [E3 - E2], (op-amp transmission fen) out (2-11.1) 

(2-11. 2) 

where 

Eg = E /k out (2-11. 3) 

Solving for E2 from Eqs. (2-11.1) and (2-11.3): 

E2 = Eout [ ~ - A(!) J (2-11.4) 

The transmission function is first obtained for the general case 

using A(s), then more specifically using A(s) =A /(Ts). The passive 
. 0 

sensitivities may be obtained from the general solution, and the 
I 

active sensitivities obtained from the specific solution, A(s)=A /(Ts). 
0 

The matrix equation is rewritten to bring l/k - l/A(s) inside the 

coe.fficient matrix, and to bring all dependent variables to the right 
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hand side of the equation: 

(2-11. 5) 

1 
E1 R i 

= E. 
{ i

1 
+ s(C 1 + c~} 

l.Il 

E out 0 { (~) ( ~ - A~s) - 1 ) + sC2 ( ~ - Ats))} {- sc} 
L 

Cramer's rule is used to find the expression for Eout/Ein, the 

filter transmission function. 

E out --= 
E. 
in 

s (2-11. 6) 

1 

The passive sensitivities may be evaluated assuming the op-amp to 

be ideal, i.e., the open loop gain is allowed to approach infinity. In 

this situation, the transmission function becomes: 

E out 
E. in 

= 

ks 
(2-11. 7) 

R1 C1 (k-1) 

s2 + s {-
1
- . - + _L_ - -(k--~l....;;)1'-R-1_C_1 } + :82C1 R2C2 

1 

The coefficients of the denominator of this equation may be com­

pared with the like coefficients in the ·standard second order form to 

derive e:xpressions for w and Q. The standard second order form of the 
n 

transmission function is: 

E ks _o_u_t = __ .....;.;.;;:;____ ___ _ 
E 2 Wn 2 in s+-s+w Q n 

(2-11. 8) 
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The following expressions for w , Q, and K are obtained: 
n 

w = (R! R2 C1 C2) -12 
n 

Vi 
Q = 

tf 1 R2 .;, {[-l 
+ 

2 k-1 Rl c1 

Q = [:, + 1 - µ &/ (k-1) 

(2-11.9) 

(2-ll.10) 

(2-11.11) 

(2-11.12) 

The denominator of Eq. (2-11.12) can be made arbitrarily small by 

proper choice ofµ. The denominator can be made to vanish completely 

causing Q to become infinite, thus generating the infinite Q resonator 

required for the interior stages of the leapfrog filter topology. 

Sensitivities are a way of expressing how much a given parameter, 

say Q, is affected by a change in one of the circuit elements. The 

general convention is to express sensitivities as a demensionless num­

ber formed from the ratio of individual percentage changes: 

SQ= lim ~ = 
R /J.R~ t-.R/R 

R • .£.(1 
Q aR (2-11.13) 

Applying this definition to the expressions for µ , Q, and K, the 
n 

following passive sensitivities result: , 

SQ Q 
= SR I\ 2 

SQ = SQ 
c1 c2 

SQ 
RB 

SQ 
RA 

= 

-~ - Q Vi1S 
k-1 

- 12 + Q·W (~ -1
- ) V'""'v ... - k-1 

QH_ 
k-1 

(2-11.14) 

(2-11.15) 

(2-11.16) 

(2-11.17) 
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SK = -1 
R. ' s .L 

(2-11.18) 

SK = -SK = l;k 
RA R 

B 

(2-11.19) 

The break frequency of the open loop transmission function of most 

operational amplifiers is around 10 Hz, and the gain-bandwidth product 

(GBP) is about 106 Hz thus, the finite ga!\i characteristics of the op­

amp begin to affect the active filter response when kilohertz frequen­

cies are involved. In this frequency range, the operational all)plifier 

transmission function, A(s) = A I (l + Ts), may be approximated by 
0 

A(s) = A /Ts. With this approximation, the active filter transmission 
0 

function becomes: 

E out --= E. in 

s 
+ ,s/A0 - l/k) 

This expression is expanded, and like powers of s collected to form 

the final expression for the active filter transmission function: 

D(s) 
(2-11.21) 

where 

D(s) 

+ s{ (k-l)(R 
1
c + R ~ ) - Rl~l +A RTRkC c }+ R ~-~ c 

2 1 2 2 0 1 2 1 2 1 2 l 2 

The denominator is factored into a single pole and a complex conjugate 

pair: 

E out --= 
E. in 

s 
H • w Q 

n (2-11.22) 

liiiillliiiii11i111111i1111 ........................................ __________ ..... ~ .. ----............ ________________________________ ~I 
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The natural frequency, w , and the quality factor, Q, are derived by 
n 

equating like powers of s between Eqs. (2-11.21) and (2-11.22): 

w = 
n 

1 

RR C C 
1 2 1 2 

A (k-1) R C 
0 -1 1 

(2-11. 23) 

Wn J_ 1 la 1 }(l- Tk
2 

}(2-11.24) 
BW = Q =1R

2
C

1 
+ R

2
C

2 
+ R

1
C

1
(k-l) A

0
(k-l)R

1
R

2 

From these equations, the active sensitivities are derived: 

where J.l 

and 0 

k 2 (2-11. 25) 

(2-11. 26) 

(2-11. 2 7) 

as defined previously. The objective is to choose µ or o to strike 

a happy medium between the active and the passive sensitivities (see 

[ 19 ], p • 319) • 

The Designers Guide to Active Filters [26], has the set of equa­

tions that generate the element values for this positive and negative 

feedback biquad. The point is made that by choosing o< 1 some of the 

active sensitivities may be reduced at the expense of resistor value 

spread ( µ increases). 

Equations (2-11.28) through (2-11.42) are used by the HP-67/97 

program. The equation solution starts with a choice for the capacitor 

ratio, 0 , and positive feedback ratio, k, and the operational ampli­

fier de gain, A , and gain bandwidth product, GBP. The resonant 
0 

frequency is f and p = l/k (f = l/(2nT)). 
o a 

f/f =GBP/(fA) a o o o (2-11. 28) 

(2-11. 29) y = A Q GBP/f 
0 0 

d = l/Q (2-11.30) 

A 
s = Q - pY = (1- ___.£ ) 

k 
(2-11. 31) 

of : 

i.e., 

then 
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m = Y + S = Q { 1 + A
0 

( 1 - f ) } 

a
2 

= ( o + 1 ) { m(m-d) + 1 } 

a
1 

= Sm - ( o + 1 ) S - (rn-d) (md-1) 

a = 
0 

c = 0 
2 

m (S-d) + 1 

} normalized values 

(2-11. 32) 

(2-11. 33) 

(2-11. 34) 

(2-11. 35) 

(2-11. 36) 

The quadratic equation is used to find the positive real root (R
1

) 

a R 
2 + a R + a 0 = 0 

2 1 1 1 
(2-11. 38) 

- al (fa-) ao 
R = -- + 

l 2a a 
2 2 2 

(2-11. 39) 

R = m( 8+1 ) Rl - (dm-1) 
2 (R - S) 8 

1 

(2-11. 40) 

H is the gain of the filter at resonance: 

H = - R2 • 8 · Q 
1-.!.+!_ 

k A 
0 

(2-11. 41) 

A parasitic pole also exists. The location of this pole is at - cr , 

where: 

m (2-11. 42) 

The normalized transmission function with the above element values 

becomes: 

Eout 
=--= G(s) 

H -s 
Q (2-11. 43) 
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The design of this filter type is somewhat cut and try if low sensi­

tivities are to be achieved. The program is written to take the de­

sired resonant frequency, the operational amplifier parameters, the 

capacitor ratio, one capacitor value, and the positive feedback ratio, 

and provides the remaining element values. 

Because the resonator design exhibits a gain, H, at resonance, 

the input resistor, R 1 , may be split into two resistors to provide a 

Thevenin equivalent circuit with gain H desired/H = 1/H' and impedance 

R1 • This equivalent circuit is shown in Fig. 2-11.2. 

E 
in 

T 
E 
out 

Figure 2-11.2 Equivalent input resistor network. 

Eout/Ein = 1/H' (2-11. 44) 

(2-11. 45) 

Equation (2-11.44) is solved for Rla + Rlb' and substituted into 

Eq. (2-11.45) to yield an expression for R
1
a: 

R = H' • R la 1 (2-11. 46) 

Substituting Eq. (2-11.46) into Eq. (2-11.44) yields an expression for 

Rlb: 

R_i_b = Rla/(H'-1) (2-11. 47) 

Equations (2-11.46) and (2-11.47) are used by the program to split the 

input resistor and provide the desired resonator gain at the resonant 

frequency. 

2-11 User Insfru~fic•ns 

~ 
DELIYANNIS POSITIVE !ND NEGATIVE FEEDBACK RESONATOR 

resistance 
b Hdesired level 

Q p oramR g in- W op-am~ 
de ga n 

load f 
& sta.rt0 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 
KEYS 

2 Load Q, the quality factor Q ~ _ ....... ~---·-···---~--·--·-·---------~-~--------.-.--·--· ---------

; Load p, the positive feedback ratio (p,,. l/k) p [ B] ,__ .._ ____ .. ______ . ________ ....,. _____ _..__.._. ___ .. -~..----- _____ _. ___ _ 

c;~ 

6 Load desired gain at resonance Hdesired f l..JLJ 
1------"" --·-----~------~---.-------------------

8 Load op-amp de gain Ao l_!L_I --·-- !-'--·----... ·-------__..·--·---.. - - ··------------------ --~------

9 Load resonant frequency desired and start f 1 Hz 
,___ --------------------·------------- --------- ,_..:..2 _____ _ 

-- -----------·--.. ·-·..-···---...-·----------r-----· 
-·--- __ j'lO t~L-·------·------------------------ ·-·-··--·-·-----
----- _______ _!'_~~~ 3 is te ~ted on _:i.]]_ input _!OU tine~--,_ _ ________ _ 

to determine whether input or output 
1-----<r-------- ·-·--------------.---- r------··--

of the respective parameter is desired. ,___ - ·------------~---------·- ..,._ ______ _ 
_______ g__~~_J.nput k~r._J~~~-=- "D" and "a~~"- ------------

1---t------i_s_~eye~~!~~~~~~~-e_:~_C:_~t~L~! ______ --------

i-------..-~--f-~~-~£~?:?.~. -~!:~-~ 1 ear key _leJ,_~~~----- -------
,__ ___________ }'_1::~-~~~:t.ly sto~~.Jl!:r~~t~ __ will .!:!' ·-------­

displayed. 
r- - ---------------------~·---~---------- --- ------

e- --------·---·~------------------- --------

-~- ----·"-··------ ----------------·-r-----··---
r--- ------------~~------------------·----~-~--·-·----

----- ~--------------·~-~-~---------~--------~- -----

J_Q_ _____ Q.c;J ___ l>_~g_l_c_ __ ~~~---g-~~K~~.Y. paramete~~!!.~----- ____ _ 

___ r---~-!'.~~-!'.1 ___ ~~~--!-~-~---{l-~_<_?_~:-~-~-----'f~~--?-~~~~r ·----------·-- -----
frequency need not be re l oaded unless it is ----- ----·------------------- --------··--t---·---

,_ __ ~---~~~!!g __ ~h~!!g~!-_______________________________ ------------

OUTPUT 
DATA/UNITS 

i;-~-- ~ 
-------- --· m 
H > a 

--- I 
<5" i 

- ------- ---- ;)-
R e 
--~---- -- d 

R1 d -------- - e 
R2 n · ------- --· 0 

_9_i__ ____ ~ 
C2 ~ a 
-··----- -·· I 

I Ri-;:--- ~ 
--------- --- e 

-~~J_~-
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Example 2-11.1 

A second order Deliyannis resonator is to be designed using a type 

741 operational amplifier. The operational amplifier characteristics 

and resonator specifications are: 

Center frequency: 

Q: 

gain at resonance: 

capacitor ratio: 

p, positive fdbk ratio: 

resistance level: 

op-amp gain-bandwidth: 

op-amp de gain: 

1000 Hz 

100 

1.0 

1.0 

0.04 

10000 n 

500000 Hz 

100000 

Find the element values and calculate the sensitivities for this 

design. Investigate the effect of different values of positive feed­

back on the component value spread and sensitivities. The HP-97 print­

out for this problem is shown on the next page, and the schematic is 

shown in Fig. 2-11.3. 

E 
out 

Figure 2-11.3 Deliyannis resonator schematic. 
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HP-97 printout for Example 2·11.1 

Wu. ;se,:; load Q 
16606. GSBt:\ load denormalization resistance level, R 

• 64 GSBB load positive f eedbaok ratio, p 
1. GSBI:. load capacitor ratio, s 
j GS Be: load gain desired at resonance, Hdesired ;. . 

566606. GSBC load op-amp GBP 
166BJ6. GSBD load op-amp de gain, Ao 

11368. {; 58£ load f o and start 

145. 776-63 .;:.-+;:+. R1 

l 6. ?594?+06 *** R2 
-?!14. 164+fi[i 

normalized values 
.¥::;::+: H 

487. 15i+Of! *** (J 
(01 == 1) 

24. 0fi@[ITiJ6 .• :.t:f: RB (RA = l) 

10.0000+63 :+::+: :+: R1 

l 463. 767+[(] ·'f:* --+: R2 
2.32€181-69 

denormalized values 
.;:.;::+; C1 

2 • .J280i-69 :;:H: 02 

? • 04104+06 
10.0142+[13 

.'f:H R1A 
:+:.;::+ RlB Thevenin equivalent input resistor pair 

-500.@J0-03 
28.3733+06 

-28.5' 733+8~ 

-14.18B2+68 
7.38889-03 

J.• J.• ,. s '41,, 
.,....., R R C C 
** ·~: 1• z, 1• a s~., 
·~· .t· v.· sG SQ ....... . " R4 I - R1 

**·r. -------s~ , 
n::+ sQ - Sw... 

Ah ' A/'l' 

The following printouts have all parameters the same except the positive 
feedback ratio, p. Notice passive sensitivities increase and active decrease . 

1. -t.1~"' GSBE p 
G'SBE 

3. r914i -i}3 :H .. 'f: 
172. 616+66 .¥::+' 

- i 7 266.S+;J:; :f::n 
763. 761 +BB .'f::+::;: 

i. BOfJ[f[H[f5 t:+. l 

18. 0006+63 .;::+.:+: 
455. 42.'3+[16 :+;.+::+: 
60.J422-12 :+::+::+ 
60. 3422-12 .+:.'f; .'f: 

1 72. 66B+06 :+: .'f. .'f: 

-500. BOJ-63 .-+. :+:.-+ 
21. 3466-66 .'t:'f:i;: 

-5013. 02 l -fi] .+:.-+: .+: 

-31. 4320-63 .'f;Jl: .'t 

213. 4!36-03 i;::n 

064 GSBE p 
GSBE 

46.361 5- [1 3 :+:H 
20. 6767+66 .t:ot:.y: 

-2. fi?.535+fi.'J .;:.j::+: 
s19. 661 +oe .;::+: .-+: 
249. [i[l i..1+60 :+::+: :f 

10. 0000+03 :+::+ .. f . 
4. 4586!hB6 :+;.; .. ;: 

?J?. 866-12 **ii: 
?J?. 866-12 :+:;.;::+: 

20. ?.'535+136 .;::+:.¥. 
1o.0648+0J .+::+::;. 

-500. 000-63 i,: . ...-.;: 

8. 48fif1B+OO *** 
-e. 98t108+BO u:;; 
-4. 24420+06 :+::+::+; 

21 2553-6? i;::+: .;: 

• <t GSBE p 
GSBE 

57? I 077-6.J .f: ."f.° :f. 

1.?1635+8[1 **·•: 
-286. €153+06 :+::+: .+: 
302. B93Tft[1 H ::+· 
1. 5000[1+60 :+::+::+. 

10. 0€100+63 :t::H: 
29.?421+6J :+: .t::+: 
9.18446-69 :+. :+.:~ 

9.18446-69 :+::+.:+: 

2. 86€153+[16 *·t.:+: 
10.0351+0J :+:H 

-500. 006-03 ·+::+::t: 
114. 9?3+0[i :;: .;:i;: 

-115.4?3+06 :U .¥: 
-57. 4880+60 :+:.;:.-+ 
4. 79053-63 .»:.+::+: 
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801 :#:LBL R _M)AD _g - 056 + - -- -- -
862 1/X l~57 STOD 
fJfJ3 STOfJ store cl & l/Q @58 PCL2 

- - - - - - - --
804 GTOB 059 RCLC 
805 :+:LB!.o. LOAD DDlOBMALIZATION 1360 )( 

866 STOS RESISTANCE- LEVEL t161 RCL9 a1 =Sm - (.S+1)~ - (rn-d)(dm-1) 
Bfl r GTOB 862 RCLB 
008 :+:LBLB WAD p 063 )\.' 

OB9 ST01 964 -
!118 GTOB 065 - - - -- - - - -RCLC 
011 :+:LBU:. WAD 01/02 RATIO 066 RCLfl 
f112 ST02 !167 x 
813 GTOB t168 EE.\' dm-i --RI 
014 .'#:LBLC WAD OP-AMP GBP 069 -
015 8T03 078 STOI 
016 .GTOB @71 - -

RCLE - - - - - --
017 :;:LBLc WAD Rldesired 0?2 x 
£118 p-+c· B73 p~· -

..21... -- Rb 019 STOB t174 ,, 
.:: 2 

02ff p-+c 875 p -.J 

821 GT00 @76 ST06 
iJ22 .'#:LBLD ID.AD OP-AMP Ao 07? RCLIJ 

- - - - - - - - -
023 ST04 l178 RCLB 
1324 *LBL6 clear flag } subroutine @79 -
025 CF3 88t1 RCLC ao=m(~ - d)+i 
026 RTN 081 x: 
t1.:: 7 t:LBLE _LOAD~ AND START ANALYSIS f182 EEX 
028 F?" store f 0if' entered - - - 083 -·.• : 

1329 084 - - - - - - - - -ST05 _from k~board RCLD 
830 SPC - - - - 885 ST-:·6 
t131 F:CL3 Ao 886 
032 PCL5 ~~ 

f'o -Rti. 887 PCL6 
033 ft88 x2 

(ik_r-~· 034 STOH - 089 + R1"' - a! - - - - - - - - 2a2 82 fi; 835 PCL4 098 [\.' ... 
836 . 091 RCL6 
037 RCUJ l .L 13~2 -
038 RCLl ?= - .- Rs 093 STOD 
039 .~{ Ao k 1394 Pin.'.\' 
040 @95 RCLC --- - - - - - - --

1341 8TOB 096 RCL9 
042 - - - - - - - - -- 1397 RCLH x 
043 + m= t+~ 698 x 
044 STOC /.399 RCLI - - - - - - - - - 108 045 RCL2 -
fi4i::7 EEX s +1 -R9 

1f11 RCLD m($+t)R1 ( dm -1) 1El2 Rr -1347 + RCLB 
/.348 ST09 103 - (Rt - ~) S - rn(S+!) 

- - -- - 104 t149 )~' - - - - - - - 1f15 05"6 F.'CLC RCL2 
051 F:CLC 

m -d -- Ri:: 
186 

0.52 - 107 STOE 
053 sro; 108 PRTX - -- - - - - - - -- - - - - - - -
054 x 109 RCL2 
855 RCL9 ai=:(5 +1){ m(m-d) +1} -Ro 11 (I .':{ 

REGISTERS 
0 i 1 i 2 S = C2 3 op - amp 4 op· amp 5 6 H, OY 7 8 res1~ta.11CC1 9 s +i, o..-

d-= Q p:k Ci G0P de 9a1n, Ao +;, B1f a1 RaS,..,..,u level G../ii6" 
so S1 

Hdgs1red 
52 53 S4 SS S6 S7 SS S9 

A IB IC 0 
IErn-d, 1

1 
dm-1, o .. -o.s ~ # /'n o-r E=L Oz. , Of"' R1 Or" R2 k-1 

2-11 l,ro~ram IJslln~ II 
111 
11 2 
113 
114 
115 
116 
117 
118 
119 
120 
121 
1 .... ., .... 
123 
124 
12S 
126 
127 
128 
129 
l3t1 
131 
132 
133 
134 
135 
136 

STO? 
EE.\' 

RCL1 

RCL4 
1 .. ., .·· {', 

+ 

F.:CLB 

ST06 
CHS 

Pl<:TX 
RCLC 
F.'CLD 

F.'CL? 

RCL1 
1/X 

-R2·S·Q 
Hae.tu a L = ---=---'----

1 _ _,L+ _1_ 
k Ao 

- - - -

0- = m 

- - -

EEX Ra-= k-i 

GSE:9 
s~;;~ - ~ = k :_ 1 - - - - -

"""==---p=,c'"'":L-=-8 -recallandprint- - - -137' 
138 
139 

..::..:...:c--__;_;PP."'""'..T_X _denormalized !!i ___ _ 
RCLE 

140 
141 

x caloulate and print 
F.'CLD denormalized R2 

142 
143 PRF 
144 ~-~---- - ---RCL5 - - --
145 
146 
147 
148 
149 
151.:1 
151 
1 C:""I ... IC. 

153 
154 
155 
156 

Pi 
x 

ENTl 
+ 

P.CL8 
x 

RCLD 

1 /~·· 
Pl<:TX 

calculate and print 
denormalized 011 

--- - -- ----
calculate and print 
denormalized 02 15? 

RCL2 
x 

GSB9 
~c__.......::....;:...::...:..._ - - - --- - -

158 
159 
160 
161 
162 
163 
164 
165 

P:S 
RCLO 

SH-6 
RCL6 
RCL8 

.x: 
PRn: 

calculate ThevQnin 
equiTalent for R1 to provide 
desired gain at resonances 

LABELS 

177 
.l i ·- ' 

P.CL6 
EEX 

C' 

-· 
CHS 

-1 

~lu.i..;:i· 4;__,-~"-'-; Tw.n:....I _ _ _ __ __ __ _ _ 
1 ?5 F'RTX print: S~~ Cr., ~1 , R .. 

..:.1_?.;,,..6 --PL-:L..:.E - - - - - - - -
177 RCLO R? R 
178 µ. = R;" -- 7 

1 ?9 STO? ----- - - --- ---180 P.CL2 
181 
182 
15'3 
1B4 
185 
186 
1E:7 

J " .. ~ 
PCUJ 

ST09 
RCLC 

){ 

S Gl "' - SQ = Q JµS 
RB R,a. k-1. 

- -

...:c1..::..8;;_8 --'PR"'"'":T..:..:.X __ _ -- ---- -
189 CHS 
190 RCL I 
191 + 
192 F'F:TX 

...:....:..~ __ .:..;._ -- -- -----
193 PCL? 
194 i / X 
195 .l<CLC 
i% 
19? 
198 
199 
200 
201 
202 
203 
204 
205 
286 

RCL9 

RCLI 
+ 

F'RTX 
RCL9 
RCLB 

PCLR 
ENH 

2137 + 
2B8 
209 RCLC 
2113 RCL1 
211 
212 xz 
213 x 
214 :+:LBL9 
215 prn~! 

216 SPC 
217 RTN 

FLAGS 

---------

print and space subroutine 

SET STATUS 

A load G B 
Load p C Load GBP D load Ao El.oad r

0 
! 51. .. r-t O FLAGS TRIG DISP 

a Loaci R b Load S c load Hdll$1rW d e 1 ON OFF USE"R'S CHO!CE: 
0 • DEG FIX 

0 1 2 3 4 2 1 GRAD SCI 

5 6 7 8 3 oa+a gnty.y 
2 RAD ENG 

9 fh"t ! Space 3 • n __ 



PROGRAM 2-12 ELLIPTIC F.IL TER ORDER AND LOSS POLE LOCATIONS. 

Program Description and Equations Used 

This program finds the lowest elliptic (also called Cauer-Chebyshev) 

lowpass filter order that will meet the requirements for Amax, Amin, 

fmax, and fmin. These parameters are defined with the aid of Fig. 2-12.1. 

Amin - - - - - - - - - - --~ 

Amax 

fmax f min 

Figure 2-12.1 Elliptic filter loss function, where: 

Amax maximum passband ripple in dB 

Amin minimum stopband attenuation in dB 

fll1ax maximum passband frequency (passband edge) 

fmin minimum frequency where Amin is achieved. 

The program also calculates the attenuation pole frequencies. From these 

frequencies the filter response at any frequency outside the passband may 

be determined by using the Z transformation. This transformation tech­

nique is described in the next program, and also in chapter 8 of Daniels' 

book [17]. The analog Z transformation should not be confused with the 

digital z transformation. 

The elliptic filter response is not monotonic in the stopband as 

can be seen in Fig. 2-12.1. This stopband response is the characteristic 

difference between the Chebyshev and elliptic filter res.ponses. Both 

filter types have equiripple behavior in the passband, but Chebyshev 

281 
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(and Butterworth) filters have all attenuation poles located at infinite 

frequency, while elliptic filters have finite attenuation poles. Be­

cause of these finite attenuation poles, the elliptic filter has a 

sharper transition from passband to stopband for a given filter order. 

The elliptic response also has its drawbacks. As the transition 

band becomes sharper (the filter more selective) the transfer function 

phase angle changes more rapidly with frequency, and so the group delay 

becomes peaked near the passband edge frequency. Uniform group delay 

is required for filters that must process pulses without exhibiting 

ringing amplitude responses; thus, the transmission function of the 

elliptic filter tends toward the optimum only from the point of view 

of the attenuation requirement. 

If the LC filter is being designed as a basis for an active filter 

design such as the leapfrog topology, or an elliptic response is being 

contemplated for active simulation by cascaded active resonators, the 

elliptic filter transmission zero (attenuation pole) simulation will re­

quire a biquadratic resonator circuit. The designer should always com­

pare the sensitivities of the elliptic active filter circuit versus 

the sensitivities of a higher order all-pole active design which meets 

the overall same specifications. In general, as the active res?nator 

circuit becomes more complicated, or the operating gain-bandwidth re­

quirements approach the op-amp gain-bandwidth, the circuit sensitivi­

ties become worse, and the final filter design may not meet the specifi­

cation requirements when component drift due to temperature and aging is 

considered. 

The following formulas are discussed in detail in the equation 

derivation section and the results brought forward. The loss function, 

L, is defined by Eq. (2-12.1) (refer to Fig. 2-12.1). 

= 
10 

o. 1 Amin _ 
1 

10 
o. 1 Amax _ 

1 
(2-12.1) 

Furthermore, xL is the ratio of the lowpass stopband edge frequency to 

the lowpass passband edge frequency (refer to Fig. 2-12.1): 

f 
max 

f . 
Ill1n 

(2-12. 2) 
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The minimum elliptic filter order that will meet the requirements for 

Amax, Amin, fmax, and fmin is calculated from Eq. (2-12.28). 

n = 
K (~-l ) • K'(L-l ) 

K 1 (~-l) · K(L-1 J 
(2-12.30) 

where K( ) is the complete elliptic integral of the first kind, and 

K'( ) is the complementary complete elliptic integral of the first 

kind. These functions are defined by Eqs. (2-12.11) through (2-12.14) 

and are calculated by a truncated infinite series as given by Eqs. 

(2-12.18) through (2-12.21). 

The loss poles of the elliptic filter transfer function are given by 

Eqs. (2-12.31) and (2-12.32). 

where 

x = { sn 
ZY 

sn 

x = 
\) 

{ !v K ( ~ - 1
) , ~ - 1 

} n odd 

{ 
2~-l K ( ~ - 1 ), ~ - 1 } n even 

(2-12. 31) 

(2-12.32) 

The elliptic sine is evaluated by means of a Fourier series given 

by Eqs. (2-12.24) and (2-12.25). 

The even ordered elliptic filters have a stopband loss that ap­

proaches a constant, finite value as the frequency approaches infinity, 

i.e., the even ordered elliptic filter does not have a loss pole at in­

finite frequency. The lossless LC synthesis of such a filter cannot 

be done without the use of mutual inductive coupling between the filter 

sections. On the other hand, active filter realizations can be done 

without the loss pole locations being a constraint. 

A special form of the Mobius transformation (a bilinear change of 

variables) may be applied to the even ordered elliptic loss pole fre­

quencies to move the highest frequency loss pole to infinity and there­

by allow LC synthesis without mutual inductance. The even ordered el­

liptic filter element value tables in Zverev [58], already have this 

transformation applied, hence ~ -l = sin 8 only for odd order filters 

(8 is the tabulated modular angle). 
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The general form of the Mobius transformation is: 

2 {nc
2 

_nB
2 

2} {s2 +no
2
} s = rl • 

n 2 - n 2 B s 2 +n 2 
B 0 C 

(2-12. 3) 

This transformation converts frequencies as follows: 

1) s = j Q to s = 0 
0 

2) s = j rl B to s = jQB (no change in passband edge) 

3) s = ·n J c to s = 00 

It is not desired to transform the de, or zero frequency, location 

f · 1 h (") = O ·, furthermore, the loss poles lie in the lowpass i ter, ence, "o 
directly on the jw axis so the transformation need only apply to 

s = jw, thus Eq. (2-12.3) becomes: 

Q 2 - ri2 c 
(2-12. 4) 

The program calculates and prints (displays) the original even­

ordered pole locations as calculated from Eq. (2-12.32) applies Eq. 

(2-12.4), and prints and stores the transformed pole locations. For 

odd-ordered filters, the program calculates, prints, and stores the 

finite loss pole locations from Eq. (2-12.32) without transformation. 

In both the even and odd cases, the loss pole frequencies are stored 

in normalized form (Q = 1), but are denormalized for printout or display• 

The normalized loss pole frequencies are used by the next program 

in this section to calculate the filter attenuation at any frequency 

within the passband or the stop band by using the Z transform. 

~ 

STEP 

2-12 

ELLIPTIC FILTER ORDER AND U>SS POLE U>CATIONS 

.Amin f'min 

Amax f'ma:x: 

INSTRUCTIONS 

change 
n 

oompui:.e 
n 

compu1..e 
loss poles 

INPUT 
DATA/UNITS 

KEYS 

2 Load maximum passband ripple in dB Amax ~ --- ---------------------------------- -----------------·---------

Load minimum stopband loss in dB Amin ··------------------------------ ----------------·------ --------

_1±__ --~~~-~--.l?_as sband cutoff freqt!_enc:y ___________ ---~-a_x____ L1LJ 

5 Load minimum stopband loss frequency f'min 
----------------------------------------------------------------------------------------- -----·---

>--

,_ __ 
,___ 

--

*The first n will be the result of the calculations 
and will generally not be an integer . The second 
n is the next highest integer, and is the stored 
value. Both values are given so the designer 
can get a feeling f or the design margin. If the 
two values are close , the next higher filter 
order might be considered. 

If the program stops displaying "Error 11 , the input 
data for Amax and Amin are too far apart (.005dB 
and lOOdB for example) and calculations for K(L-1) 
exceed the precision capability of the HP-97. 
The filter order may be obtained from the Kawakami 
CO nomograph [34] , ~8] , and the program restarted 
with step 7. Step 8 will still run correctly. 

n - --·-----

--~-- ~~-~l_cu~_!.!:_]£_~-~-J?£.~~-~-_(£requencies of - ----------------------------------------- --·---·---
---- .!!:..~.?:!1-1~--~~:t:-enua:t-~~~l_ _________________________________________ __________ _ 

-------

- ---

I""-- - ----

t"'-----

~--

~---- -

**The number of loss poles will be the integral part 
of n/2, i.e., a fifth order filter will have two 
loss poles. 

•**If n is even, the Mobius transformation is done to 
ensu:e a loss pole at infinity. The primed freq­
uencies (f') are the Mobius transformed frequencies, 
The highest original loss frequency has been trans­
fotrme~ to infinite frequency, and is not printed 
ou , i.e., a sixth order filter only has two trans­
formed loss frequencies printed out, The original 
frequency, fn/2, is the transformed fmin frequency. 

l~ 

OUTPUT 
DATA/UNITS 

-·-------

----~--

n 

~--~-------..--

f1 ----12 __ _ 
--------------------

; 
-----··:r-r.72'* .. -

~e 

f1 '**ii --------
f2' 

' --~--A--------

_:(E..-:1lG._ 
,___ ____ _ 
- ------
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Example 2-12.1 

Compute the filter order and loss pole locations for an elliptic 

filter to meet the following specifications. 

Amax = .28 dB (p= 25%, Amax = -10 log(l-p2)) 

Amin 63 dB 

fmax = 1000 Hz 

fmin 2000 Hz 

HP-97 input/output 

6::. . e.ti ,;~:f;o, 

1606 . f16 G.:.f;f 
2130£1 . Ot) GE..f' · 

G;Sf,C 

4. ~{ ::+. :+~ 

5 . €10 :+.:+:.it 

GSBD 
::256 . B6<t8B[f n: 
2[16~ . 246505 .; .. ~ . . 

load Amax 
load Amin 
load fmax 
load fmin 
calculate minimum filter order 

actual calculated filter order, n 
nearest integral value for n to meet specs 

calculate loss pole locations 

These results may be checked by comparing them to the 30° modular 

angle filter design shown in the "Catalog of Normalized Lowpass Models" 

on page 220 of Zverev [58]. 
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EemPle 2-12.2 

Compute the minimum filter order and loss pole locations for an el­

liptic filter which meets the following specifications: 

Amax = .1773 dB (P= 20%, Amax= -10 log{l-;i>') 

Am.in = 78 dB 

fmax = 1000 Hz 

fmin = 2000 Hz 

. 1773 G:5R load Amax 
7S . @!'.i f.Sf. :-. load Amin 

1@!30. 6f ~SBF load fmax 
2fr&G . e i1 t.SB load fmin 

GS.PC. calculate minimum ·filter order 

5. % :f::o 

b . 86 :+::f;y• 
actual calculated filter order, n 
nearest integral n to meet specs 

GSE:[. calculate loss pole locations: 
723~ . 80.L f 1:~ ;'f'.'h } 

::.?·~: · ~~~~~ "._ :f::H untransformed loss poles 
c8b1 . l8~,~~ ¥i~ 

~so represents transfonned fmin 
292~:. ; ~32L66 ;:.+-:;. 
2129 . 54f;7;'. _-,::f ;f: } transformed loss pole locations 

Derivation of Equations Used 

The elliptic response is governed by the Chebyshev rational f llllction, 

which is a ratio of polynomials. The development of the Chebyshev 

rational function in terms of elliptic functions is beyond the scope of 

this discussion. This development is discussed in Chapter 5 of Daniels' 

book (17]. A few highlights of the Chebyshev rational function and el­

liptic functions will be used to show the development of the equations 

used by this program. 

The Chebyshev response becomes the elliptic response when the Cheby­

sbev polynomial, T (x), is replaced by the Chebyshev rational function, 
n 

R (x,L), in the filter transfer function (Feldtkeller equation). 
n 

(2-12.5) 
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for Chebyshev response, I K(jw)l 2 = E 2 • T (x) 
n 

for elliptic response, I K(jw)l 2 = E 2·• R (x,L) 
n 

Hence, the elliptic attenuation function is: 

A(w)dB = 20 log I H(jw) I 

= 10 log { 1 + E
2• Rn 2 (x,L)} 

where x = w/ wmax = f/fmax 

(2-12.6) 

(2-12. 7) 

(2-12. 8) 

(2-12.9) 

The Chebyshev rational function, Ru(x,L), has the following proper­

ties (also see Fig. 2-11. 2) . 

1) R is odd when n is odd and vice versa. 
n 

2) All the zeros of R n lie within the interval -l < x<l, 

while all the poles lie outside this interval. 

3) R (x,L), like T (x), oscillates between ± 1 for -1 < x < 1. 
n n 

This interval defines the passband. 

4) R (1,L) = +1 (passband edge): 
n 

5) I Rn! >L (oscillates outside of L) for Ix! >~·where~ 

is defined as the first value of x where R (x,L) = L, 
n 

and hence, Amin is achieved (defines stopband). 
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~- -

CD 

Figure 2-11.2 Chebyshev rational functions for n = 2 to 5. 

By using Eq. (2-12.8) and condition 5, an expression for L can be 

found in terms of the filter parameters Amin and e . 

10 O. lAmin - 1 
L2 = ---.....---- (2-12 .10) 

Since A(w) =Amax at the passband edge, fmax, condition 4 and Eq. (2-12.8) 

can be used to find an expression for E. 

E2. = 10 O. lAmax - 1 (2-12.11) 

Not surprisingly, this is the same expression as is used in the Chebyshev 

case, and for the same reasons (condition 3). 

By putting Eqs. (2-12.10) and (2-12.11) together, the expression for 

L is ob tained: 

lOO.l.Amin - 1 
L2 =----- -

100.lAmax _ 1 
(2-12.12) 
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ELLIPTIC FUNCTIONS 

There are three kinds of elliptic integrals (see Abramowitz and 

Stegun, [ 1 ]). Only the elliptic integral of the first kind is needed 

for elliptic filters. The elliptic integral of the first kind is de­

fined by the following equation: 

dx (2-12.13) u(¢,k) 
- k 2 • sin2 x) ~ 

The two variables, ¢ and k, are called the amplitude and modulus res­

pectively. Some elliptic function tables [ l], and some elliptic filter 

tables [58), are parametric in terms of the modular angle, 9, instead of 

the modulus, k. The modular angle is defined by: 

k = sin Q (2-12.14) 

The complete elliptic integral of the first kind results when ¢, 
the limit of integration, is taken as n/2 radians. This value, 

u( n/2 ,k) is defined as K(k). 

Figure 2-12.3 shows u(¢,k) parametric with the modular angle, 9. 

u(¢,k) has been normalized with respect to K(k). Figure 2-12.4 shows 

the complete elliptic integral, K(k) by itself. 

K (k) 

3"-----

'; .L-----r 

1------1- ----- --- - 1 

O L.......-----'-----.L--- ----'-- s1n " 1k 
30 60 90 30 60 90 120 150 180 

DEGREES OEGREES 

® 

Figure 2-12.3 Elliptic integral. Figure 2-12.4 Complete elliptic 
integral. 
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The complementary modulus is defined in terms of the modulus, k, 

o r the modular angle, 9, as: 
2 k: 

k I = (1 - k ) 2 = COS 0 (2-12.13) 

The complementary complete elliptic integral is defined in terms of the 

complementary modulus: 

K'(k) = K(k') = u( n/2, k') (2-12.16) 

The elliEtic sine is an elliptic function, and is defined in a some-

what reverse manner from the elliptic integral: 

"' sin 2 (x) )- ~ u(¢,k) = f (1 - k 2 . dx (2-12 .17) 
0 

sn(u,k) sin ¢ (elliptic sine) (2-12.18) 

cn(u,k) = ¢ (elliptic cosine) (2-12.19) 

The definition is "reverse" since the limit of integration, ¢, must be 

found to yield the "input," u(¢,k) and k. Figure 2-12. 5 shows the 

elliptic sine and elliptic cosine functions. 

Figure 2-12.5 Elliptic sine and cosine functions. 

CREDITS: 1, 2, 3, & 4: Reproduced from "Approximation Methods for 
Electronic Filter Design," by R.W. Daniels, copyright,© 1974, by Bell 
Telephone Labs, Inc., used with permission of McGraw-Hill Book Company, 
Inc., New York, N.Y. 
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Luckily, there are rapidly converging series expansions for both K(k) 

and sn(u,k), [12), and the progrannnable calculator can be used to 

perform the iterative calculations. These series expansions are: 

where 

Complete elliptic integral 

00 

K(k) = i-n (1 + km+l) 

m=o 

k = (1 = k ')/(l + k ') m+l m m 
k: 

k ' = (1 = k 2) 
2 

, (complementary modulus) m m 

k = k 
0 

(2-12. 20) 

(2-12.21) 

(2-12.22) 

(2-12.23) 

The terms of the infinite product expansion rapidly converge toward 

unity. The series is terminated when k < 10-9
• This accuracy is gen­

m 
erally achieved in four iterations or less. 

Elliptic sine 

The elliptic sine is calculated from the following Fourier series: 

TI U ) 
2K(k) 

where q is Jacobi's name (also called modular elliptic function): 

- TIK '(k) 
q = e K(k) 

The series is terminated when (qntfl2)/(1 - q2m+l) < l0-9q 

(2-12.24) 

(2-12. 25) 

This particular algorithm for the elliptic sine is only one of 

many which can be used to calculate the function. For sharp cutoff fil­

ters, the convergence is slow; however, of all the algorithms researched 

by the author, the Fourier series method could be coded to fit into 

the HP-97 program memory and still leave enough room for the coding 

needed for the rest of the program. 

If more registers were available, the descending Landen transforma­

tion method could have been combined with the calculation of K(k) to 

simultaneously yield K(k) and sn (u,k) as outlined in Skwirzynski 

and Zdunek's article [46]. If more program space were available, the 
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elliptic sine could be calculated from the ratios of sums of hyperbolic 

sines and cosines as recommended by Orchard [41]. Also, if more pro­

gram space were available, the calculation of the transmission zeros 

could be done directly from adaptations of the elliptic sine as re­

presented by infinite products of hyperbolic tangents given by Am­

stutz [ 2 ] or as interpreted by Geffe [ 27]. Darlington's algorithm 

[18] is used in Program 2-15, and is a concise method for calculating 

the transmission zeros and poles when the filter order is odd. 

Filter order calculation: Just as the trigonometric sine is periodic, 

so is the elliptic sine, although the elliptic sine is doubly periodic 

with a real period of 4·K(k), and an imaginary period of 2·K' (k). The 

Chebyshev rational function, R(x,L) may be expressed in terms of the 

complete elliptic integral and the elliptic sine. By relating the real 

and imaginary periods of the elliptic sine fimction to the real and ima­

ginary periods of the Chebyshev rational function, two equations in two 

tmknowns, C and n, may be formulated. These equations are: 

Chebyshev rational function and elliptic functions 

{ sn ( uL/C, L- 1
) 

R (x,L) = 
( uL/C 

E. -1 L-1) n 
sn + (-1) 2 • K (L ) , 

n odd 
(2-12.26) 

n even 

where C is a constant, and u is the solution to: 

( 
-1 

x = sn x.r..·u, ~ ) 

Simultaneous equations in C and n: 

X-_r.. -1. K(x.r.. -1) -1 = n • C • L • 

(2-12.27) 

(real periods) (2-12.28) 

(2-12.29) 
(imaginary periods) 

Eliminating C by simultaneous solution of Eqs. (2-12.28) and (2-12.29) 

results in the following expression for the filter order, n: 

-1 -1 
K(x.r.. ) • K' (L ) 

K' ( x.r.. -
1

) • K (L -
1 

) 
n = (2-12.30) 
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1 - 1 
where~- is defined by Eq.(2-12.2) and L by Eq. (2-12.18): 

-1 

~ 

-1 
L 

= (fmax)/(fmin) 

_ { 10 O. lAmax 
-

10
0. lAmin } 

!,:; 
- 1 2 

- 1 

The loss poles of the elliptic filter transfer function, Eq. 

(2-12.5), 

where: 

are 

x"IJ 

x 
zv 

given by: 

~ (2-12. 31) = 
x 

Z\! 

= { sn ( 2nv K(~-1), ~ -1) n odd }v= 1, 2, . •. 

( 
(2v-l) -1 -1) sn n K(x1 ), ~ n even 

(2-12. 32) 
' n 

-1 
In Eq. (2-12.22) k becomes x1 for the above elliptic sine com-

putation, hence: 

-1 
K(~ ) 

(2-12. 33) x = v 2TIE 

where E is the term summation in Eq. (2-12. 24). 

2-12 

301 *LBUI LOAD Amax (passband ripple) 057 STQI - - - - - - --002 ST00 058 calculate starting "II I 
003 RTN 059 I::' 

" l) .. t 004 ir.LBL~ LOAD Amin (min stop band lou) 860 ST06 n even, 

085 STDi 061 RCL4 n odd, v .. 1 

806 RHI 062 x 
007 itLBLB LOAD f'l»,e.x 863 FRC 
008 STD2 064 ST+6 

-setrfagoti'-~ 15ocid _ ___ -009 RTN 865 SF0 
010 *LBLb LOAD f'min 066 X=0? 
011 ST03 06? CFB. ------ -- ---------012 RTN 068 Pi compute and store q: 
013 *LBLC c~!_c~l.!3; ~ .f!Lt~:r,:, Qr~l!r.,. ]} ___ _ 069 RCLB K' _,,._ 
014 RCL2 compute and stores 070 ,, q"' e K 
015 RCL3 -1 fmax 071 RCL7 
016 XL - .... R9 072 . 

fmin 017 ST09 -------- --- - - ------- 073 CHS 
018 GSBS compute and store: 074 e>: 

019 ST04 K(x-1) - R4 - R7 075 STD£ ---- - - -- - -020 ST07 __ L _ _ ------ _ - --- __ _ - - 0-~ RCLC {b calculate error limit for 
021 RCL9 compute and store: 07? x loop exit 
022 GSB4 K 1 (x-1) _ R8 078 STOC -- - - -- --- - -- - -- -823 ST08 L r--- 079 tLBL0 loop to calculate elliptic 
024 SH4 continu~ -n - oalculatio"l;. - - - - - 080 Pi sine (sn(x, xLl)) 
025 RCLB c~;put;~d-;~--;.~~-------- 081 RCL6 
826 ~587 !.~82 x compute and store: (Tr\>)/n = x 
0""" RCL1 l I Q, l .Amax ! 083 /i:GL4 ""' 028 GSB? L- .. 10 - -RE 084 . 
029 ""' \ 100 • 1 Allllin - 1 085 PtS 
030 .fX 886 STOB 
031 STD£ -- ----- ---- --- - -- - - ____ .. 087 E£X -initiaiiZ6-2m-+1 - - - - - --
032 ,Iii: generate error message if 088 ST01 
033 RCLC -1 

is sma.ller than 10-5 ' 089 CU\ iilitiilii-z; ~~;u;;-~(~)- -
034 X.> 'r'? L 090 STO.J 

~------ ------------- · 035 GT09 ~a_g _~ _lll!.U!!~-1~1l_e.1L ~~~' ...-091 tLBL1 _e.!,lj.:11.tic_ ~_ine_ l.0..91!. ______ 
036 RCL£ compute: K'(L-1) 892 RCL£ compute and store: 
037 GSB4 --- - - --- - - -- --- - ---- 093 RCL1 
038 STX4 continue n calculation 894 ~·x 

m+-.l. 039 RCL£ -c~m~~t~·- K(L=1-,- - - - - - - - 095 .{,\{ q 2 

tj40 ~~ ----~-- - ------ - - - -- 896 LST:>:.' q2iD+l - S2 
041 SH4 finish n computation 097 CHS 1 -
042 RCL4 recall n 098 E£X 
043 SPC 099 + 
044 P/<:TX )2.r_i!lt. .112Il-:in.~g~a1 .Jl ____ _ _ 100 
045 ££>:: convert n to next highest 101 c;ro2,... _ _______ - - - - - - -
046 STOD integer, print and store 102 RCLJ compute and add to sum (L): 
047 + 1 tlJ RCL0 
048 INT 104 .:'( 

049 PRTX 105 SIN ( S2) sin( ( 2m+l) TI\) /n) 
050 *LBLc LOAD AT.·1·•: .. NATE n VALU.ll; 1@6 ){ 

051 ST04 H~i'. ST+3 .... --- - - ----- - -- ---
052 GTD3 i08 ~. 

;;:. increment 2m 
053 tLBLD CALCULATE W~ POLES - 109 f:I+t - - - - - -- - - - -- -- - -

-set display fonilat- -- test for loop exit: 054 DSP9 110 RCLC 
055 1 initialize index register 111 RCL2 
056 3 (REGISTERS 1112 ,'>-,'} \'9 

0 Amax \ 2 3 4 5 16 index, [7 K(x~') 18 K'(x~') 1
9 _, 

Amin f'max f'min n scratch 
" 

x .. 

so~'ll)/n S12m + S2 $."""'It S3 54 IS5 156 157 158 159 
1 [ . 

1-ql!m+l. loss pole storaize re"isters 
A IB 1c o NINP (used by IE scratchpad 11 storage reg. 

-10 index 14--lose pole storage 
I ID next pro gram) 



2-12 1•ro~ram l.Js•ln~ 11 
L113 

114 
115 
116 
117 
118 
119 
120 
121 

~T01 

R~~~ -r-;c;ll -;~~tio; & ~o;p~t: :n~ L 169 v "Y'' 
170 

G~o2 test for loop exit 

-,1,-:7~i--D~S..::;Z..::;~--1:;..!I~ ;__;-.hi~;s.1 Le.i .=-lD~-; ----
ENTt 172 . ..... '- NINF .. 2 for transformed 

+ 1 ?3 STOD even ordered filters 
..,1'""7'"'4_•_,l,...,B,..;;L_,.3, - - - - - - - - - - - - - - - - -

Pi 
x 175 DSP2 set original display format 

RCL? 1 ?t:: SPC 
I 77 PTN return contro 1 t.n kevhna l"rl 

122 1,-g - compute-and- store -normalized - ~1~7~8-"*~'L=-=BL~4~~~~~~~~--------
179 !<2 12'3 ISZI loss pole locations 

124 STOi 
125 F.>CL2 -denorma1lze -and. "Print-10-ss --
125 x pole locations 

180 CHS 
181 EH' 
182 + 
183 fX 

form complementary modulus: 

k1 .. J1 - lt.2. 
127 PPTX 
128 EH .- - - - - - - ------; - - - -: - - - - - -
129 ST +6 increment register index 
"T1=30=--_,R;,.;C~l.::..6 - - - - - - - - - - - - - - - - - - - -

131 
ENH test for loop exit: 

...:1-=-8-'--4 __;:;*=-=LB::;::L:..>::5_ :Q~p_it& j'1k} =- -------
~1~8~5 _ _,S._.T_,.0""5_ .§.°t&r~ _ll.r.wA-ent~ j:-==-~=--~ 
186 Pi initialize product register 
187 2 

132 + loop if n > 2\1 188 
133 PCL4 189 
1'34 

'----135 
136 

X>Y? r+ 190 
GT08 _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ _ 191 

SPC 192 

$TQ6 

rn-;· . 
,_138 i;ro] Jump if n is odd ~;! 1.J7 x2 °" 

- K(x) • 7T2Tf<1 + ~) 
fX 139 1 -i~i-tiali~e -i;d-e~ ;egi;t-;r- - - 195 

114481 X 4 and store highest register 196 
tI number for later exit test 1q7 

142 STO-~ J 198 
143 RCLi - recall l'C - - - - - - - - - - 199 
-';-1~44=---=:.::.:...- - - - - i;._ - - - -- - - - - - -

145 ST~; store fl.~ 200 

~:~ •LBL2 M~bJ:~Sr;;l1__~rJ!l~tlonJo-9IL-... -~ ~=~ 
ISZI calculate Mobius transform ?0~ 

148 RCLi f - j 

149 
:r:

2 
or even ordered lowpass: 204 

ffX 
XtY 

LSTX 
EEX 
+ 

ST05 
EEX 
+ 

158 RCL5 205 
151 LSTX 286 STX€ 
152 gz 207 RCL5 
15j~ _ 208 Em 

i ( 2 ) 11
2 

209 CHS 
154 w • nc -1 2 
155 _(le - .. f2.2 210 1 
156 R~~~ 211 8 
157 - 212 STOC 
158 x 213 ,l\;{~'Q 

Ir - 1-k~ 
""l!l-1 - I 

l + ktD. 

- - - - - - - - -· 
test for loop exit: 

loop if ~ > 10- 10 

159 RBS '- 214 GT06 160 .fX 215 RCL6-re~a-llKfk) __________ _ 

161 DSzI - - - - - - - - - - - - - -r----;2~1~6:-~R~T.;H~r!:,!'A~b1!Dll""'~.3&.•...;..Jm:Wa~•-l1Jn1..JU" ....... Sl.'J:.t:~-nWll.----
162 

21? *LBL7 b 
STOi store normalized & dmed 218 EEX su routine to compute: 

_,.~~~~'=---R;..:f~;.:f~~ J.Q.!l~RQl~ 19c~ti9XL _ _ 219 1 100. lA _ l 

16
5' denormalize and pr;int lo-;s- - - 228 

166 
PR;X pole location 221 

...:1;...:::6'-=7,.-..:.R.:.:C..:.;U:.:.. - ~ - - - - - - - - - - - - - - - - 222 

168 RCLE 223 
224 

LABELS 

JljK 

EEX 

RTN 
FLAGS SET STATUS 

'load Amax 
B 

load f'max c 
calo n 

o ca.1.0 e 
1nss nole1 

0 n odd FLAGS TRIG DISP 
a b 
load Amin load fmin 

c 
enter n 

d e 1 ON OFF 
0 • DEG FIX • 0 sn(u.k) 1 :ti~op 2+~~~~~~- 3 ~~~ 4 K(k) 2 1 GRAD SCI 

5 
K1(k) i 1(k) lOOl> 7conversl~l'l a 2 RAD • ENG 

9 3 
subl'nut ..... 3 n--2.,_ 

PROGRAM 2-13 RESPONSE OF A FILTER WITH CHEBYSHEV PASSBAND AND 
ARBITRARY STOPBAND LOSS POLES. 

Program Description and Equations Used 

This program will calculate the passband and stopband attenuation of 

lowpass, highpass, bandpass, and bandstop filters having Chebyshev (equi­

ripple) passbands and arbitrary stopband losspole locations. The ellip­

tic filter is a special case of this filter class in that the loss pole 

locations are chosen to provide equi-ripple stopband behavior. 

Bandpass and bandstop filters are assumed to be the classic trans­

formations of the lowpass structure, i.e., equal numbers of attenuation 

poles on either side of the passband, and geometrical synunetry of those 

poles about the center frequency. The program is designed to take 

either stored normalized lowpass loss pole frequencies provided by Pro­

gram 2-12, or to accept normalized lowpass loss pole frequencies, number 

of poles at infinite frequency, and passband ripple as provided by the 

user. 
This program is adapted from an unpublished l:U!-67/97 elliptic stop­

band attenuation program written by Philip R. Geffe. The basis of the 

program is the Z transformation, and the associated loss function, L(Z). 

This function allows the calculation of the stopband attenuation of equi­

ripple passband elliptic filters from a knowledge of the loss pole fre­

quencies only [17). The transformed variable, Z, is defined by: 

Z 2 = (s 2 + w 2 ) I (s 2 + w 2) B A 
(2-13.1) 

This function spreads the passband (s = jwA to jwB) over the entire 

imaginary Z axis, and spreads the stopbands along the real Z axis. Al­

though use of the Z transform allows greater numerical accuracy due to 

the spreading out of the passband poles, the prime reason for its use 

in this program is the mathematical expressions for elliptic filters 

are simpler in the Z domain than in the s domain. 

Given a filter with equiripple passband extending from wA to wB, 

having NZ attenuation poles at the origin, N finite loss poles, and NINF 
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attenuation poles at infinite frequency, the 1 oss function in terms of 
Z is: 

N 

n~ 
i =l 

{ } 

NINF 
z + 1 2 
z - 1 

L( Z) 
(2-13.2) 

If L(Z) represents a ·normalized lowpass filter, h t en w A = O, 
1, and NZ = O. Letting s = j n , z and L(Z) become: 

z = (1 - l/n 2) ~ (2-13. 3) 

{ z + l} IUNF N 

L(Z) n z+ zi = z - 1 2 z - z 
i=l i 

(2-13. 4) 

The attenuation function 
' A(n), is defined in terms of the loss 

function, L(Z), as follows: 

( { E2( (-l)NINF 2} An) = 10 • log 1 + 4 L(Z) + ) 
L(Z) 

(2-1 3.5) 
' 

(2-13.6) 

In the stopband, the attenuation function may be simplified: 

A( n ) = 10 log[l +t2
{J1(z)J + 1/ JL(Z)J}

2

] ( 2_13.7) 

The filter passband ripple (Amax) may sometimes be expressed in 

terms of a reflection coefficient, p . Th e relationship between 
these quantities is: 

Amax = - 10 log (1 - p2) (2-13. 8) 

Within the normalized lowpass passband (n<1), Z becomes purely imagi-
nary. Equation (2-13.4) may be rewritten in exponential form to 

eliminate the need for complex arithmetic: 

where 

L(Z) = ejB 

B = NINF 
2 

tan - l{ -2 J Z I } + 
Jzl 2 

- 1 

(2-13. 9) 

-2 Jz jzi J 

I z 12 z. 2 
1 

(2-13.10) 
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substituting Eq. (2-13.9) into (2-13.5) yields: 

A( n ) = 10 log (1 + E 2 cos 2B) for NINF even, (2-13.11) 

and 

A( n ) 10 log (1 + E2 sin2 B) for NINF odd, (2-13.12) 

The program uses Eqs. (2-13.3) through (2-13.12) to find the filter 

loss at any frequency. Two ancillary relations are used to convert un­

normalized bandpass or bandstop frequencies to the normalized lowpass fre­

quency, n . Lowpass and highpass filters are only special cases of band­

pass and bandstop filters respectively, in that the center frequency is 

zero. These two ancillary equations are: 

Band2ass t o normalized lowpass 

I f , n 1 
f -+} = BP BW 

(2-13.13) 

where 

BW = bandwidth 

f center frequency 
0 

Bandsto2 to normalized low2ass 

Q BS = l/nBP (2-13.14) 

Equation (2-13.4) will predict the stopband attenuation for even or­

dered elliptic filters of Cauer types A and B (the Mobius transformation 

- see previous program for description). The type A, even-ordered fi l ter 

has no attenuation poles at infinite frequency, and can only be realized 

with mutual inductive coupling between filter sections, while the 

Mobius transformed pole locations (type B) can be realized with a lad­

der structure containing only L's and C's. The even ordered type B lad­

der structure possesses a double pole of attenuation at infinite 

frequency. 

Equation (2-13.4) will not work with the pole locations resulting 

from a transformation to Cauer type C filters (equal resistive termina­

tion for even-ordered elliptic filters), i.e., one must use types A and 

B only. See Saal and Ulbrich [45] for details. 
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load p1 load NINF load 
+P or -Ama x 

ban'fassa oana.stop1 load ~U§ oalcu70;re fo BW fn t BW f s ttf snf.a.f f --A f 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

1 Load both sides of magnetic card 
..._...._ __ - ---- ------------- .. --~-~------------------- --------

_ 3_ __ ~-~---!:l_i2:_~ _ __!1!~~~--~--1!.:.!-.1:JL'!~«:E.~E.~-~entg _______ -------
with Program 2-11, the loss poles, .Amax, ·---.. ·-- -------~-------------------------------~·~- --------·--
a.pd NINF are already stored by ~hat program. ------· - ---- .. ------------~ ---------
Go to step 6 and continue. ---- ----------.. ----...-----------..-----------_..,-----------_...-... ------------

.__ ___ ..,_ --------~--------------~------·-----~---------- --------

) Load normalized loss pole frequencies setup --- - -------~-------...-· --·~ ----- ---~-----------·---.. ----... -----------~--------
,_ ___ ---··------·-· - -------------- --- --~_! _____ _ 

·-- ------·-------··-----· --------··------· ___ ! z_ ________ _ 

Pn ---· --------------·-·--------..... ---·----·---·-----·----- ---------

5 Load either the reflection coefficient or -·- -·------~---~- .. --·------·------- ~-------._..__ ____ _ 
- ·-·-- __ !-_}i_~ __ J_>_~-~-~.1:-~1:i2'.!l>Pl~~E-<!_~ __ (!~at~~_q!:!.ant~!~_e._~l: -----

-- .. 'J'_ti_~ __ .P_~~-g-~-~---~-~ff_e.I"_e.n_~.t~-~-e.-~--~!:~--.s~~~:t!!:t!!~-~--- ____ _ 
--~ -~.¥---~-~_g_i:i-_~-- ---~-~-1:1. __ g~~~}:-i ties are no ~8:1!.Y_:e~_sj._!~ - - ----· 

Reflection coefficient ~ 
,.... ... _ ... _ ---~----------------- ---------- - -------~---- ----------------- ~------ ----· 

or ------ -·---------·------------------~-------... --.. ..--~------- --------------
----- _________ Passba:i:_i.<!__E_ijl_E_~~ in ~!JEote ~~~) _______ _:~ax __ 

6 Select filter type: ~- ..._ __________ __________________ ___ ________________________________ -----·-
Bandpass or Lowpass: f 

1--~-- '-----'-- -- - - - -- - - -- - -- --·------- -- - ·--------- ------ - - ------------- 1---~----Q. __ 
The lowpass filter is a special case of BW 

._, __ ~--th~--b~;-cip;-~-~--riit;;--i~--th;t th;-~~t~-;-·--- c_ ________ _ 

------------·---------~-...--------·-----·---- -·---------~ 

frequency is zero. The bandwidth is the --··*"' _., ________ ., ______ - .. ---~·-------·--- ---------
lowpass cutoff frequency. ---· ~ .. --..---------- -----------.. --·c0o•----~----- .. --...------- "'-'"·-··---... .--.~ 

---- ---------·-------·------------------~------------.. t----·-·----
---· ---~~~-~-f;l-~E--~~_J"!_~,g!:E~~-~L------------·-···- '---~-o __ _ 

The highpass filter is a special case of BW 
-·--th-~b-;nd~to_p_riit;r-i~thrlth~·~;~ter ____ '--·-·-··-·--

--·-·· ____________ ., ______ ... -----·----··-------... ~-~------

frequency is zero. The bandwidth i s the ---- -------------- -~---------------· ------···------ '----~----

highpas s cutoff frequency. 
---· --·~--·-----·------· ---·-------------·----------------- ·-----------.. 
---- --------------··-.. ·----------------~-- -·--------·----- -----~---~ 
------ ------~--------·------------------------------------- ------------

KEYS 

s 

l~ 

OUTPUT 
DATA/UNITS 

------------

1----~-~--

-------

--------~-

- -----
---~---~ 

Amax - ----~------

------·------

fw----------

- ·-----

------~---

----·-
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l I 
' CONTINUED ' 

1" T 

STEP INSTRUCTIONS 
INPUT 

DATAJUNITS 

_]__ Load de::_~-~alized stoEE~.E!.f!_equ~c_y_a.EL. ________ _ 

___ - -~-i::.~!?~!_at~. stopbar:_~tte~~~~~~~----------- ___ f _ ___ _ 

_§_ __ _ --~-~-- -8: ___ ~:-!_':_~p ___ ~! .. !.~~~~~~~-~--~~--<!_t::sire~ _:_ ______ 1 _____ -1 

a) Load sweep parameters f start ---· --- ----~ -~----------------------------- -- - ---·--·--·----
-- _____________ .!'_}ie frequen_C?).'_inc~_i::~~::_~.?:_~-~-~heE_~::_ -~.§:tttp __ _ 

___ --------~~-~-~-~-~-".-~_ del~a, or a -~ulti;e}J.~:i-tive f:i,ru:_:r: ___ _ 
delta depending upon lin/log sweep. 

,_.,. ___ -----·--- ·-·~------------------------------- --·--·----- ---~·-,..,._ ..... _. __ 
'---- ---·--·---··-!!._~~ne9::__!!_"!.:~.~-2:.~i~-~-~E~-~- '--~!.1_E!_I?-__ ______ ---------

the increment should be entered as a 
~----- ------------·------~---- .. ----~·-----·---- -·-~---·-

-·-- _________ 2::.~i:iti ve _T:anti ty, i._':'..!_z_fo_::. _2-E.~-~--- -----------
linear steps, the increment should --- ----~---------------~--~-------------------·-- ______ __. 
be entered as -100, Whether the 

'----~-------·-- --
---- ________ 1:~~!:~~~~!-_--~-~--~-!i::~i::~_?_!' ___ ~-~!2"i ~~~-C?_L __ --------
-·--- --·-·---- th~-~~~.P.. wi l l_J>~_~Jv!.~X~_Jp_'\;-E~ ------- _ ____ _ 
--·-· ____ _________ ?:~-~~~-!'.!?~_?_f_J.~9.!:~i:._sin_~uencyL-i!----

_ __ _ p ) ___ _?~i:-.!'.t swe~-----------···--- -----·---- ·- - -----·- ··-·--·-·----· 

--------------------·------------------·-------------~~..-----
........... ,. __ ..., ------~-·-·---·---- -------------------------~~--- ________ , ___ __ 
--- --------··-----------------·------~---.----~---- -----·--.. ---

~--~~-~-~--E-~5?_g_~~------------------·----·-

----------------------------------
-----------·-·---·-----------------

-- '----·--·----------------~---·--·-----------~ 

---·---- ----·---··----._ ______________ ____ ... ___________ __J.._ ____ _ 

----JL------~~--------------~------·-------------,------

........__ ~------------------.. -------.. ---~------------.--·- ---~----

.----...... ·---~·-------------------~--------·--------- -----------
----!~-----------·-------,--------------- ·--~~~.~---~-

-·- ----·---------------~-------·---·------------- ---~-·-----

-·~ __ .___ __________ .._ ______ ., __________ .._ ___________ -----
""---~ ----------------·- ·--·----~---... --·- --------! 
-·- ------------~--·--------------------.-·------ ---------

l~ 

KEYS 
OUTPUT 

DATA/UNITS 

--------

----------~ 

--------
-·-----

f ---------·--
_ _!(!'.)_ __ 
-~E_~_e __ 

f 
----·-·--~ - ---

-- -~]__ . . 

---·------

---·----

------·--·-
- ·----
- ------ --- -
-·--~---

--------------
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Example 2-13.1 

An elliptic bandpass filter is required to pass frequencies 

between 5 kHz and 15 kHz with 0.0436 dB ripple or less (10% reflection 

coefficient), and reject frequencies lying outside a 4.1 kHz to 19 kHz 

band by at least 60 dB. Find the minimum filter order that will satisfy 

these requirements, and predict the stopband response. 

The center frequency is the geometric mean of the upper and lower 

passband edge frequencies. Likewise, the stopband edge frequencies 

must be geometrically symmetrical about the center frequency. In this 

example, the above frequencies do not satisfy this requirement, hence, 

the narrowest stopband with geometric symmetry must be defined. The 

filter center frequency is calculated from the passband edge frequencies: 

k 
f (5000 • 15000) 2 = 8660.25 Hz 

0 

The narrowest stopband may be fotmd by calculating the geometrical 

mating frequencies to the given stopband frequencies, and taking the 

narrowest set: 

f f 
2
/4100 = 18292.68 Hz 

u 0 

f = f 2/19000 = 3947.37 Hz 
L o 

The narrowest stopband is 4100 Hz to 18292.68 Hz for a stopband width 

of 14192.68 Hz. 

The stopband and passband data are loaded into Program 2-12 to find 

the minimum filter order and loss pole locations. Because bandpass 

data was loaded, the loss pole frequencies that are output represent loss 

pole bandwidths, or the separation of loss pole frequencies in the upper 

and lower stopbands that are geometrically related to the filter cen-

ter frequency. To convert these bandwidths into loss pole frequencies, 

the subprogram contained in Program 2-1 can be used. These equivalent 

bandpass loss pole frequencies are not necessary for proper operation 

of this program, but are calculated for information only. They can 

also be useful when tuning the final filter. All normalized loss pole 

information is automatically stored by Program 2-12 for use by this 

program. 
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Exaaple 2-1,.1 continued 

Load Pro~rSJil 2-12 .and calculate filter order and loss poles . 
• 0436 GSBH load Amax 
66. iJO GSBo. load Amin 

100@0.60 GSBE load fmax (passband bandwidth) 
14192.6E: fSf:b load fmin (stopband minimum bandwidth) 

G·:;f;C calculate minimum filter order 

c. ( .::. .+::+::+: 

?.6e .-+;:+:.+ minimum integral filter order, n 

j;SBD calculate loss pole bandwidths 

28. 69564-rfi.j :+.+::;. 
1?. OB:~ 15+ft.? :f . .,.::+: 

14. 44925+6.j :H:+ 

loss pole bandwidth #1 
loss pole bandwidth #2 
loss pole bandwidth #} 

Load Program 2-1 to calculate loss pole locations from 
loss pole oandwidths. 

2%95.64 rnn· load loss pole bandwidth #1 
8666.2:: 1;SBc' load fo 

311 66.65 :+::+:.+: upper BP loss pole frequency 
2411.65 :+:t.'f: lower BP loss pole frequency 

1 ?O&S<.13 ENH load loss pole bandwidth #2 
8660. 25 .;sBd load f o 

#1 
#1 

20716. 53 :+::+::+: upper BP loss pole frequency #2 
3621. 34 :+:.+::f: lower BP loss pole frequency #2 

i4449.25 rnr-r-
8660. 25 i;SBd 

1£:502.71 :+:.;::+: 
4653. 46 .'ft:+: 

load loss pole bandwidth #' 
load f 0 

upper BP loss pole frequency#' 
lower BP loss pole frequency#} 

Load this program (Program 2-13) and calculate filter response. 

8660. 25 ENT":· 
10@M.O& GSBf'.i 

load f 0 
load passband width and select bandpass 

28@6. [ifi rnrr load f-start 
5000. OB ENT·~ load f-stop 
-2ftt1. 66 GSBC load f-increment (a negative value 

means linear sweep increments) 
GSE:D start sweep: 

the output is on the next page. 
(sweep step size changes were made between output segments) 
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PROGRAM OUTPUT FOR EXAMPLE 2-13.1 

LOWER STOPBAND 

20f10. Oft f 
68. 02 A(f) dB 

2260. [1[1 

73. BJ 

2406.06 
9B.12 

26[1fi. flfi 
?3.2.5 

2800.flO 
67. 19 

.3006. [1[i 

64.4.5 

3286.06 
63.90 

3460. [j[J 

66.45 

]606.0D 
84. 71 

3860. flfl 
66.63 

4000.06 
67.53 

4200.06 
49. :L9 

4400.60 
32.55 

46f1i], 66 
i8.89 

4800.06 
5.63 

.5068.06 
0.1]4 

PASSBAND 

5000. OG~lfi 10000. 0006 f 
@.0436 B. 0434 A(f) 

.5500.6000 10500.0006 
0.oa20 8.0342 

6000.fifitifl i1000.f10i](i 
B. 0389 [1 -. fi115 

6506. OIJOB 11500. 0606 
e. oae2 [i. [1066 

7000. 00[10 12006.6080 
0.0248 fl. Oi44 

7500. f1fl01J 12500.0000 
ti. 6434 0.0389 

8006.0606 1J000.0000 
e. 8234 fi.8385 

B500.0060 13500.0000 
0. 13016 fl. t1f182 

9006. [i@fi[; 14000.0i360 
B.606.5 0.009C 

9506.0060 i4500.!JOBO 
[! 6293 0.6436 

15060. 0006 
0. [1436 

NOTE: 
The display was changed 

manually to DSP4 for the 
passband printout, then 
changed back to DSP2 for 
the upper stopband output. 

UPPER STOPBAND 

15080. 00 30000. 06 
o. 04 79.85 

16000.00 31000. 06 
12.98 mo. 57 

17000.00 32006.[ifi 
31. -;i • ., 

f .:. 82 •. 5.5 

180ft[1, 00 33000. 00 
.'52c97 76. 47 

19000. 60 34000. 00 
64. 35 73.25 

20000.00 35000.[![i 
68. 65 71 

I i • 1.5 

21000. 06 360(10. 00 
7~ rr: 
j i • ,_1-..J 69. 63 

22000.00 .37000.00 
66. 70 68. 49 

23000. 0[i 38000.06 
64.24 67. 60 

24000.00 39006.00 
63. 83 66.89 

25000. 00 413000.00 
64. 45 66. 3i 

26000.06 41000.06 
6.5. 75 t:5. S4 

27000.00 42090.00 
67.65 65.45 

28000.00 43000.00 
?ft. ~5 65. 13 

29000.00 44000.66 
73.91 64.56 

45000.66 
64.64 

f 
A(f) 
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Example 2-13.2 
Compute the minimum stopband attenuation of an eleventh order, 20% 

reflection coefficient, 75 degree modular angle elliptic filter (see p. 

326 of Saal and Ulbrich [45]). 

Load Program 2-12 and calculate filter order and loss pole locations. 

Er·iT ·!· 
\.• •':· ,..._i;. 

.Y 

CHS 

calculate Amax= 10 log (1- p2) 

:;SBM load Am.ax 
ltit1 . 66 G5 C. c· load dummy Amin large enough to cause "error" halt 

i. 66 .;;t;;f, load normalized passband edge 

• - r 
·~·:it":[· 

} calculate stopband edge from modular angle 

load normalized stopband edge 

start filter order calculation (computes K(k)) 
program halt since L- 1 is too small 

load desired filter order 

;;SBO output loss pole locations and store for next program 
2' :... ::. .::. ~:411 ::~· :;.:f. ~-
1 . -::44326jif~ .;: .• :.f 
J • .i.t. ~.~Oi.9_: :if:~- -¥: 

1 • 65 -: .. - .: a1 ; .~: :f: .f' 

1 I (f~f°5 ~.:: Y !f'.:f.'.~. 

Load this program (Program 2-13) and calculate filter response. 

fcf166 Et~T t 
1. fH:1t1 ;;SBH 

75. tH36 S l t~ 
1./\' 

GBBE 
60.866 *** 

load filter center frequency (lowpass) 
load bandwidth (normalized for this example) 

load number of poles at infinity 

} calculate normalized stopband edge frequency 

calculate stopband loss at this frequency 
minimum stopband loss in dB (Amin defined at fmin) 



~8~=:?4=-.:...:*L=-=8:.::.L:.:.A _LOAJLf'Q... & BW for band 
-=B..,,.25_--.:C:..:...F.:::.B _ indicate band~ss - ~a__s~ -

[
:~~ GT01 - - - - - - - -

*L~FL~ - !PMJJQ.. ~ ~W_f~r _bandsto.P 
-::-82::--;8'-__:::~:!....t~• - ln!!icate bandston - - - -
829 *L8L1 - - - =- - - - - -
030 ST09 store BW {bandwidth) 
.;.83::::1:---!::..!..::::RJ.~ - - - - - - - - - -

n form and store f 2 032 "2 

~fl~JJ"--~s:::...!r..!:::o~s _ _ _ _ o 
834 GTO oto s ace and return -

~:3::3~:::-· --:::.!*L~~~~.l!..~ - ~AD f-sta!:_t.1... ~stoJ? L. ~t_ _ 

~8-='3;":-' ___:S::.!T~0..!...1 _ sto~ f'-~crement (Ar) 
0J8 p.j. - - - - -
839 ST02 store f-stop 

-::::..,-,::--.....::...:..:::.::.. 848 p.J - - - - - - - - - - - - -
841 STOIJ store £'-start 

..,,.04..,..c.=-· ___:::..:p~ - - - - - -
-;;-:-:=----!.-..!:-:~S - !:_eSto!".f' _Legfster 0 rde-;: - -
943 L;T06 oto s a a - - - - - - -
044 *LBLO ~A_RT_SW~ 
045 P:S - - ---- -

046 RCLB 047 P'tS recall and print 
048 PRTX present frequency 

!8~49~=~G~S;BE~--calcUlat;- ~d-n-;ri.,·t-4 -;,(\ -
050 P1S - - - - - =- ..._ -E l>..J -
851 K_C L1 recall frequency increment 
052 X<B'.? - - - - - - - - - - - -

05J ST-@ if increment negative 
854 X<0? use additive delta ' 
055 GT01 
056 srx0 - if - lu-s - u - - d- - - -se ro uct delta 

0 Amax 1 £/ 4 2 3 4 

so p resent S! freq $2 stop S3 S4 
freq incr fre 

A B 

loss pole storage 
c 10-9 

L 

071 
872 
073 
874 
075 

li8S 
RCL9 

calculates 

S2 = _1_ (r fo2J BW - -f-

076 '< 0?' --en ' ~TN n = o ;s;ape - - - - -
-=-=-~---=.:..:...:.!. 078 FB'l - - - - - - - - - - - __ _ 
879 J/X if bandstop, form inverse 

"""'68=@.---E.:..:.E.!!.X _ - - - - - - - - - - __ 
98l CFJ test for passband ( fi<l) 
082 X>Y? set flag ) if passband 
"'="8:...:830----::S~F~J 
884 
885 
886 
887 

x:Y 
.1(2 

1.-~x form and storer 

:~~ ~~~ IZI ... (I t - A I) i 
890 ST06 
891 F3? - Jum.p- 1r1n- 'Passband-- - --

..o.'09::..:2.._-ib::...!~r..!.:o.1'!.3 
!~! EEX-s~pb~d~tt~uati;;-- --

+ fonn and store: . - .. . ' 
895 RCL6 
896 EEX 
897 
898 
099 
100 

li8S 
RCLD 

[ 1
NINF/2 

z + 1 -------z - l 

181 \'-~ 102 beginning of L{Z) calc 
.rx 

llH ST05 
104 RCL 7 - - - - - - - - -
"""10~5---_S:....:T..:::O~I initialize index register 

..,..~ :=~~-'*~::..:~:..::~~7--1 W calculallcm loQli-=._ - _ - _ 

~:~ RR~LL~ calculate -~-!-~1 
1HI -·+' z - Zi 

111 RCL6 
112 R i 

6 7 
soratoh "15" 

9 
BW 

S6 S9 

ole 

NlNF 

2-13 l,ro~ram I~istln~ 11 NOTE FLAG SET STATUS 

.:..1 :..:15:;__-'S°'"'T_~-=-5--f_(;°~-~l~g p.;:oj.~c.!! ~!. _1"°(%1 
116 RCLI 
117 RCLE test for loop exit 

J14 

AB 

118 Xf.Y'> 
119 GT02 
120 RCL5 
121 UX form (L + l/L) 
122 

127 
128 
129 
130 

+ 
CHS 

RCL6 
,"<2 

EEX 

oto out ut routine 

form and store: 

NINF A 
~\INI' 

131 
132 
133 
134 2 

~ .. _ --1~;~~z: rj 
135 
136 
137 

RCLD 
x 

138 .:...:..:::....--'S:....;.T...:.0-=-5 --- ------ ---------

~=---~:;.;s~;...:;·~~~ __ i~:_ t~a::_z::_ ~~e: _:~~~e_: _ 139 
140 
141 
142 
143 
144 
145 
146 

SF1 
RCLD 

2 

FRC 
X=0'.? 

~ flag l if NINF is odd 

147 
148 

CF1 
-=-'-'0---"tl:;.;;B:..;;;L_4 _ _j;{])=-~fe.~"i_~~i_cin _)_i~ ---=----= 
:;...:;;.,.--~I=S~Z~l increment index register 149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
16! 

RCL6 - - - - - - - - - - - - - - -

RCL i 
x 

ENTt 
+ 

CHS 
RCL6 

xz 
RCLi 

x2 

form ~(: 

~i • tan-
1 -2\Z\Zi 

\zl 2_ zi2 

162 
163 

5- ---- ---- - ------ -
~=---S:;;...;T_+-"- _ !!..d!i j!~_tq_ mn.tlW-5\!JlL - - - -

RCLI 164 
165 RCLE test for loop exit 
166 X"IY? 
167 
168 

~--G=...;T~0-.4 ___ --- - ____ - ----
RCLS recall 

-tR 
Fl" 
~<tY 

form sin~, and cos~ 
recall sin ~-Rx if NINF odd 

_17~2_. ~E~N_Tf_· _pre.Ea_!'~ _!,o_ £.o~b.!E!.. Bx._ ___ _ 
174 tLBL5 output routine; form 

170 
171 
172 ----------------

g~ ;
2 

€ 2/4 (L•l/1)
4 
if stopband 

1 77 RGL 1 i sin~ 
..:..1:....:78:.--_,......,.,...x __ - (~o_:~ _i:_ ~a_:s~a::_d_ - - -

179 GSB7 calculate and print 
10 log( 1 + Rx) 180 RND 

181 PRTX 
182 ~:LBL6 
183 SPC 

subroutine to calculate: 
184 RH! 
185 *LBL7 
186 EEX 
18? + 10 log( 1 + ( ·)) 
188 LOG 
189 EEX 
190 
191 x 
192 RTN 
~19::..>3,__*,;.:L.:B.::.8=-- ~nj, -~l.~IL _Q~ ;QU_ine_ - -
194 RCLI store highest loss pole 
.=..1:<..!9:::....' --'S"""T~O=-E _r~~t~r _p~b~r- ____ _ 
196 RCL0 
197 
198 
199 
200 
201 
202 
203 
204 

EEX 
1 

4 

calculate and store: 

E.2 = 100.1Amax _ 1 

4 4 

~2t1'-_5 __ s_.r_o_1 . _____________ _ 
206 1 store index register 
207 3 ini tializa.tion, and 
208 STO? initialize index register 
.:.20;;..;;9'----'s'""'~ r~o-=-r _____________ _ 
.=.2.;..cl 0--"""*l:-B __ L_9 l_o ~_po le_Z _ t!:_anyf29 Ull _J.o_gJL 
=-2::..:11'---'r:..::s.-z.._r _i.!!cJ:~~"L gi_g_~_r~iJl!:.e..r __ 
212 EEX calculate and store: 
213 RCLi 
214 
215 
216 

1 _,-y 

2i? n: 

zi = (1 - l/(pi)2)t 

where Pi are the normalized 
loss pole frequencies 

=2:;;...;1 s'---_ti:--·r_o __ ; ___ ______ _____ _ 

219 RCLI test for loop exit 
220 RCLE 
221 ;.<#Y'.? 
222 GT09 

FLAGS SET STATUS 

0 bandstop FLAGS TRIG OISP 

1 NINF odd 
ON OFF 

0 • DEG • FIX • 
2 init 

1 • GRAD SCI 

2 • RAD ENG 

3 passband 3 
n-2....-



PROGRAM 2-14 POLE AND ZERO LOCATIONS OF A FILTER WITH CHEBYSHEV 
PASSBAND AND ARBITRARY STOPBAND LOSS POLE LOCATIONS. 

Program Description and Equations Used 

This program calculates the complex zero locations of the filter 

transfer ftmction, H(s) = E. /E , from the loss pol e frequencies 
in out 

(frequencies of infinite attenuation) . The zero locations are also 

called the natural modes of H(s) . '£he pole locations of R(s), are the 

loss pole f requencies and lie on the jw axis . The transmission function , 

T(s), is the reciprocal of the filter transfer function, and may be more 

familiar to some readers. When active elliptic filters are being de­

signed [35] , one approach is to divide the transmission function into 

bi- quadratic factors with each factor (second order pole pair , and 

second order zero pair) being synthesized with a separate active network 

[38] . 

The loss pole frequencies can be supplied by the user in the case 

of arbitrary stopbaod, equiripple passband filters , or can be generated 

by Progr am 2- 12 for elliptic filters (equiripple stopband and passband) . 

This program works in the Z- domain to spread out the pole and zero 

frequencies, and enhance the numerical accuracy of the final output. 

The s-domain frequencies are Z transformed using Eq . (2-14 .1), which is 

the normalized lowpass form of the more generalized Z transform . 

z 2 = 1 + s12 j = 1 

s=jw 

1 
2 

w 
(2-14 . 1) 

The filter transfer function is a rational function , 1 . e ., it is 

a ratio of polynomials : 

R(s) = e(s) 
q(s) (2-14 . 2) 

This transfer function is related to the filter characteristic function, 

K(s) , by the Feldtkeller equation: 

H(s)H(-s) = 1 + K(s)K(-s) 

309 

(2-14.3) 
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where th.e characteristic function has been defined in terms of the 

Chebyshev rational function, R(x,L), by Eq. (2-12.3), and also is a 
ratio of polynomials: 

K(s) = f(s) 
q (s) (2-14.4) 

Expanding the Feldtkeller equation to remove the denominator polynomial, 
q(s), yields: 

e(s)e(-s) = q(s)q(-s) + f(s)f(-s) (2-14. 5) 

If the normalized lowpass Z transformation of these s-domain polynomials 
are defined by: 

F(Z) # f(s)/sm 
(2-14.6) 

(2-14. 7) 
Q(Z) # q(s)/sm 

where 

m = NINF + N 
(2-14.8) 

NINF = number of attenuation poles at oo (2-14.9) 

N = number of finite loss pole freqs (2-14.10) 

then the Z transform equivalent of Eq. (2-14.5) becomes: 

where 

The 

loss pole 

fonvard: 

E(Z)E*(Z) = Q2(Z) + F2(z) 
(2-14.11) 

E(Z) # e(s)/sm 
(2-14. lla) 

E*(Z) # e(-s)/sm 
(2-14. llb) 

derivation of Q
2
(Z) and F2(Z) in terms of the Z transformed 

frequencies, zi, is done later and the results brought 

Q2(Z) (l-Z2)NINF 
N 

TI 
i=l 

F 
2
(Z) = E 

2 (Ev A(Z) )2 

(z 2 _ 2 . 2) 2 
l. 

A(z) = cz + l)NINF 'fr (z + z.l 
i=l l. 

(2-14.12) 

(2-14.13) 

(2-14.14) 
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The program Z transforms the loss pole frequencies using Eq. 

(2-14.1) then forms E (Z)E* (Z) using Eqs. (2-14 .11), (2-14 .12), (2-14 .13), 

and (2-14.14). The roots of E(Z)E*(Z) are found using the secant iter­

ation method (described later), and exist as quads, i.e.: 

) = Z4 + pZ 2 + (Z+a+j w) (Z+O-j w) (Z-a+j w) (Z- 0-j w q (2-14.15) 

Equation (2-14.1) may be used in reverse to convert Eq. (2-14.15) 

to the s-domain equivalent. The right half s plane (RHP) poles are 

assigned to e(-s), and the LHP poles assigned to e(s). These LHP poles 

represent the natural modes of the filter, and may be defined by a 

natural frequency, wn' and a quality factor, Q: 

w 
n 

~ (l+ p + q) 

Q = [2{1 - (1 + ~)(1 + p + q) }] ~ 

The natural frequency and Q represent the program output. 

(2-14.16) 

(2-14.17) 

-



2·14 

OARD :/J 1 

~ 
TRANSrER JPUNOTION ZEIDS PROM U>SS POLE LOCATIOIS 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

_____ -~.9.'!'.~! ___ This pr~_1~_ramj.!_~_!_}os~ol': ___ ~---- ·---~----
frequencies stored in registers s4 through _...__ ------·· ----------------~----·--------------------~- -------
S8. _ Program 2-11 automatically stores the 

..--..--- - --------------------··-----~--.'."------~---- -----------~-------
loss pole frequencies in these registers. 

-~-- ----- ------------ - ---- -- ----~~---------- ---------------- -------
--_!f .. ~E.': ... ~~.8-~.J?~ le f£_~~~~~~~-?:~ovide~----··· --------

by the user, they should be loaded before 
-- ·--------------- --------= -- - ---------- --.- ------.------------ ---~----.----- -- ----~----

_____ _p_:~ c_eed~~~----------·--------------------· ···-·-----

___ )_ _ _ 1_?}~-~!~~~~--~.!:.CL±.i:i~_o caz:!_!~~~~J-~~iY. _____ --· ·-----·-

---- -~~_!:_l!_!_i 11 _E~_!._ead by th~_P.!:£g!'~~ t the ______ --------
appropriate time. If the card is not -- --------~ ---------··--.. ------- ---- - ···--·----------~-------- --------~----

_____ ... !E.~-~-~-~~-~L.~.ll-~---~-!~Jl]ay_!_~_!_ flash_~~~ the ____ ----------
second card is to be read • ..... .,.___.. _ - ----------~----------~-·-----····------------------- .... - --·---~--- --

--~ J~.~~~- both_~l:_~-~~-C?~-~~~~~E~~-~~!~----·- - -----·-
-·-· -~E:~.1'.!'.?.~!'-~--~ecut~n w;).._!_~u~~ti~~.!1-_ _______ _ 

resume. ------ - ---~-------·----------------------··-----~-·-·----------1 ----~-----

-·-····- .. ____ i_r __ !-_l_l_~ __ f!-..~~j;~gr~-~~i:.!~!!.<! ... ~-~~J ______ _ 
when the display flashes, the second program 

---- - -------- - ----------- -------·-------------- - --------------~--·------ --·-------
execution may be resumed by depressing key"E" 

.___ -----·- --·------~----------------~----- ---------
---- _i:t!._ter .Y~~--secon_~ - -~~-~~- loa~g. -------------·-·--· ----------

~--- ---------~----~-·--------- .. -··-··----- ---- --------·-
--- !.----·--·-----------------~--------------------.----- -----------
~- - -- L.--- . ________________ .., ____ , __ ..... _____________________ ---·----~-· 

....__ ____ ----------------~------------------~- ______ .. ____ _ 

··--- 1----·--·- ---------------------------------------
----- i-------·- --·-·--------... --··--------··· .. --·-------··-
------ --------~--------------~--·-----·--·---~-·-----.. - ........ _ .. _______ _ 
--·~ ---.. ----------------~-,-----.... -·---·------------ -...--~ ----

---- I---·--------- -..-----------···--------------~----~-...... --·~ --~·-·--- ---

___ .. ----·-.. ·------~~----------·------------------ .. ---- ---·-----J 

START 

KEYS 

CARD 

~~ 

#2 

OUTPUT 
DATA/UNITS 

---~~------- - -

f-------------

-~!.!.!~E-~ 
dist> lay 

--~~.llL--­
Q N -·--·····-

space --------
-~J~~L-
___ qN:.L __ _ 

--~~-­
~L--

space 

==~I~)-~ 

-·---·--
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Example 2-14.1 

Find the natural modes for the elliptic filter given in Example 

2-12.2. 

Load Program 2-11 and calculate loss pole frequencies. 

l. OJ EtFi·T 

L!Jf; 
iB.06 x 

Cris 
DSF't~ 

convert 20% reflection coeffi·eient 
passband ripple in dB using: 

Ap dB = -lOlog( l-E>2) 

8. 1 ??288 :;::+::+: AP dB' passband ripple in dB 

78. 06 1;881::•. 
1. 06 i;SEE: 

load stopband attenuation reqd, AsdB 
load normalized cutoff frequency 

into 

2. t1ft GS Bk: 
GSBC 

load normalized minimum stopband frequency 
calculate minimum filter order 

5. 9[; .-+:.;::+: 

t:. Oft :n: :;: 

GSE:fi 
?.235&03+[;0 ~** 

2.732051+06 *** 
2. 061165-r6D :+:;+:.-,: 

calculated filter order 
nearest integral filter order 

calculate loss pole frequencies 

l untransformed even order 
loss pole frequencies 

313 

2. 922 i32+6fi .;:.~·~: } Mobius transformed loss pole frequencies 

Load this program (Program. 2-14) and calculate the natural modes. 

[t.83218690 

1.62809:2.55 
5.899B91S3 

f1.62665S4l 

GSBE start E(Z)E*(Z) calculation 

:~ .. -.::+. 
:#.:+::·· 

:f::•::o· Wnz 
.-+: .v·:o;: Q.~ 

.'f: .fif.· 

:+::t::t: 

complex zero locations describing 
natural modes 
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The complex zero locations may be converted from the w and Q des-
n 

cription to real and imaginary parts to enable checking results 

against elliptic filter tables (seep. 248 of Zverev [58]). 

Equations (2-9.1), (2-9.2), and (2-9.3) are used for the conversion. 

1. 5709595;" ENT ·t load Q1 and calculate 9 1 
+ 

c:os-i 
71 . 441744E :t::+::+: 

• 83278656 ~R 

0. 26505063 .; .. +:.+: 

e. ?8948249 ** ·~: 

5. 89989 :i 85 ENT-1 
+ 

1 .. · x 
co::-: 

85. 13853.531 :+: .... 'f: 

1. €1388S2.5S -:.~: 

0. i3879?5.56 :+; .;.:.;: 
; .:-+ LI 
r\ +- J 

• 626€594 i ENT-t 

1 . ...-x 
CDS -! 

3?. 07171£'.j{ ;+:;;:.;. 

0. 3995?.373 .f .-.::+. 

91 (degrees) 
loadt...)nl and calculate real and imag parts 
at 

load Q2 and calculate 92 

9 2 (degrees) 
load ~n and calculate real and imag parts 
0-z 2 

load ci, and calculate 9' 

e, (degrees) 
loadwn' and calculate real and imag parts 
<1"3 
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Q_erivation of Equations Used 

The characteristic function, K (s), is a ratio of polynomials as 

indicated by Eqs. (2-14.4) and (2-12.3). The denominator of this func­

tion is already known in terms of the loss pole frequencies. In low­

pass form, this polynomial is: 

N 
q (s) = n 

i=l 
(s 2 + w 2) 

i 
(2-14.18) 

H(s), the filter transfer function, is described in terms of the poly­

nomials of the characteristic function by Eqs. (2-14.2) and (2-14.5). 

Since H(s) describes a realizable transfer fllllction, the zeros of H(s) 

must lie in the LHP. With this condition in mind, the LHP zeros of 

e(s) e(-s) are assigned to e(s) and the RHP zeros assigned to e(-s). 

This root splitting brings us to the concept of a quad. Assume that 

e(s) is represented by complex conjugate root pairs and a real root if 

e(s) is odd, i.e., 

N 
e{s) = (s +a) TT{s 2 + s{2a.) + a

1
2 + w;2} 

0 i-1 ]_ L 

(2-14.19) 

Then the right half s-plane roots are represented by e{-s): 

N 
e(-s) = (-s +a) TI{ s 2 - s(2a.) + a. 2 + w

1
• 2 } 

0 i=l 1 1 
(2-14.20) 

hence: (2-14.21) 
N 

e(s) e(-s) = (-s2+cr2) Tf {s4+s22(w.2-a.2)+(w.2+a.2)2} 
0 i=l 1 1 1 l. 

This concept is illustrated in Fig. 2-14.1. 
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jw 

~ 
another quad I I -·--·-one quad 

a 

- ·-
Figure 2-14.1 Concept of a .quad, 

The importance of this concept is once one root of e(s) e(-s) is 

found, three other roots of the quad are also defined, and may be re­

moved to reduce the order of e(s) e(-s) by four. 

The Characteristic Function in Terms of the Transformed Variable 

The actual finding of the polynomials of H(s) is done in the z­
plane rather than the s-plane for two reasons: 1) The solution is 

numerically more accurate because the roots are spread out and the 

small difference between big numbers problem is much reduced. 2) The 

expressions for F2(Z) and Q2(Z) are much simpler in terms of the trans­

formed loss pole frequencies than are f 2(s) and q 2(s) in terms of the 

actual loss pole frequencies, 

as follows: 

w •• 
1 

where 

F(Z)# f (s ) 
( s 2 + w 2) m/ 2 

a 

q (s ) 
Q(Z)# (s2+ W 2 ) mf 2 

a 

s 2 + w 2 
z 2 = b 

s2 + w 2 
a 

These transformations are defined 

(2-14.22) 

(2-14. 23) 

(2-14.24) 
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and 

m = NZERO + NINF + N (2-14.25) 

NZERO = number of attenuation poles at de (2-14.26) 
(equals zero for lowpass filters) 

NINF =number of attenuation poles at infinity (2-14.9) 

N number of finite loss pole frequencies (2-14.10) 

In the normalized lowpass case, the lower bandedge transformation 

frequency, w is de ( w = 0), and the upper bandedge transformation fre-
a a 

quency, wb, is unity. Under these conditions the Z transformation be-

comes: 

with 

F(Z) ~ f(s) 
m 

s 

Q(Z)<=>~ 
m 

s 

Z 2 = 1 + l/s2 , or for s = j w, z2 = 1 - l/w 2 

The lowpass form of q(s) is given by Eq. (2-14.18): 

N 
q(s) = TT 

i=-1 

The Z transformed equivalent is: 

N 
Q(Z)~ ; TI (s 2 + 

s i=l 

1 N 52 + 
TI ( s 

= 
8 NINF 

i=l 

(l)i 2) 

w. 2 
1 ) 

(2-14.6) 

(2-14. 7) 

(2-14. 27) 

(2-14 .28) 

The filter poles can be found from the zeros of the attenuation 

function, Eq. (2-13.5), i.e., 
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2 
E 2 { (-l)NINF} 

1 + 4 L(Z) + L(Z) 

where L(Z) is defined by Eq. (2-13.4): 

L(Z) ~ TI 
i=l 

0 

z + z. 
l. 

z - z. 
]. 

(2-14.29) 

(2-13. 4) 

then Q(Z), as defined by Eq. (2-14.28), is the common denominator for 

Eq. (2-14.29). The quantity inside the brackets of Eq. (2-14.29) can 

be written in terms of Q(Z) and A(Z) (Eq. (2-14.14))as follows: 

NINF 
L(Z) + (- l) 

L(Z) 
A(Z) + (-l)NINF • A(-Z) 

Q(Z) (2-14.30) 

Fortunately, the sign of (-l)NINF causes the numerator to be an even 

polynomial in Z as is required for the resulting polynomials of the 

Chebyshev rational function to be Hurwitz. 

Thus, the equation whose zeros are to be found is: 

2 
E

2 { A(Z) + (-l)NINF • A(-Z) ) 
1 + ~ Q(Z) 0 (2-14.31) 

Because of the even numerator polynomial, Eq. (2-14.31) becomes: 

l + ~ { 2 • Ev ( A ( Z) ) ) 
2 

= O 
4 Q(Z) (2-14. 32) 

Cancelling out constants and placing the entire expression over a 

common denominator yields: 

0 (2-14. 33) 

Substituting F(Z) from Eq. (2-14.13) results the desired expression for 

the transfer function zeros: 

(2-14. 34) 

Secant iteration method 

The secant iterative method finds the values for the variable, x, 

where the function f(x) = 0 (zeros of x). It is similar to the 
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Newton-Raphson method except the derivative of the function is numeri­

cally approximated from the present and past values of f(x): 

where x. is the present estimate for the variable. 
l. 

(2-14.35) 

The iteration is continued until the correction term magnitude be-

comes smaller than a given error radius. For this program, that error 
-9 

radius is chosen to be 10 

Two values for x are needed to start the secant iteration, a past 

value and a present value. In this program, the past value js chosen 

as 0 and the present value as 1460°. As the iteration starts, the 

method may not converge, but may get sent far away from the desired solu­

tion. This can happen if the present and past estimates lie on opposite 

sides of a saddle (see Fig. 2-14.3). To help force convergence, the 

magnitude of the correction radius is limited to 0.1. When the iter­

ation starts, the estimates have a random nature, but can't get far 

away from the origin. As a zero is approached, the method rapidly con-

verges. 

f(x) 

,,. -- "saddle" 

x 

Figure 2-14.3 Secant method, two cases a) normal convergence, 
and b) divergence caused by the presence of a "saddle" in the 
function. 
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Figure 2-14.3 shows a two dimensional representation of the method, 

but in the present instance, the application is three dimensional 

because of the complex nature of the variable. As each complex zero 

is found, three others are defined automatically because of the quad­

rangle symmetry (quads) in the zeros of the filter transfer function 

(see Fig. 2-14.1), thus the order of the equation may be reduced by 

four through polynomial division. If the filter order is odd, a real 

zero exists in the transfer function. After all quads have been re­

moved from the transfer function, the remainder will be the real zero. 

This technique is used herein, zeros are removed from E(Z)E*(Z) until 

a second order polynomial or less remains. ~f the filter order is 

even, no remainder exists, but if the filter order is odd, the second 

order remainder represents the LHP and RHP parts of the real zero. 

The RHP zero is discarded since it belongs to H(-s), and the LHP 

zero location is transformed back to the s-domain for output. 

2-14 , CARD 1 l,ro~ram IJsrin~ I ALGORITHM TO FURM E(Z)E*(Z) 
FROM F2(z) + Q2(z) 

081 :t:LBLE 
8132 RCLI 
0BJ STOB 
&04 RCLB 
tl05 EEX 
0@6 1 
007 
008 10~ 

BOS' EEX 
em -
t~11 RGLD 
012 T 

813 STOD 

START 
store index number of 
highes'!'._r~iste!:_wLcoef~ _ 

calculate e 2: 

E 2 = 10o.1EdB _ l 

- - ------
store NINF + E 2 

iH4 
015 
Off 

1 ------- - - - --

~011 

IH8 
019 
820 
1P1 
022 
823 
824 
825 
826 
027 

~a2s 

STOI 
tLBLl3 
I8ZI 
EDI 

RCLi 

1,..X 

STOi 

initialize index register 

Z transform loss pole freqs 

RCLI - - - - - - - - - - - - -

RCLB 
X#Y? test for loop exit 

CT08 
RCLD. - - - - - - - - - - - - - -

IHT set flag 2 if NINF"" 2 

RCLE' 
Xi~·'.'.' test for loop exit 
GT01 

060 CLX - - - - - - - - - - - - -

861 STOA start A(Z) calculation 

""i11""'6-"'":,--.::--r-OI3"" "°inltialize --;_ndex-registe; - -
063 " 
_0 __ 64 _ ___..;.P....;.:...:..s _pl~c~ _g2_lzL1n ieio.!id~:t.-!:.;_g~ 
865 EEX initialize polynomial 

..,,.B __ 66=----=-S=T0-="0~p~duc~..!:_e~sters _____ _ 
867 RCLB 
868 EEX reduce highest loss pole 
869 1 register number by 10 to 
878 - reflect P~S of' registers 
071 STOB 

,-072 *LBL2 A(Z) cal~latio:rl10c;p-start -
873 ISZI N 

:;; RC~~· fl.(~) "'(t+l)NINF"Tf (i+zd' 
876 STOC z.,:_ -"'" Re ./.= 1 
-B-7-;'-·· _G.;;....s'"""B...:..9. -multiply existing-polynomial -
-;.8='78:---' --:G=.::S'"'"B_~q FOduct Jry J.~+ Zi.) 2 
8?9 RCLI - - - - - -

080 RCLB 
081 X#'r'? test for loop exit 

'-882 GT02 
883 EEX - - - - - - - - - NfNF -
884 STOC setup to fonn (Z ,.. 1) 
""'e"'="ss:=----=-G-=-'-'B.;;Q:... - - - - - - - - - - - --
886 Fl~ multiply existing polynomial 
087 Gs~.9 by (Z + l)NINF' (NINF = 1 or 2 

029 
031:3 
831 
832 
033 
034 

2 
CF0 

X=Y? 
1----t,,..,18,...,,8---......E=E-X - - - - - - - - - - - - - -

889 RCLB calculate highest register 
898 RCLB number containing polynomial 

035 
036 
837 
838 
839 
848 
IHl 
842 
84:5 
044 
845 
846 
847 
848 

-049 
050 
051 
B.'52 
853 
854 
055 
856 

SF0 
£EX - BtartQ'"2(z) calculation: - - -

STOA 
CHS 

STOC form and store (1 _ z2)NINF 
F8? 
CHS for NINF = 1 or 2 

ST01 
CHS 

sroa 
F0? 

GS89 
I -- - - --------
3 initialize index register 

STOI 
*LBL1 

ISZI 
RCLi 

CHS 
STOC 
GSB9 
GSB9 
RCLI 

Q~(Z) calculation loop 

Ill 

cl(lJ= (1 - Z2 >NlNF" n(Z.2-z:il. 
~ ts1 

-Z,;. -Re 

891 + coefficients: 
092 
893 
094 
895 
896 
897 

-898 
899 
108 
181 
182 

5 
+ 

F0? 
+ 

STOB 
STOI 

ll:LBL3 
ISZI 
CLX 

STOi 

183 STOi 

2B + 10 + FO - RB 

clear registers not contain­
ing polynomial coefficients 

184 P:S 
"'"to""'· s=----=R'""·c.;...u::- - - - - - - - - - - -- - --
186 1 
10? 9 
188 .W'r'? 

-189 GT03 
118 RCLa 
111 RCL2 
112 x 

test for loop exit 

form (Ev A(Z))2: 

REGISTERS 
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2-14, CARD 1 l,roAram IJsf in~ 11 
113 STO l A2_ = 2AoA2 169 9 
114 ST+J 170 STO I initialize index register 
115 RCi.. 0 - - - - - - - - - - - --t----,._-'1'"'7~1-.-=L:..;B..::.L..:..4 __ - - - - - - -- - --

116 RCL6 (NOTE: the primed coefs 172 DSZI 
1i 7 x represent the coefs of 173 
118 RCL2 A2(Z). After this part 114 
119 RCL4 of the program is done 175 

SF2 form E(Z)E*(Z) 

E(Z)E*(Z) = Q2 (z) + F2 (z) RCLi 

1213 x the coefficients of J ?6 ST+ i 
121 + A2(z) have replaced the 1T? p:s 
122 STO J 1 coeffientsofA(Z).) 178 F? 9 

""'L...""·=·::'-: ---'f:....::T_+..:...J _A..£=. _g_{~~ ..:!' _!.~l_U- ___ --t------71-77_=:-9 _-=:.G.',CT0::._4:... test for loop exit 
124 RCL:? [180 tLBL5 - - --- - - - - - -
125 RCL8 181 PSE wait loop for 2nd card read 
126 ~; 182 bT05 
127 RCL4 I 1B3 *LBL ? 
128 RCL6 A10 = 2(A2A8 + A4A6) 1B4 RCL i 
129 185 STX; 
i Ji] + 186 RJ 
131 ST05 187 ST+i 
132 ST +5 188 ST+i 
~~~---- -

133 RCL6 189 
RCL 8 I 1~ D~I 

x 
134 
135 
136 

A14 = 2A6A8 191 DSZI 
STO ? JCP RTN 

f77 

A2(z) calculation subr 
forms: 

2 
R(i) + 2(Rx), and returns 

R(i) ..- Rx 

ST+? tn RTN 
-! -3C--: --_,.=.--T,-lt>I·-- - ~;t~li~ ~n~e~ ;eg~ s~; - -;------;-L:=:-9 47". -:, . ..,...L~~L;.:,9;-. -p-o-:l,-yn_ o_m-ia_l_ m_u_l_t_i_p_l _ic_a_t_i_o_n----1 
..:...12::..;;.,9_. ___;:...;....::.- ..:... -=-l=-9..J=-r- -=-;;:....:F2:... flag 2 indicates 1st time 

l ·-'I 

140 RCL 8 - A- , - - -A 2 - - - - - - - - - 1~6 RCU! - initialize index-regist~ -
1_'-+'-'~ t'---'!-_~:...:' T..:..x~e __ 16 _= _ 8 _ _ _ _ _ _ _ __ -

1

,

4
,_;, • - ..=.1=::-9'::--7-...,.:,:,X.:::.t:._I ~ith ~o:r_JI' index _ _ _ _ 

RCL4 r 
2 

198 STOE s~e_llxistiJig_indez.... ___ _ 
143 x A12 = A6 + 2A4Aa -199 t:LBL 8 polynomial mult loop 
.::..lot"'-" 4'--_b;..:-.£:..=.:B.;...7 _ _ _ _ _ _ _ _ _ _ _ _ _ _ 200 RCL; 
145 RCL2 201 I SZI 

~:~ RC~8 , 
2 

~:~ R~g ak+l = c.ak+l + ak 

148 r ' A5 = A4 + 2(A2A6 + AoA5) 2fJ4 CL X C=O for k=n 
149 RCL8 205 sTx ; 
1513 x 2J6 RJ. 
151 + 20? ST+i 
_1~=·~=--· -~~--~~-:;:'_· _ _ _ _ _ _ _ _ _ _ _ _ _ __ =2=-0E'--:-..:....:..C_F.=-1 - d-;c-;ement Ireg~ter,-and - -
1-':. .. r l1 , 2 289 DSZI set flag 1 1· f I -= 0 
154 x A4 = A2 + 2AoA4 2rn SF1 
155 GSB? -=::2-=-1-=-i _..:..D;,:S2::..:I:..._- decrement - I refil ster - ~ ::-= 
i56 ~cm - ~ :-~2- - - - - - - -- - - 212 FP 
157 n x0 _ 213 GTO[: test for loop exit 

158 PCLD r~c;li°" ~2 - - - - - - - -- 214 ~'CLC - finish poly ;ul tiplicati~n - .. 
159 FRC _2..,.L~c:;_...:.t:...;..T....:x 0:.... a0 = C•ao 
160 STxB - - - - - - - - - - - - - 216 RCLE - - - - - - - - - - - -

161 STx1 form F2(Z)= ,.2(Ev(A(Z)))2 ..:..2.::...1 ;':.....--_..:.S..:..Tl::::..:JI:....__r~t~e~r:=_ex_i_sting ind_:~ _. 
162 STX2 ~ 218 RCLA 
16;'.: sTxJ 2i 9 EE.Ii increment F or Q index 

164 sr.x.·4 
165 sr.-,;5 
166 STX6 
167 STx7 
168 STX8 

B c 
LABELS 

D 
E START 

22[1 
221 

+ 
STOR 

F.: TN r eturn to main prograJil - -

FLAGS SET STATUS 

FLAGS TRIG DISP 
d e ON OFF 

1;;-----+:--~-:----f-::-~-~--+,,..-~-~-+----~~~---~ o • 
o Z; calc 1 Q2(Z) 2 A(Z) iJnft1~ar re11: 4 E(Z)E*(Z) 2 I = ¢ 1 

b a c 
DEG 
GRAD 
RAD 

FIX 8 

~~-a~i~t~l-o_o_p~6;;-__::_...:.~-l~7~.~~:..L----f~8P~O~~~Y~~c+9,..=.:~l~~=.!....~3-=-::..!'.~-....J 23 • 
F (Z) subr tnul'ti oly ES. tinlv n 2 

2-14, CARD 2 l,rogram lJsf in~ I 
."f.Lt:LE START SECANT ITERATION 

p: ~i 

DHS set correction radius for 
Q loop exit 

STDE 

856 
857 

• 0 ' « 1158 
n1 ~1 , 059 

RCLD 

RCL6 
1'.'CLD 

SECANT ITERATION TO FIND 
ROOTS OF E(Z)E*(Z) 

continue complex multiply 

(a + jb)(Re(z2) + jim(z2)) = 
a•Re(z2) - b•Im(z2) + 
j(a•Im(z2) + b.Re(z2)) 

.----886 :+:LBLe secant outer loop start 
860 
061 
062 
063 
064 

x 
007 CLX 
110s srno set Z0 ... 0 + jO 
009 ST01 
0Hi 5T05 
01 i P:s 
012 RCL0 
8 B p:.s 

set F(Z0 ) = F.o + 10 

~0=-14"---~=-; T'--=0-'-4 _ _ _ _ _ _ ---- -
315 
016 
017 
I] 18 
019 
02@ 
021 
922 

a::4 
025 
026 
@27 
02E 
829 
e:w 
@31 
632 
033 
034 
055 
636 
03? 
838 
839 
040 
841 

6 set z 1 = 1 L 60° 
0 

rnr-r 
ffX 

-1-F 
ST02 
Xt'f 

STOJ 
iLBLfi prepare for polynomial 
RCL2 evaluation1 
RCL:3 

x form z2 : (o- - jw)
2

; 
ENT"! 

+ 
STOD Im(z

2
) = 2<T<V - Rn ... R1 

ST07 
RCL2 

Xi 
RCL:? Re ( z2 ) = <:F

2 

STOC 
ST06 
RCLB 
:STOI 
RCLi 
STX6 

2 
- w 

842 STX? 

;et inde~ to- highest- r-;gi ;t~r 
number that has coefficients 

-start polynomfaf evaluation -
by forming E2n.z2 

..---.043 f LBL1 polynomial eval loop s t art, 
"'"""0 4"'"""4'----'D:....:.S-=Z-=-~ _ ~q,r~EID 1<._ rm sj.e_r J,n_4e_z _ _ _ 
645 RCL1 recall E2k 
-=-04.,..,,€,....' ___,~~' ~-+~6 _ aj.d_ tQ_ ~l_2.u1_atio_!! _re~l_p~r .. L 
134 7 rXLI 
848 EEX test for loop exit 
1349 1 
050 

r;u:··:· 
Q-,.1.:., 

X= \"J 
GT02 
F'CL6 
RCLC 

-perfonn -;;-o~l-;x ~ul tipfy - - -

' 

053 
054 
855 

x 
RCL? 

by z2 on the ongoing ~ 
calculation S j 

' ' 865 
066 
867 
868 

~'-069 

'-878 
071 
872 
073 
074 
075 
076 
07? 
078 
079 
fJBO 
881 
08~· 

683 
084 
085 
886 
0B7 
@88 
889 
090 
091 
892 

RCL? 
RCLC 

x 
+ 

STO? 
RJ. 

ST06 
bTOl 

tLBL2 
RCL? 
RCL6 

-+P 
ST08 

\.'-+\.' ,··:+-I 

STIJ9 
RCL.5 
RCL1 

RCL2 
RCL0 

srxs 

ST+9 
RCL? 
RCL5 

RCL6 
RCL4 

form Z estimate correction: 

-=-89;,..:. 2,....; ___, __ -+:.-P _ _ _ _ _ _ _ _ __ _ _ 

094 X=0? escape if F(Zk)-F(Zk-1) = 0 
;-'-:--:'09;,..:. ~,___....:G:..:.T..:..0.::..."3 _____ ___ _ ______ _ 

8% SH8 finish l\Zk calculation 
897 Xt\' 
898 ST-9 
"""9~9_-=-9-~R-'o-CL,...;?;,..· - shift -;egiste;- co~~ts~ --

100 ST05 Z~ becomes Zk-l' and 
101 RCL6 ) ( 
1132 

ST0
4 

F Zk becomes F zk-l) for 
the next iteration 

183 RCL3 
104 S~01 
H.15 RCL2 
106 STIJB 

ensure convergence 

REGISTERS 
0
Re Z k-1 

7 8 9 
ImF(Zk) scratch scratch 

so S r S2 

A IB highest 
I redster Ii 

S3 SS E 
10 

IE error radil;lB 11 index 
for loop exit 



' Q " 
l 1 I 
; ' ' 

2-14, CARD2 l,ro~ram IJsfin~ II 
_11,...,,1_............,._R+ _ ________ --------
112 RCL9 apply Z correction1 ~ 
113 x:y ~ 
114 ~R Zk+l - Zk - 6Z 
115 ST-2 
116 XtY 
117 ST-3 
"""11:;..;.8 _ _..;;R...;_C-'L8'"" - - - - - - - - - - - - - -

g: ~;~.; test for loop exit 

Ibo 
167 l 168 
169 
170 
171 
172 

I::i.:: I 
RCLi 
RCLD 

x 
+ 

DSZI 
DSZI 

173 ST-i 

let the primed values 
represent the coeffic­
ients of the deflated 
polynomials 

Ek = ~ - PEk+2 - qEk+4 

1 ?4 RCLI - - - - - - - - - - - - - - -

175 1 

~'-~112~1~~G~· T~0~8~--------,----:-------t 
'-"122 •LBLJ Z factor output and 

176 3 test for loop exit 
1?7 XfY'? 

A ,. 
a 

123 RCL3 polynomial deflation by 
124 x2 degree 4, i.e., the quad iss 

RCL2 
z4 + pZ2 + q 

125 
126 
12? 
128 
129 

ENTt 
+ 

p =2((Im z1)
2
-(Re Zi) 2) 

._13'"""8 __ S_T_O_C _p ~ RC _ _ _ _ _ _ 
131 P.CL3 
132 )<2 

133 RCL2 
134 x2 
135 + 
136 X2 
137 STOD q •RD 

- - -

... l.=18~--+- - calculate-and-output -the - - -
139 EEX a-plane LHP complex-conjugate 
140 + pole pair natural frequencys 
141 .fX 
142 
143 
144 
145 
146 
147 
148 
149 
158 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 

,-1 62 
163 
164 
165 

1 /,\{ 
.( \.' 

" PRTX 

w - ( 1 + p + q) - t n 

EEX- calculateB.rui output-pole - -
LST.'< pair "Q"1 
RCLC 

2 

EEX 
+ 
x 

ENTt 
+ 

1/ X 
IX 

2 ~ 
Q = (2(1-(l+p/2)(l+p+q))) 

PRPi print Q 
SPC 

RCLB set index to- highest reg1ster­
STOI numbe r tha t has coefficient s 

*LBL S po l ynomial dena t 1on loop 
RCLi 
RCLC 

x 

LABELS 

--178 GT05 
.-1 ?9 •LBL6 move coefficients down two 

180 RCLi register numbers in storage 
181 DSZI so F.() resides in register So 
182 DSZI 
183 STOi 
184 ISZI 
185 ISZI 
186 ISZI 
.....,,..,=--=--=- - - - - - - -187 RCLB 
188 RCLI test for loop exit 
189 X:fY? 

- _L_o0 __ GT_0_6 __ _ ____________ _ 
191 DSZI 
192 CLX 
193 STOi 
194 

clear top two registers. 
DSZI 

195 STD i 
196 DSZI 
19? RCLI - store-index number ;;f- hlghe-;;t 
198 STOB _r~g!ster~oE_tainin__g c_Qef_s __ 
199 1 
200 2 
201 Mr'? test for outer loop exit 

..____::.2.:.;fJ~=-- _ G=-:Tc...:0-=-e _ _____________ _ __ • 
203 EDI 

204 1 if filter order is even, 
205 RCL 1 exit loop here 
206 Xf'1''.! 
287 Rm 
288 RCLi ~alculate~e:l-p~le I;,c:t~o~ -
209 DSZI 
21!1 RCL i in a-plane for odd ordered 

-

?. 11 ., .. ,, filter 
i"..-; 

~g ~BS IOQl= (E/Eo- l)-i 
214 EEX 
215 
216 
21? 
218 
219 
220 

{.'< 
1/X 

PRT.'>\ 
SPC 
RTN 

FLAGS SET STATUS 
B c D E START o FLAGS TRIG DISP 
b c d e main J.Oop , ON OFF 

start 0 DEG 
~o-p-o~ly_e_v_a_l+1-p_o_l_y_e_v_a_l~2-A_Z_c_a-lc--+.,-3-~~~~~~;~-u~t___,~4----+.2=----~ 1 GRAD 
~s--~,.,.--~6,...:..,C..,.,-i:..--4::----+a:::-';..;;;.;;.<...:;;..:_~9----t3;-------t 2 RAD 

FIX • 
SCI 
ENG 
n__B.__ d.efl~{e re~~d~r 7 

3 

PROGRAM 2-15 DARLINGTON'S ELLIPTIC FILTER ALGORITHMS. 

Program Description and Equations Used 

This program calculates the normalized transmission function pole 

and zero locations, and minimum stopband rejection for odd order elliptic 

filters. The program is based on Professor Sidney Darlington's paper 

which describes simple elliptic filter algorithms using transformations 

on elliptic sines and their moduli [18], and his unpublished HP-65 

program on the same subject. 

The output data is normalized to the passband cutoff frequency (fp), 

however, the algorithm is normalized to the geometric mean of the 

passband and stopband edge frequencies as shown by Fig. 2-15.1. 

T(jw)db 

passband 

fs 

stop band 

0 w 

FLgure 2-15.1 Definition of elliptic filter terms. 

Thus, the transition ratio, A , becomes: 

(2-15.1) 

or 

(2-15.2) 

325 
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The filter transmission function, T(s), is the reciprocal of the filter 

transfer function, H(s), which is related to the filter characteristic 

function, K(s), through the Feldtkeller equation: 

I T(jw) 12 = power out 
power in = I H(~w) I 2 = 1 + E2lK(jw) 12 (2-15.3) 

where the characteristic function is the Chebyshev rational function 

described in Program 2-12. Darlington's algorithms are a very elegant 

way of approximating the Chebyshev rational function using simple re­

cursive relationships. These relationships can also be used to find 

the LHP poles and zeros of: 

T(s)T(-s) = ---
1----

1 +~2 K(s)K(-s) 
(2-15.4) 

Normalized transmission zero frequencies. If Yo represents geometrical­

ly normalized frequency· (Fig. 2-15.1) and Y
0
k (k = 1, 2, ••• , n;l) 

represents the normalized transmission zero frequencies where n is the 

filter order, then the characteristic function for odd order, equi­

ripple passband, lowpass filters is given by: 

(2-15.5) 

where Jo is a constant and 

1 - Yo~ Yo 2 

2 2 
Yo - YOk 

(2-15.6) 

For the elliptic filter case (equal ripple passband and stopband): 

(2-15. 7) 

(2-15. 8) 

1 
(2-15.9) 

These quantities and Y0k may be found through recursive use of a 

variable transformation which spreads out the transition interval. 
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Let a = a. 2 + ,/ a. i+ 
k+l K. v 1< 

1 (2-15.10) 

then, given a
0 

as defined by Eq. (2-15.2), find and store a1 , a2 , a3, 

and a4 • Four applications of the recursion formula will provide pre­

cision which will be calculator limited rather than algorithm limited 

(seep. 37 of (18]). 

Let h represent the index for the transmission zero frequencies; 

h = 1, 2, ••• , (n-1)/2, then let 

y4h =cos{ (2h-1)(90/h)} (2-15.11) 

and recursively calculate: 

(2-15.12) 

k = 4, 3, 2, 1 

The transmission zero frequencies normalized with respect to the pass­

band edge are: 

a ·Y h 0 0 
(2-15.13) 

Minimum stopband rejection. The minimum stopband rejection for elliptic 

filters first occurs at the stopband frequency edge (geometrically nor­

malized frequency a
0

) and may be found from Jo and Eqs. (2-15.4), 

(2-15.5), and (2-15.8 ), i.e.: 

(2-15.14) 

Jo is found from another recursion relationship; let 

(2-15.15) 

then recursively calculate and store Jk 's using: 

(2-15 .16) 

k = 4, 3, 2' 1 
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Transmission function pole locations. Let s
0
h represent the complex 

pole location, and let 

J • s 
0 00 

Then recursively calculate: 

9 (k+l)o Jk • s + ko 

k = o, 1, 2 

l/E (2-15 .17) 

l (2-15.18) 

As the index increases, the terms Jk • sko become numerically very 

large since the Jk's increase nearly geometrically for Jk large. To 

avoid numeric overflow (10 9 9
) use: 

st+o 
~ 2 • J 3 • s 3o 

Calculate and store: 

s 
so 

= { ::0 + 

2 ( ::J + 

To calculate the pole locations, le~: 

jh(TI/n) 
• e s = s sh so 

h = O, 1, 2, ..• , (n-1)/2 

Using complex arithmetic, recursively calculate: 

k = 5, 4, 3, 2, 1 

(2-15.19) 

(2-15.20) 

(2-15.21) 

(2-15.22) 

The po.le locations normalized to the passband edge are given by: 

S
0
h · a

0 
(2-15.23) 

The subroutine that calculates Eq. (2-15.22) may seem obscure to 

some readers. The particular coding that is used minimizes the amount 

of data that must undergo polar-to-rectangular and rectangular-to­

polar conversions, and hence, maximizes the numerical accuracy of 

the routine. The normal format for the pole locations is polar as 

given by Eq. (2-15.21). In general, let: 

(2-15 . 24) 
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In rectangular format, Eq. (2-15.24) becomes: 

For the reciprocal case, let: 

which using rectangular format becomes: 

hence, 

or, 

1 1 -- = Q • 1 . 
cos µ kh - J ~- sin 

pkh 

6 kh - s~ ~ 0 kh + o~h ) cos ~ kh + 

j G kh - p~h ) sin 13 kh 

1 
= ( 1 + P~ 2 ) P kh cos Bkh + 

j (1 - Pkh;) P kh. sin Bkh 

(2-15. 25) 

(2-15.26) 

(2-15 .27) 

(2-15. 28) 

(2-15.29) 

In Eq. (2-15.29), the terms Pkh cos Bkh and Pkh sin Bkh are the out­

put components of a polar-to-rectangular conversion, and p kh is saved in 

the last x register, and has not undergone any conversion. The stack is 

used to hold the intermediate parts of Eq. (2-15.29). A rectangular-to­

polar conversion then completes the subroutine. 



2-15 

DARLINGTON'S ELLIPTIO FILTER ALGORITHMS 
load load load oaloulate orint ' ~ +ApdB, or >.. = fe/fp filter xmsn calculate 

order zero freqs pole -(> 'odd only) & min loss locations 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

1 Load both sides of program card 
·-•""'-•• ..... --------·--·---------~--------------- ..... -------

'----~ ·----------···--· ..... ·---------- ------··-... -.. - - ----- --·~·- ------·-·-
---~·----....-.... --------·~--... ---~---·-------·--~· -·· ... ,.--.- --...-----~ 

L--~--- _.. ___ ...... ..__ _____ ., ___ _ .. ________ ~----····--- - ---~----- - ---·-··------·-

~ Load passband ripple in dB or A 
-------· ------~~~--·· ···--- .... --~--------·--------- ---~ dij ______ ~ 

reflection coefficient o --·--------------------------------------------------------·-------------- ---~ ------

_ _; ____ !:i9_9:__~-~ilte_! orde~ust be odd' ---··---- ---~-~-----·-'-------------

~ 6 Calculate normalized transmission zero ----- -~- -----------·-------------------- - ---·-·------------
- ---- __ f!'~gl;!~!!~~es and minimum sto_P.band loss --------·---------·-----·--·- --- -----------~----.. --· .. ------~ 
~---- -------------------------------------------------------

.___ ---~-----.... ·---·---------------~------·------·--------- --------
f----· --- ---------- -------------------------- ------- - - - ·-------

--- -------------------------------------------------- ---------

__ 1_ _ ____ 9_~~-~-t_.1-~-~-~~~-~~---~E~-~~~-~~-~_1!--~ 
normalized transmission function poles ----- ----------

-·-- ---.-------------L----··-------·--·------------- ---·- ---------~ 

L---- ~-.-...---------------~----·-------.- ·-·----·--------------- L---------~-

i-- .. ...__ .... 

--- -~---------------------------------- - ---------'-·-- -------

~----- -·-----·---~-------------···-----~------------------.. ....____··-----
--- --------------- ·--~ ---------~----------~~~--------~-- ~---------

---.. -- ~---. ..,---·---·~------~~---·-------·-----------··- ---~---

L...-. •• - . ... _ .. ______ _ __ ..,_ _____ ____ ., _______ .. _______ ..__ ________ ____ _ _ _ __ - ·--------- -

-- ·-----~-----..__..--~~~-- ----------------------- ------~-- ----·~-------

--- ------·- ·--------'"' ·-----·-...-·---·~---------------·----·----~-· -----··-
·-·--- .,.._ ___ ·---··-- --------------~--------... --~---------- ....._ ____ .. ______ _ 

i------- 1---........... " ......... .... __ ,. ___ ._ . ________ . _____ ~-------··--~------·-- ---------- -

!..--- f--·- --·--.. -------·-------------------·--------- ---------___ ,._,._·--·-------------------·------------- ___________ .. _ 

KEYS 

(;~ 

OUTPUT 
DATA/UNITS 

p __ (~~L __ 
l (print) 

~o--( B/s L= . • ---···-------

-- - -----

. ____ :fl._j_ __ _ 
__ _l!_~-- -- --

--~¥_-_ __, 

-------·-----
---~-5.!;!!? ____ _ 

_ __!~~L-­
Im 501 --------

Re Soz. 
-------~----

Im Soz. 

--~~~~~--­
__ _]~-~~~-----

----------· 

'---·---

~-----
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Example 2-15.1 

Find the transmission function poles and zeros for a 9th order, el-

liptic filter having a 85° modular angle, and 50% reflection coefficient. 

Also calculate the minimum stopband attenuation in dB. Compare the re­

sults to the output of Program 2-11. 

PROGRAM 2-15 INPUT 

- • .5 

:: T ~ .• 
·-· .i. ; "' 

J, ff381923GT00 *** 
; .; f;.f 

load - p 

calculate 
and load X 

load n, 
the filter 
order 

PROGRAM 2-15 OUTPUT 

J.004553794~00 •*• 
1.014264420~00 ••* 
1.671140576~00 **~ 
1.449931830~00 •** 
33.62429965+00 *•* 

- -- - - - ··· - -
. s ·-· ·- - · ·- • : _- ~ ~ , - ~ 

·•· ~- .. 

: . i ? 1 l4~~ ~~ - ~ - l,. 
9??.?098960-0~ ,~~ 

calc xmsn O's 
z1 
z2 

z3 
Z4 

AsdB min 

calc xmsn 
fen poles 
Re p 

0 Im p
0 

Re P2 
Im p2 

Re p3 
Im p3 

Re p 
Im p 4 

4 



332 FILTER DESI GN 

Load Program 2-12 and calculate transmission zeros (loss poles) for 
the same conditions. 

PROGRAM 2-12 INPUT 

1. Effft 
c .. _; 

LOG 
1 a I )( 

CHS 
i .249387366+00 *** 

calculate 
and load 
ApdB !'or 
50% ref'l 
coef 

1.. l_':;S f;E load f P 

SS. 3IN calculate and 
i /) ,' load f 8 f'or 

1. Bt"i3B1 SB32+DJ :+: •• :.+ 85° modular 
L~SBk· angle 

PROGRAM 2-12 OUTPUT 

B. 3.52734615+06 
9. 1Jfti3tiftf1666+ Oft 

i.449931B6Z+ff6 
1. 07114 fl.5 6B,.[:0 
1. t"il 428441 &+60 
1. ff[i4553754+J[i 

calculate 
f'il ter order 

:+:.f: :+: calc order 
.+::+ .. + integral order 

to meet specs 

.+::t::+: 
:+: •• :.+: 
~ .. .... ... 
:;:.+:.+.-

calculate xmsn 
zero f'req 1 s 

z4 
z5 
z2 
z1 

Comparing these results to those obtained from Program 2-15, dif­

ferences exist in the 9th and 10th places sometimes. It is the 

author's opinion that the output from Program 2-12 is accurate to 2 parts 

in 10
10

, since the elliptic sine algorithm and complete elliptic inte­

gral algorithm have been checked against the elliptic function tables 

in Abramowitz and Stegun [ 1 ] and disagree by at most one in the 

least significant digit of the HP-97 output (see Program 5-1 for 
details). 

0 

so 

A 

2-15 

001 •LBLA _LO~ 948 or...'.:: t_ 
==--~= -
882 X<8? test tor - ~ 

,.-883 GTOo. - - - - d -to- - - --
804 EEX oa.loulate an s re: 
885 1 0.1 APdB i 
006 - i. z .::; 10 -
087 
888 
B09 
818 
011 

STOA 
GT09 

.... 01 2 
81J 
814 
~15 
816 
817 
818 
819 

• LBL o. __ - -
x2 - oaloulate and 

CHS 
EEX 

+ 
J/,'>( 
EEX 

828 STOA 
821 t;T09. 

stores 

1 - i 
1-~a 

822 *LBLB LOAD l., the stopband to 
02J STOB passband frequency ratio 
824 t;T09. 
825 :tLBLC LOAD n, the filter order 
826 STOC (must be odd) 
827 f;T09 
828 *LBLD - O_!Le...!. xm~zeros ~A!.d.B­.::.:;.;.......---;:;9 829 
830 
031 
832 

0 
RCLC 

calculate and stores 

<JO .... RE 
n 

-

-

...!::0,,:.,,JJ.___-"S'=TO~E __ - - - - - - - -
034 ffg i 
035 STOI initialize k+l, 2h-
836 ST09 - - - - - - - --=0~3.!::-7-;..;RC~.L~B - a - -lfs / + p1 

~0.:::::.18:::...__t;S:-::~:-::~ - o_ - - - - - - - -:!: t;SB7 a1c..t .. a~ -t- Ja: -1 ~ 
841 t;SB7 ka 0,1, 2, 3 
A42 1;SR7 

[

853 •LBL1 1 (Y, i ) 
854 GSB8 '<(lc-1) h .. 2 ak le" - Y !ch 

855 RCLi k "' 4 I 3, ~ - - -~8'"'l56.___ _ _ ._ - - - - -
857 DSZI test for loop exit 
~8~58~-"""GT .... 0..-1 _ - - - :xmsn-zeroI'req - -
859 GSB8 :!9 ao_:: - - - - - - -
~l;i6~0~==-=-i;;;;..;s~B:d : prinl: ~81!.. z.!_l"o_ f~eq_ - -
861 2 increment 2h - i 
;::.8::::.:.62=--~ST:..,+~9 ___ - - - - - -
863 RCL9 

064 RCLC test for loop exit 
065 >OY'? 

~ 866 GT00 - - - -
1
- -t - -

t16? G·SB:; - apace i_t_fl.M_ l_ s _!_e - -
~8~68:...._-=E:..::E-..'>! initialize k-1 

069 STOI - - - - - - - -~0.!:::70::...__R::..;C,_..l-=,.4 - calculate and storei 

071 EN+Tt (2. a
4

)n 
072 I "' 
073 RCLC '\ = 2. 
074 yx 
875 
0?6 

2 

077 PtS 
878 ST00 - - - - - - - - - -!:'.0~79~....::...::C=-:F0 - i~ic..a.t.e...fulLsuhr_ - - -
080 (;588 - I Ii (~ l ) " 
881 1;588 Jk-i = v ""i" k - J'1c. 

=~~ ~~~~ _k ~I ~ 2.~ - __ - -
..:::0.::::84:::.-.....:;.:P~t~S - calculate and prints 
985 x2 

886 .'>t 2 

88? RCLA 
888 x 
089 EE.V. 
898 + 
891 LOG 
092 1 
89J e 
894 x 

--.:::.0..:..:43::;;._..:.:*L=B...-L-::0 ___ - - - - - - -
844 3 initialize k-1 
845 STOI - - - - - - - - -

8CI~ PRU;' - - - - - - -
-L __ 10~9~6::.._-:_l,r.:'-'"'~Tl..1."f!:n ..... Qg.. ---~ e:g1otoi;~s~pa~c~e-'.an~d~rTe~tu~rnrii~su~b.:.rl 

097 *LBL 7 subroutine to calculate: 

046 RCL4 - calculates 
- - -

047 RCL9 a
4 

048 RCLE Y4h = -c-os_;:.f(..!..2-h-- -1 )-:::-:'l_?:--1' 
849 x .. 
050 COS n-1 
~ .:. h:i,2, .. :_:-r ___ _ 

~:.:::.;=-21 --s=-=f-~e -indi~at; early subr exit 

898 x2 

899 ENTt 
100 x2 

181 EEX 
102 
103 
184 
185 
106 
107 

/ \! 
+ 

STOi 
ISZI 

RTN 

REGISTERS 
7 8 9 

index 
4 5 6 , 2 3 

a.3 a4 ai 8;2 ao 
S1 S2 53 54 SS S6 S7 se S9 

J"t J'%, J2 J1 JQ 
rregister index IE IC 0 

<;0/n JB s E. 2 l. n . 



108 
109 
1HI 
111 
112 

tLBL8 
ENTt 

1/X 
+ 

2 

2-15 

subroutine to calculate: 

-""1""'-1:'=-i ___ _ -- - - - - - - - -
114 F0? 

_1_15 __ P_ .. T,..,..N _ ___ _______ -
116 fX 

test for early exit 

117' STOi 
118 ISZI 
119 RTN 

....,1...,..2......-B_* _LB_L-=E _ Q..AL_QUk_ATE _5)L~ LOOATIQ!'l'S __ 
121 :? 
J?? STOI _ in~i~lize ~-k ____ _ 

...,.1 """2 :-=-'\ -R=c"""L"""'"~ 
124 f)( 

125 1/)( 
T $ "'_h_ 
VO 00 E: 

-=-1 "'"26=----::p"""':-=-s - - - - -- -------- -

[

127 :tLBL2 calculates ,/ 2 1 " 
128 GSB6 S(k.•:l)o = JK sl<o +yJ'k Sko + i 
129 RCLi 

..::.1.::..J0::;.__ __ x_ -- _k ~' 2: z~ - - - -
131 DSZI test for loop exit 

-=-1 =32=---_G=--", T'--=0=2 _ _ _ _ _ _ _ _ _ _ _ 

133 ENTt to avoid overflow, use: 
134 + S4,, ~ ;(. J3 S30 
...,.1=35=---R=c=L~i - calculate-and store:- - -
136 
1."'3'1 
138 
139 
148 
141 
142 
143 
144 
l.d<; 

GSB6 
RCLC 

1 /,~ 
yx 

STOD 
cu: 

STn9 

------- - -
initialize 2h 

r--+-146 tLBL4 _ ~l!_ locat1o~calc _loop __ 

i!~ sroi initialize k-1 
"'1"""'4""9--'R""'c'"'.L~9 - calo - - -lT - - - - -

15@ RCLE 11-\n 
151 x S5h = sso e n-1 
152 RCL D. h .. 0 I i , 2. ' . . . ' ""'?--

[

. 1 :..:. .t.Lf:ILY i ( 
5 

i ) 
154 GSB5 ~k-i)ti ~ ~ kh - ~h 
155 RCL i k-i 
156 k=S,4,3,2 

..::....::...;;___ _____ - - - - - - -
15? DSZI test for loop exit 
158 GTGJ 
159 
16& 
: 61 

GSB5 - finish pole looatiOn - -
~R calculation and print 

GSf~ pole locations 
i c.::..· ;:-~·;-.. 

inorement 2h 
_.:;;...;:.t•..:..t· _ _;~:,_· •-T-'- -- -- -- -- - - -
J t. I 

16·~· 
1 t.S 

.l 1 t: 
--

J.. ;" 

1s1 

1B6 
... ;: f 

131 

193 
194 
195 

201 

t ~-L 

· .. '· .. 
,·· ... · ! 

·=·-

t.t..-· 

+ 

'·'""T .. ,• .··,+-

PTr-~ 

test for loop exit 

subroutine to oaloulate 
using complex arithmetic• 

.~:LBL:: subroutine to caloulate1 

ff ';; 
+ 

202 .¥:LB:.. d print or 11/S subroutine 

264 
205 
266 
2t17 

F'~' ! ,.·. 
=·, ,-, 

\ : , -
rr..·:: 

print and return if flag l 
is set1 otherwise 

stop progra.m execution 

.:·1:15 *!...BLE _]'BINT--~ 'roGGLE ___ _ 
218 C~J clear flag l &Dd place 
::.· 11 CL.:~ a zero in the di ap lay 
''12 li:f'J 

214 
.-,.3 r:: 
L.i·- ' 

s:::~ ·· .... t. .. \ 
set flag 1 and place 
a one in the display 

_ ,_ 1.64 ;;SB; _ ______ __,~-----L---...,---::':""':'-:-:--.,..----""::':~~:-;:-:-;::-----1 
LABELS FLAGS SET STATUS 

'icAD !;_Pd~ 8 
LOAD l. 

C 0 E 0 
rnAn n IC.A.LC zeros OALC poles subr exit FLAGS TRIG DISP 

c ~rt-R/S e print? 1 print ON OFF 
0 DEG • FIX 

°ti loop 1 k loot1 2 k loop 3k 1001> 
4 h loop 2 1 GRAD SCI 

2 RAD ENG 5 
,subr 6 subr 7 subr . 

8 
subr 9 subr 3

_ 3 
n __ 

Part 3 

ELECTROMAGNETIC 

COMPONENT DESIGN 



PROGRAM 3-1 FERROMAGNETIC CORE INDUCTOR DESIGN - MAGNETICS. 

Program Description and Equations Used 

This program calculates the various parameters relating to inductor 

or transformer design on closed magnetic cores. Given the core relative 

permeability (µ), the core length (le), the core area (A), the air gap 

( l i ) , the required inductance (L), the de current (Id ) , the applied 
a r c 

ac voltage (E), and the excitation frequency (f), the program will cal-

culate the number of turns required (N), the core H (oersteds) and B 

(gauss) resulting from the de excitation, the ac excitation, and the 

total from both excitatio.ns. The dimensions of the core and air-gap 

can be entered in either centimeter or inch units. Program 3-2 will 

calculate the wire size and winding resistance given the window area and 

~an turn length. The program will also calculate the coil inductance 

if the number of turns, the core permeability and dimensions, and the air 

gap dimensions are given. 

If the inductance in millihenries per 1000 turns is given (the ~ 

value) along with the core dimensions and permeability, the effective 

air gap will be calculated and stored in place of the given air gap. 

The inductance or turns, and core excitation will then be calculated on 

the basis of the calculated air gap. 

The magnetic equations used are: 

(3.1.1) 0.4 µNI 
H = ---'----.l +µ • P 

c c "tlir 

E 0-1.2) 

where I is the current in the coil. Equation (3-1.2) can be rearranged 

to yield B, the core flux density: 

10 
8! B = NA E·dt (3-1. 3) 

337 



338 ELECTROMAGNETIC COMPONENT DESIGN 

If E {2 ·Errns·sin(21Tft) is the sinewave excitation, then: 

.10 8 · Erms 
B = peak f21T AN f 

If E is a symmetrical squarewave with voltage Epk as shown by Fig. 

3-1.1, then: 

0 

I 

I 
I 

I 

I 
I 

~ 

B 
peak 

. ~ 
\ 

\ 

' \ 
\ 

108 Epk 
4 ANf 

I ~ 

I 
I 

I 

\; 
I 

applied voltage 

trajectory ~ 
I I\ rcore B 

\ 
\ I r 

\ I 

\ 
, ~ t 

\ I 

\ I 
ii y 

Figure 3-1.1 Square wave coil excitation and magnetic 
flux density trajectory. 

Remembering the differential relationship between current and 

voltage in an inductor, E = L(dl/dt), an expression can be derived 

relating the inductance, L, to the magnetic circuit quantities: 

(3-1. 4) 

(3-1. 5) 

B = µH (3-1.6) 

From Eqs. (3-1.2) and (3-1.6): 

E 10- 8N·Aµ dH 
dt 

From Eq. (3-1.1): 

dH 0.4JJ N 
dt = l +µl. 

c air 

• dl 
dt 

(3-1. 7) 

(3-1. 8) 

Combining Eqs. (3-1.7) and(3-l.8) yi"elds th · d e in uctance expression: 

E = 0.41T N2 A·l0- 8, dI 
l +µl. dt (3-1. 9) 

c air 
hence 

(3-1.10) 
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This equation may be rearranged to yield the equivalent air gap if the 

inductance per turn squared and core dimensions are known: 

, cm 
]J 

(3-1.11) 

Generally the inductance index in millihenries per 1000 turns is 

provided by the core manufacturer: 

L* = millihenries per 1000 turns (3-1.12) 

hence, 
l 

c 4TIA cm (3-1.13) 

Equation (3-1.10) can be rearranged to yie ld an expression for N, the 

number of turns, required to achieve a given inductance, L: 

( 
(l + µ l . ) · 10

8 l~ N = L c air 
0.4 1T µA 

(3-1.14) 

The program uses these equations as follows: Labels "A," "a," 

"B," and "b" are used to load and store the core parameters. The actual 

stored parameters are in centimeters, and entries with inch units 

(Labels "A" and "B") are converted before storage. Label "C" uses Eq. 

(3-1.14) to calculate N given L. Label "c" uses Eq. (3-1.10) to calcu­

late L given N. Label "d" uses Eq. (3-1.13) to calculate the equivalent 

air gap given the inductance index, L*. The new air gap dimension re­

places the presently stored air gap dimension. Label "D" uses Eq. 

(3-1.1) to calculate the de magnetizing force, H, given the de current 

through the core. Since the number of turns are required for this cal­

culation, the use of "C" or "c" must precede the use of "D." The de flux 

density, B , is calculated using Eq. (3-1. 6). Label "E" uses Eq. 
de 

(3-1.4) to calculate the peak core flux density given the ac coil exci-

tation. The flux in the core will vary sinusoidally with sinusoidal 

excitation. The peak ac magnetizing force is calculated using Eq. 

(3-1.6). The peak ac and de core magnetic para meters are added together 

and printed to provide the peak excitation in the core. The peak exci­

tation should be kept below the magnetic saturation level of the core 

material for linear operation. Label "e" uses Eq. (3-1. 5) to calculate 

peak core flux density from squarewave coil excitation, and provides a 

summary as above. 



3-1 

STEP 

INDUCTOR DESIGN - MAGNEI'ICS 

INSTRUCTIONS 
INPUT 

DATA/UNITS 

1 --~~ad ~~~-sides of magnetic .card ______ .,., ______ ..._ _________ ._ ----------

2 Load magnetic core parameters --- f------------------------------------------------ -------
-----· ·-----~------------------·--~-··------~-------~---- ·--------~ 

~) for dimensions in inches 
~-- -------i)---;e-1-~ti~-; pe~~~bili t;--~f-~-;;------- ---; --·-

--- --·----i-i"f·----~ffectiv~core l~~gth ________________ ----z····---
·--·-- ------------------------- ----------------- ____ c _____ _ 

iii) effective core cross-sectional area A 
------ ------------------------------ ----- ---- ____ c_ _____ _ 

6 ___ '!'~ - - -~~J_~~J_~-~-~ the in~~ c tanc~--.¥J._V:~!!....J::~~--------- - ---------
___ r_l~E~-~--~f ___ '!-_y_~_l? ___________________________ ---~----

- ------------·--------------------------------- ----------· 

~--- ~-~~- -~---~-~------- .. ·-~--.... ---------.... _,.. . _______ ..,. ___ --·--·---~---

----···-···--------------- --··---
--~------------··------------·--- -----------~---------- ---- ~----~-·-

KEYS OUTPUT 
DATA/UNITS 

L----------· 

µ 

-----

c......_µ ___ _ 

_!?_IX • .!...':.".: __ _ 
Jail" 1 c.m ,__ __ __ ,. ___ _ 

N 

--------·-· 
_ _}_, __ l_l __ _ 

--~dc.1 .• .<f.~--­
_!l_do.~~---

~~-------

---~---..-- ---------

=~~~_pk,_j 
__ ?..dc., ... JL .. -

B ... _ ... _, , G 

3-1 

STEP INSTRUCTIONS 

CONTINUED 

s 

INPUT 
DATA/UNITS 

9 _I..£.2.3~~!:_7-wave_~~il e3.E..!!:~!:~_?!1_2-.~--e!~sent ----- -------
___ aj_ __ lo_~cL the _ ..P. ~~k2Qg~~~~_&_..2_-l !J.L .. -----~p_k_ ____ _ 

b) load the frequency f, Hz --------------------------------·-------

----------·-·----····-·---------------- -----·--
-~------~--~-·- ------------------- ---· _.,.. ______ _ 

-----------·----------~~.---~-....---------·---- -----

----- -------·------

~- ___ !_<:_5>_1?t a in _ _!-~e wire s i~~-!--E3 .. ~~~!::¥; __ . _____ __ . _______ --------------
___ !_';~~~!:_1:~~~~~-~he ~~9_y_;:_2ll!!...~?E.fu.1.~~------- ----··-·----' 

---- ---~.5?.~-~!:-~=?.~---·- ----------------------------- --------
--·--------------

-· ·-·~·-·-·---------------------·------~~------·----

-------------------------- ..... --·--~--------~~----~--

------------·----..-------------------

--------------- ------

. .._ ____________________________ _________________ , 
---------------~-------·--------"'-----· --·-

------ ----4 ------
------------------------------

I-·-+---------------------------------------
--+--------

------------------------- ---------·-
- ---------------------------------------

KEYS 

IEI'n•I 
[-r-] [ E -] 

OUTPUT 
DATA/UNITS 

~~~=i~=~~ 
-~-0&!_.0_i:_ --
~ ..±.o. t.a..l t .-~ --
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Example 3-1. l 

f 
0.375 - 0.187 

I 
JJe = 2500 ~0.1251-
L * = 1100 mh/1000T 

Design an inductor to have an inductance of 20 millihenries using the 
above core (a Ferroxcube 266CT1253B7). The operating frequency is lOkHz, 
and the applied ac voltage is 1 Vrms sinewave. There will be 1 mA of de 
flowing in the winding. 

The core physical constants are needed first: 

A 
l 
le. 

air 

= (.125)(.375 - .187)/2 = 11.8 x l0- 3inches2 

= n(.375 + .187)/2 = .883 inches (mfgr says .852 
= 0 (no air gap) 

in) 

These dimensions along with µ = 2500 are loaded using 
e the A & B keys. 

2566. fr·;T-r µe 
.d2~ EGT~ le, inches 

i ~ . c:-t1: GC.f.., A , inches 2 

4. 06~ -0t .• .• f 

1. E:··' T1 

57. (i-fi.~ .f.f .f . 

7'"7. 9:-t:;.: t-P 

165.~-6? ·~:., .... -

414.lt-66 :+:.f'il 

L* (mh/lOOOT) 
l . calculated, cm 
air 

L required, h 
N calculated (use 135T) 

Ide, amps 
Hdc, oersteds 
Bdc, gauss_ 

Vrms 
freq, Hz, sinew ave 
Hae peak, oersteds 
Hdc II 

H total II 

Bae peak, gauss 
Bdc II 

B total II 

Since the core saturates at 
around 2500 gauss, and this 
design only excites the 
core to 414 gauss peak, the 
design appears adequate from 
a magnetics standpoint. 
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Example 3-1.2 

Ferrite pot core: Ferroxcube 2213C A400 3B7 

l 3.15 cm 
Ac 0.635 cm2 

µ = 1845 
L~ = 400 mh/lOOOT 
B < 2000 gauss for stable 
max inductance 

This pot core is to be used in a tank circuit of a class A tuned ampli­

fier operating at 50 kHz. The de current is 30 mA, and the applied ac 

voltage is 10 Vrms. The required inductance is 40 mh (the resonating 

capacitor is 253 pF). Calculate the effective air gap, the number of 

turns required, the de and ac core excitation, and the peak flux density. 

The following HP-97 printout shows the data entry and calculated para­

meter output. 

• t:'f~ti i,_"":.:.t: r_ 

.'316.~+[;;j .f.¥.f. 

u<I =r -
5[1fitir'i . c'. :·EE 

J2J . _; - [·~ ... ;~ 
J.36 . 1-6:;- ·'! ·! :~ 

22. 4~.,. [70 :,: .-. .• 

59(. i.+ (1#-: :+ . .f' 

62g .. [t+,JD .-..:+ .... 

µe 
l , centimeters 
Ac cm2 

' 
L* (mh/lOOOT) 
l i calculated a r 

L required, h 
N calculated (use 316) 

Ide, amps 
Hdc, oersteds 
Bdc, gauss 

Vrms 
Freq, Hz, 
Hae peak, 
Hdc, 
H total, 

sinewave 
oersteds 

II 

II 

Bae peak, gauss 
Bdc, " 
B total, 11 

A printout of the registers 
reveals this stored information: 

1.845+63 
3.i56-t-66 
635stJ-t}.j 
i 8, 24-fi.:. 
316 • .;·-rt1(1 
56. [;6-rti.7 
.32.5 . 9 - 63 

6.666-r66 
:?:2 ' 4i_· ~t1 6 

16. 60+[;[; 
30. 00-fl.? 
4. 00t1-r6€ 
4i30. O-t-t:10 
0. 000+01:1 
0. f!OO+Ofl 

fi 

c 
D 
E 
I 

l cm 
Ac cm2 

' 
lair' cm 
N, turns 
freq, Hz 
Hdc, Oe 
Bdc, gauss 

Bae pk, gauss 
Vac, volts 
Ide, amps 
L x 108 

L*, mh/lOOOT 
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Example 3-1. 3 

cut "C" core 

winding 

Figure 3-1. 2 Inductor on cut C-core. 

An inductor to carry de is needed for the power separation assembly at 
the end of a coax cable. One ampere de nrust flow through the inductor 
without forcing the B-H loop into a nonlinear region. The inductance 
needed is 1 henry. Ac signals of 10 Vrrns across a frequency band cover­
ing 10 Hz to 1000 Hz will be applied in addition to the de current. A 
tentative selection is a. cut "C" core (see Fig. 3-1.2) with dimensions 
Ac= 1.0 in

2
, l = 6 inches, and µ = 1000 (silectron transformer c 

steel). To ensure linear inductance, the peak flux level in the core 
should not exceed 10000 gauss. 

16661 ~ r·tT·r 
6 I ft-;/ r 
.LI GSf;~ 

µ 
0 inches .cc' 
A0 inches2 

• tit..:: ,_~ '3£.E lair' inches 
(.031 each side) 

1. ;sec L, h, required 
1. 4t~6T[1.;; .+.:+: .;: N, ti turns calc 

t:.;&D Ide, amps 
1C.6i-r60 ttw Hdc, oersteds 
10.62+0~ ··~ Bdc, gauss 

1fJ.6i+00 
i3.61-r66 

10. €i+63 
13.61+[1:3 

!;S&E 
:+ . . f . . +: 

:+. * :+: 
**-1 

:+: .+:.f 

:;::+:.+: 
f . . 'f::,.. 

freq, Hz, 
Hae peak, 
Hdc, 
H total, 

sinewave 
oersteds 

II 

II 

Bae peak, gauss 
Bdc " 
B total, II 

B total exceeds 10000 gauss, use 
a thicker spacer (larger air gap). 

• l.:: 5 ·.<: t ·t new air gap, inches 
(0.625neach side) 

;s2c recalculate N 
2.626-rt\? H• N, II turns 

7.65 1-r(i{] :~.:;:+ 

7. €5i -rJj :u. .~ 

l . 7 ..: .~ -r@[; 

{. 651 -r[![l 

9. 37 .3-rl]6 

7. 651+f(?:' 
s_ J7.3 -tO.;. 

.·+:.+: .+· 

.>;: .• ::+. 

.;:.~. :,.. 

:f."¥:.¥: 
f:f',:+.· 

recalc, H, Bdc 
Hdc, oersteds 
Bdc, gauss 

recalc H, 
Hae peak, 
Hdc, 
H total, 

Bae, etc. 
oersteds 

II 

" 
Bae peak, guass 
Bdc, " 
B total, " 

B total is less than 10000 gauss, 
magnetic design is complete. 

0 µ 

so 

A 

3-1 

661 LOAD CORE PAR , C ITS 
0132 STOE store core area-
BB3 F._•.J. 

..::.0..::.0..:...4_...:Sc.;.T..::.C..::.1 store ~re length __ _ 
BB5 RJ 

-=-0-=-Bb=-·· _.:..S.:...:TC'""'1f J!.._tor~cor~permeabil~ _ 
BB? F2? test for initialization 
008 GSB5 

_0_HJ_~ _*L_' B_.L_H .W..AD...OORE~, .I.H, UNITS 
011 F2 '? test for initialization 
e12 GSB5 

014 
015 

RCLI convert areain in2 to om2 
Xi: and store 
}( 

016 ST02 
~~---"--'--"-- - - - -
017 RJ. 
018 RCLl 
819 
020 

x 
BT01 

82i R.J 

convert core length in in. 
to cm and store 

022 ST06 sto:aLcore p~eillltiy _ 
023 G"T04 
1324 Ji:LBL~: _jpAIL_AIR GAP LENG_TIL INCHES 
025 F2? 
026 GSBS test for initializa.tio~ 

027 RCLI convert air gap length 
028 x to cm 
029 !i:LBU __!flA]L AI JLG AP_ LEN GT!!_, CM_ 
030 F..,,-, 

test for initialization 031 GSB5 
032 sra;; 
033 GT04 
034 nBLL. 
035 FJ';' 
036 F.? if no numeric input, jump 

039 x calculate and store L•l08 [:~~ ~~~~ 
.:..8...;..4fJ"'--__;;_S.;_TO;;....;.l _ __ __ 
04 1 tLBUJ 
042 RCLC 
043 GSB6 
044 
045 
1346 
047 
048 
049 
058 
051 

~:CL2 

RCUl 

r1, 

'" ST04 
GT03 

calculate and store the 
number of turns required 
by using Eq. (3-1.14) 

N•) L(ic +µ..fair·)· 10 
1 o.4n µAc 

8}Ya. 

print number of turns 

REGISTERS 
2 3 4 

.lair N 5 f 
SI 52 53 54 SS 

B D 

852 •LBLc ___ _ 
053 FJ? if numeric input, 
.-=-05=-4'---'S::....:T....::.0..-.4 Jto.J:Jt va..lwt _ _ _ 
1355 

RCLX; calculate and store L• 108
1 056 -

057 GSB6 
058 
859 RCL2 L · loea o.47C N

2
.u A. 

068 x Jl., + µ .£air 
861 RCL8 
062 
063 
064 
065 

x 
STOC 
RCLE divide by 108 

-------- -rint sub routine 
---=-----=~ __ __de ___ _ 

if numeric input, 

B?2 
8?3 
074 
075 
0?6 
an 
078 
0?9 
080 
081 
082 
1383 
084 
085 
086 
08? 
088 
089 
890 
091 
1392 
093 
894 
095 

RCL4 
x 

PRTX 
ST06 
RCLB 

}:.' 

STD? 
H03 

11:LBLol 
STOD 
l/X 

4 

Fi 
)( 

RCL2 
.:{ 

RCL1 
RCL0 

ST03 
GT03 

6 1-1.x. 

S6 

E 

_!tore valu~ _ _ _ 

calculate and print Hdcl 

calculate and store Bdc 
Bdc ).l.•Hdc 

- oto rintsubroutine -

calculate and store 
equivalent air gap: 

rint subrout· e 

7 Bdc. 8 9 
Bae, p1c. 

57 SB 59 

~.54-
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096 .-+:LBLE LQAD Erm.8 , .!Jizi CALC 11, B -097 FJ·: 
098 F3 '? jump i f no numeric entry 

10fJ ST05 -store f r equeMy - - - -

[

099 GT01 

101 X: Y 
-:-1-;:-02;,.--...:S..;,T.;,.0:.:.R s t ore rms voltage 
183 :+:L8Ll - setup for Bpeak"Calculation-
104 RCUi 
105 
106 
Wi' 

. , 
~ 

.[ \ .' 
;\ 

F'; 
108 x 

r-- 109 GT02 1roto B calculat i on - - -

NOTE FLAG SET STATUS 

ini tializall.Qn subroutine -- - -151 EEX 
~ generate and store 108 152 -

_,1..,,.53"'---=-S T:...:O:..::E _ 
-:-1...,5-=4 __ ..:..:R~J. r ecover -;- r e_g_i ate,. -- - -
155 2 ~ - -
156 
157 
158 
159 
160 
161 
162 
163 
164 

~ generate and store 2.54 

STOI ---------R4· .2'._ecover ..!.._ r~ ster 
return t o mai ,... "'-::;::-:. .. ::: - -RTN 
common magnetics subroutine 

..,-: .;.,.-~ ~~-'-*Tf{[:::.:F;..:3:.::.~ ..JPAQ....Ep.k.., fJ:izJ MLlc.JL B_ -

112 FJ? 165 · jump i f no numeric entry 1 - • 

[
~1~1~3-~G~T~0~1 .oo 

*l 8L6 
RCL3 
RCL0 

x 
RCl.1 

ca l culat e : 

114 ST05 s to re fre quency - - - - 167 
115 X:Y 168 
116 STOA store 169 
11 7 il:LBL 1 ~ak __!9 l t..!:Hie i 70 
118 RCUI setup fo r B calculation- - 171 

+ 
Pi 

4 

11 9 4 k .. 4 1?2 
-~~~ *LB~2 - common- B calculation routln~ef-_ _ ...;1;.;i'.;;·J:..., _...;F.:~:T:...:,1-;_! ....:,r,;:e.::,tu::!;r~n~t:;o~m;!:a.!_i~njp~r~o~1l!:l.,!r~a!m~-.J 

122 RCL5 
123 
124 
125 
126 
127 
128 
129 
13@ 

RCL2 

RCL4 

RCLE 
x 

5T09 

Speak. = 108 · E 
k A.Nf 

131 
132 
133 

RCUl 
~tor~B~pk--
calculate and printH - -
H ~ B/µ ac, pk 

F'RTX 
134 
135 

RCL6 - recall and print Hdc 
FRTX 

136 + 
137 PRTX 
138 SPC 

ca lc and print Htotal 

-

-

139 RCL9 - - - - - -- - -
1411 PRTX recall and p rint B 
-71""""4 """1 -..:....:.!..!.!.!.. - - - - ao' pk_ 

RCL7 -
_1 _42~--'-P:..:..RT:....:.X~ ~eoal l _a_nd _P_rint B do 
143 + ca lcu l ate B+,..,h1 - - - -

~:~ *~~~t pri nt and space subroutine 

146 .tLBL4 space and OF} subroutine 
147 SF'C 
148 CF3 
149 fHN 

A LABELS 

NOTE: 
the •To ~hange from the "print• mode to 
• ~S mode for output, ohange the 
print statements to •Jl/s" statements 

at the fo l lowing line numoerss 075 l }; 
l;5, 1;7, 140, 142, and 145. ' ' 

FLAGS 

NOTE FLAG SET STATUS 

FLAGS 
ON OFF 

SET STATUS 

TRIG 

DEG 
GRAD 
RAD 

DISP 

FIX 
SCI 
ENG• 
n~ 

PROGRAM 3-2 FERROMAGNETIC CORE INDUCTOR DESIGN - WIRE SIZE • 

Program Description and Equations Used 
This program is a companion program to Program 3-1. Given the win-

dow area and the number of turns (stored by companion program), this 

program will calculate the wire size with heavy insulation (class 2) that 

will fill the window area. If the length of the mean turn is known, the 

program will also calculate the winding resistance. 

The program is also designed to provide information on the wire di-

amter over class 2 insulation and wire resistance in ohms/inch given the 

wire size in AWG. The program will also calculate the AWG given the 

wire diameter over class 2 insulation. 
The operation of the program centers around the logarithmic rela­

tionship between AWG and the wire cross-sectional area. This logarith-

mic relationship is: 

AWG = .!_ ln diameter in inches 
b a 

where a 1 

b' = 
o. 3245574964 } 
-.1159489227 

a 
b 

= 0. 3137250775 } 
= -.1097881513 

(3-2 .1) 

bare wire 

wire with class 2 
insulation 

If the total area for a winding of N turns is known, then the area for 

one turn may be calculated. If the wire is assumed to just fit inside 

a square with the wire diameter tangent to the sides of the square, then 

the waste space due to wire stacking can be acconnnodated (see Fig. 3-6.2). 

The wire diameter becomes the square root of the square's area. The 

program uses this algorithm. Once the wire diameter is found, the AWG 

can be calculated using the logarithmic relationships. The constants 

for heavy insulation are used. The AWG that is used and is output is the 

upward rounded value of (1.5 +calculated AWG). 
The wire resistance per unit length is inversely proportional to 

347 



348 ELECTROMAGNETIC COMPONENT DESI GN 

the copper cross-section, hence, the wire size in AWG also bears a 

logarithmic relationship to the wire resistance. When the wire re­

sistance is desired as a function of the wire AWG, the relationship 

becomes exponential: 

Rl·o ( . 1. h) (d·AWG) 
~ ohms inc = c•e 

where c = 8.371747114 x 10 
d = -.2317635483 

-6 } 

(3-2.2) 

annealed 
copper wire 

'Ihis exponential relationship is used in conjunction with the mean turn 

length and the number of turns to calculate the total resistance of the 

winding. 'Ihe window area and mean turn length may be entered in either 

units of inches or centimeters. Centimeter dimensions are converted to 

inch dimensions before storage within the program. 

If the AWG is known and the overall wire diameter including the 

heavy insulation is desired, Eq. (3-2.1) can be rearranged to yield: 

diameter in inches = a•e 
(b·AWG) 

(3-2. 3) 

This equation is evaluated under label e. 

3-2 

RESI STANCE 
2 area , cm 

wire diam . 
-AWG 

w ow mean urn ca ou a e ca cu a e 
a r ea, in2 length , in AWG winding R 

AWG.-wire 
diameter 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

2 Enter window area available for winding --'------ ·---------·------------- ---------.--"2--
a) for dimensions in square inches Aw, in 

-·----bTfor d~;~sions -i~--~q~;~~~~t~·;t,~~~ Aw, om~ 
--·-· -··-~-·-~----~-~------ -- . -~- ----·--_.,._ 

_} __ ~~~~-~~.J-~~~~~--c_:iL~3~~urn (~- turn ___ --------

-- .. ~~_9~~E. .. ~~-'!:~3-dle of tE_~---~ndi~------- ----------
-·- ···------~JJ~!: .. ~~ensi<?ns in inches l+.t in 

b) for dimensions in centimeters l~m -- -~---·----------- ----------·----- -- --

_!±_ _ _ '.f£._c~~g~-~~~ n~-~~!:..9.L~ur~.!3J...<!..!" __ to ent~.r..-.. __ N ___ _ 

..._____-~~~-~~~- of turns ~~_!-E.~_prev:,~~~_p_rogr9:1E:___ _ __ 
was not run 

i----- ........ - ... -------------------·--.----------------------~----·-

_2 __ Cal~~~te t!:~ -~~!~~~ tl:~!:_ will !_1=-' l_l_ t_h_e ___ -4---

window area . Heavy i n su l ation (class 2) 
1--- -------------------------------- - --- --- - ---- --~--------------------- ---- -·-------- -----

KEYS 

is assumed. c=::2::J 
,___ -------------~----·----·------------- --~--~---

6 Calculate the winding resistance in ohms 
'-·----- -· ----------·-·-------.. ----

.... _ -~~avy insulation __ ~!!. inches • 
-- ·~-·--------·- .,... ______ . ____ _ 

8 To find the wire diameter over heavy AWG ~ ... ..--.. ..... _ ---·-··--------------- . . _ _.. __ .. _______________ ~--.__----~-
insulation given AWG 1------- --~-----~-----------------------------·----~ ~-------

---- ~----------------------·.------------------ ~-~-----~-

----- ~·---------~~-----------·---~---·-------- --·-----
--..Lo------------------------------------~ ---·--···---~----

- +--- -·-··------···---------------------------------········ ---------
--·- ~---------..-..--------------------------- ~-~-~-~---

-----------··-·--------·- -·------
-- ·---------------------------~- -----------·-----· ----------

..... ---·--~--·-----------------~ ... -------~----·-- ------

OUTPUT 
DATA/UNITS 

AWG 

AWG 

._____ ___ _ 
----
1--·~----
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Example 3-2.1 

non-magnetic spacer (both sides) 

cut "C" core 

Figure 3-2.1 Inductor on cut C-core. 

'lhe inductor in Fig. 3-2.l was designed to carry de in Example 

3-1.3. If the winding window area is 2 square inches~ and the mean turn 

length is 6 inches, what wire size will fill the winding window, and 

what will be the total winding resistance? 

i:::.r G3f:H 
t~ .. :_::.t-5 

:;..~ : ·c ·-

.:. .:: ' .f .~. f . 

GSED 
16.6i-t6D n:~ 

window area in square inches 
mean turn length in inches 
start wire size calculation 
wire size in AWG 

start winding resistance calculation 
winding resistance in ohms 

3-2 

..;@-=-0.-1---'-:f:..._.LB,,_L,...,,.:. _j;OAD WINW_!_ AREA ~ c~ __ 

002 F0? test for initialization 
003 GSB2 

"""0~04"---R""'C'"'"L~I - - - - - - - -
085 >;"2 convert area to inches2 

006 

013 
014 
015 
016 
017 

GSB2 
RGLI 

*LBLB 

test for initialization 

convert length to inches 

n - - -
...:0:..::1_;;;,8_"""s_·r __ o_c __ store mea~turn l~th_ 

:~: G~:; test for initialization 

021 RTN--return control to keboard 

025 *LBLC _QALCULATE_!LIRE AWG_ _ 
026 RCLR 
027 RCL4 
028 -
029 
038 
031 

036 
037 
038 

GSB6 
E£X 

+ 

calculate wire diameter: 
' 

calculateAWGfrom wire diam 
using Eq. ()-2.1) 

calc 

839 x multiply by total winding 
040 RCL4 length to get total 

h
B41 x _rwstanoe 

-=a-=-42=---i;=r=o,...,4 r nt res stance - - -
043 *LBU _ CONVERT_AWG_.1'0 OHMSLJNOH 

"'=0_,.4.,,..4 _..;G~SB:;.;5::... ___Eerf'o rm conversion - - -
045 GT04 print resul t - - - -

x 
ex 

RCL6 
x 

C581 

use Eq. (3-2.3) f'or 
conversion 

062 
063 
064 
865 
066 
067 
068 
869 

x use Eq. ()-2.2) for 
e): conversion 

RCL2 
.:\ 

~-~~·- - - - -- ---

use Eq. 0-2.1) for 
075 u~ conversion 
076 RCLi 
0"""" .. ,. 
078 
079 c: _, 

080 + 
081 FIX 
082 DSPB 
083 RND - -
84 bT01 imerchaile re isters 

085 *LBLB _!:e~~teI_int~rchan~subr 
086 F0'i test for initialization 
087 GSB2 - - - -- -- - -
088 p""c .. ,,.. 
089 SF2 
090 RTN 

NO Tis 
To change from the "print• to "R/s• 

mode for output, change the 1print• 
statement at line 058 to a "R/S~ statmdnt. 

REGISTERS 
0 2 3 4 5 6 7 8 9 

N 

so 51 52 xio- S3 54 55 56 $7 58 59 
.31S72507T.5" -.10978815f8 8.3717'1-7114 .231765483 

A B c 0 E 
~ . 54 W11'\dow A'e a, lh,. AWG M .. an Tu.-n, II'"' 



3·2 l,ro~ram IJsfln~ II 
091 tLBL2 _initialization subroutine - 141 CLX - - -
fjQ? ENG set 3 format 142 J<. engr 
093 DSPJ 143 .-, 

- - - -- - - - .. 
894 p•? test if P~S needed 144 3 
0QC' Pt8 i45 1 J.., - - -- - - - -1396 p;s execute and note P~S 146 7 
89? SF2 

done 
14'1 6 

098 CFB indicate Jn! tialization - - 148 3 
099 149 5 
100 7 150 4 -· 
101 1 151 B 
102 3 152 3 
103 ?' 153 STOJ 
104 2 .3137250775-~ 154 CL X 
HIS r: 155 2 ... 
1136 ft 156 
113? 7 15? 5 
108 ? 158 4 
109 c; 159 STOl -
llQ SIQ~ - - - - - - - - 1-60 R+ 
111 ['Ix' 161 tLBL1 
112 1 "" b.:. F2 '~ 
113 1 163 p .. , . .... 
114 ff 164 RTN 
115 9 
116 i' 
11? 8 -.1097es151:5 .... s1 
118 Cl ,_, 

119 1 
120 ~ 

121 1 
p? 3 
123 CHS 
124 STQJ - - - - -- - - ·-
125 cu 
126 8 
l "? ... 
128 7 

•' 
129 ? 
13& 1 
131 ? 

10-6 - S2 132 4 8 • .?71747114 x 
133 

., 
r 

134 1 
135 1 
136 4 
137 EEX 
138 CHS 
139 6 
140 ST02 - - -- - - - -

LABELS FLAGS 
A lo"d wt"d°"' B lollcl mea,., c calc.vl> ~e D C3lcul~lt: E 0 slort: 
.:iite~ \n \niL tur" in 1nd-.es AWG, Wlnd'"" R. ~-.Wlft:dl'2trn CD>i:sfa...ls 
a loac! w1rd""" b load mean c d e 1 
area'" c.,,'" i.vvn 1n c:""" w1~d1awi -~ 
0 p~g 1 2 Cct1';.f&nt 3 ";i,:,,,!:, A: s pcice 

2 
s.i= :2 P~S 1-f F2 4,,.'l)Cle ~:S used 

5 .n 
~""" ~ fi.., 

6 7 
Wtr"<:d1am +AW'i 

B 9 3 

NOTE FLAG SET STATUS 

.231765483 +- S,? 

- -- -- - - - - - -

2.54 .- RI 

-
restore xr~ister - -
subroutine interchange 
registers if flag 2 is set 

' 

NOTE FLAG SET STATUS 

SET STATUS 

FLAGS TRIG DISP 
ON OFF 

0 • DEG FIX • 1 GRAD SCI 
2 • RAD ENG 
3 n_o_ 

PROGRAM 3-3 TRANSFORMER LEAKAGE INDUCTANCE AND WINDING CAPACITANCES. 

Program Description and Equations Used 

This program will calculate the leakage inductance and winding capa­

citances of a two winding transformer. Both the interwinding capaci­

tance and winding self-capacitances are calculated. The output for both 

the leakage inductance and winding capacitances are reflected to the 

primary winding. 

Leakage inductance. The total magnetic flux in a transformer is composed 

of the mutual flux and the leakage flux. The mutual flux follows the core 

path and links both primary and secondary windings, and results in the 

mutual, or open-circuit inductance of the transformer. The leakage flux 

is the relatively small flux which originates in the primary winding and 

does not link the secondary winding, or vice-versa, and results in the 

leakage inductance. The leakage flux will be less as the primary and 

secondary windings are interleaved up to the limit imposed by the space 

occupied by the insulation between windings. To a degree, the interleav­

ing process is self-defeating, as too much interleaving generates much 

nonconductive space, and most of the leakage flux flows therein. 

Of the many formulas that have been derived for the calculation of 

leakage inductance, the one by Fortescue [25} is generally accurate and 

errs, if at all, on the conservative side: 

where 

L = 10·6 xlO_g N2·MT(2nc +a) 
leak n 2b 

(3-3.1) 

MT 

n 

= leakage inductance in henries, referred to the 
winding having N turns (the primary in this 
program) 

= mean-tum length in inches for the whole coil 
(both windings) 

= number of dielectrics between windings 

353 



354 ELECTROMAGNETIC COMPONENT DESIGN 

a 

b 

c 

winding buildup in inches 

= winding traverse in inches 

= dielectric thickness between windings in inches 

Interleaving provides the greatP-st reduction in leakage inductance 

when the dielectric height, c, is small compared to the window height. 

When nc is comparable to the window height, the leakage inductance does 

not decrease substantially as the number of interleaves, n, is increased. 

The lowest leakage inductance will be obtained with a transformer having 

a small number of turns, a short mean turn length, and a low, wide wind­

ing window. 

The term "a" in Eq. (3-3.1) refers to the total winding buildup 

composed of the primary buildup, the secondary buildup, and the insula­

tion layers buildup. If ap represents the buildup of all the primary 

interleaves, and as represents the buildup of all the secondary in­

terleaves, then: 

2nc + a = 3nc + a + a 
p s 

The basis for Eq. (3-3.2) may be seen from Fig. 3-3.1. 

r-b 

a = a 5 + ap + nc 

(3-3.2) 

(3-3-3) 

Figure 3-3.l Cross-section of transformer winding on a core leg. 

Interwinding capacitance. The interwinding capacitance is the primary­

secondary capacitance. This capacitance is calculated by considering 

TRANSFORMER LEAKAGE INDUCTANCE AND WINDING CAPACITANCES 355 

the primary and secondary windings as single conducting sheets separated 

by the dielectric formed by the insulating layer and wire insulation. 

The capacitance of two flat plates separated by a dielectric is: 

where 

c = . 225 x 10-
12 A 

E: -
t 

(3-3.4) 

i:: is the relative dielectric constant of the dielectric 

A is the area of one plate in inches 2 

t is the dielectric thickness in inches 

For the transformer 

A n°MT 0 b (3-3. 5) 

and 

t 
(3-3.6) 

c + t . . 1 . + t d i primary wire insu ation secon ary w re 
insulation 

The wire insulation thickness for heavy insulation (heavy formvar, 

etc.) can be obtained from the wire AWG. The AWG is obtained from the 

wire diameter over class 2 insulation by using Eq. (3-2.1), where the 

wire diameter is calculated by assuming the wire plus insulation just 

fits in a box as shown by Fig. 3-6.2. 

tion then becomes: 

The wire diameter over the insula-

t . . wire, primary (3-3. 7) 

and 

twire, secondary-~ (3-3. 8) 

The diameter of the bare wire is obtained from AWG by using Eq. (3-2.3). 

Hence, the thickness of the wire insulation is: 

t . . . = !z(t . - t . \0- 3• 9) 
wire insulation wire + insulation wire) 

The wire insulation thickness calculations are performed in the subrou­

tine under label 6 in the HP-67/97 program. 

Winding self-capacitance. In a multilayer winding, the voltage between 

layers is zero at one end of the layer, and 2E/NL at the other where 
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E is the total winding voltage, and Nl is the number of layers. This 

vo:ttage gradient model serves as the basis for the total winding capa­

city as given by Reuben Lee [ 36 J • 

C. = 1. 333 CLi { 1 - ___!___ } (3-3.10) 
i NL. NL. 

]. i 

i = pri or sec 

CL is the layer-to-layer capacitance, and is found from Eq. (3-3.4) 

wh~re 
A= MT•b (3-3.11) 

and 

t = td + 2t . . ul . (3-3.12) wire ins · ation 

The basis of Eqs. (3-3.11) and (3-3.12) are shown by Fig. 3-3.2. 

lbl Ti= ffiffiHffiE f to 
CXJ · · - · · · · CX2~ 

a 8 . . 8 wire. of I w1nd1nq 

f · ~ dielectric 
~p<!icli'r 

Figure 3-3.2 Cross-section of a winding showing dimensioning. 

The nunmer of layers is needed for Eq. (3-3.10) and is found 

from the number of turns, the interwinding dielectric thickness, 

and the winding dimensions. The wire cross-sectional area (per Fig. 

3-6.2) and the dielectric cross-sectional area must equal the total 

area available for that winding, i.e., 

volume = a•b = N • t • b + N· d 2 
L d --spacer 

volume 
wire 
volume 

(3-3.13) 

(3-3.14) 

TRANSFORMER LEAKAGE INDUCTANCE AND WINDING CAPACITANCES 357 

Substituting Eq. (3-3.13) into (3-3.14) and solving for NL yields: 

N. d. 
l. l. =---
bi 

where d is the quadratic solution to: 

i = pri or sec 

(3-3.15) 

(3-3.16) 

The program calculates the secondary winding capacity and reflects 

it to the primary winding: 

C @ primary = C ·(Ns )

2 

sec sec N 
p 

(3-3.17) 

The total winding capacity seen at the primary is the sum of the 

reflected secondary winding capacitance, and the primary winding capa­

citance . 



3-3 User Insfru~fictns 
TRANSFORMER LEAKAGE L AND WINDING C 

~ w1nc:ung 
Np t :N s f Of' print! 09.lculate 

traverse dieleotrioi 51eakage 
pr• t Qec av11raqe meal'\ winding 

buildup bui\dup tur-n le..,gth tdp ~td5 ttd Ep.it~~ E~ 0 inlerwirdin9 

STEP INSTRUCTIONS 

... ! .... -· Load_~~~~--~~~~~~--P..~~g~~~~!:~----·-----··------
-·--· __ _l~~~! __ fl~ sta~:i) ____ -----------

2 Load both sides of data card 

INPUT 
DATA/UNITS 

--~-- --~-------...-----------.~--~----------------------------·-·- r---------..---..--

--- --·--------·-----------------------·------------------------ -----..-----
-·- ....----------~------ -~---~-----------------------~------~-~--- ---.----------,..---

4 Load winding traTerae in inches b in --·- -------------·--·-----·---··-·----·---------·-·------ ~----··-·· 

--~- --~!!-~Y.-~~in~~~!_'!_~E_ .!~.!!1~~e_!_S - · ------------- ------·--
----·- _______ _!_)___.EriJ!~!X--~~ild~----------------- _!p~--

b) secondary buildup a in 
-·-·-·- ----------------------·-··-·--------------·-~---·- _ :JIL_=: __ _ 

6 Load number of turns1 ......_.___." ---·---·-··-·_ ... _________ _... _ _.._._... ........ _. __ .., ________ . __________ .. _. ......... __ _ 
--- ______ .!_L_Y.!'~!!7_~~~---------------- -----~11----
~-~ ------·---.. --·--··-------------..--·------------------------ -------

7 load aTerage mean-tum length for the whole 
-------------------------------~--------- ----·--------

MT, in -------·-

8 ---

9 load dielectric thickness in inches I 

~=- e---~~~:~~i prim~~ln~~-i~d~g--~~~~~tric ==:~~~ ~!-~;~~ 
__ ·····-- b) se~~ndar_l~~~~nd_!ng ~..!~_!ctric _____ t~a~--~-~-
--- ----~1 .... P.!~!.~~~~~~~~~~l_!~E:~c .. :~L;~ 

10 Load relative dielectric conatantas 

:=~=~ :=:==!0-~~~~~~!- f~~--;ri;;_~te~~~~~=:=~ -=-~:_pri == 
dielectric and wire insulation ---· to-------·-· ..... ---------------~----------------------- ·--·· -~---~-· 

---- --------~J ____ ~!~!!~~.J°~!-~~~~1:.l_.!~~!~!~~~L- ----~~~c __ _ 
dielectric and wire insulation 

..__ -----o-)--;rimary-ae~~~d-;;;-~-;-;~;;--------- ___ € _____ _ 
-->---·-----·-------------·-------- ---·- ____ 1.p._ 

-~- ~-·~---·-------·--------~-- ·····~-.~-~-----_...._--. ------·-----
-- ----.. ··---·------~·-~--.. ----------------.. --~~--___, ·-- ·-·-~--·--

KEYS 

l~ 

OUTPUT 
DATA/UNITS 

--------
,__ ____ _.. _____ _ 

-~-! ____ Pf~_ 
J..urin! __ 
_9J __ • ll/S ___ _ 

• ----•----

--------·---

!---------~.----

I------~--

i----·----·· 

i------------

3.3 

~ 

STEP 

Ust•r Insfru~fictns 
TRANSFORMER LEAKAGE L AND WINDING C 

I 

I 

INSTRUCTIONS 

I 
CONTINUED 

I 

INPUT 
DATA/UNITS 

11 Calculate L's and 0 1 a ·------- -------------~------------------- ---------·-I 
-- ----~----~-----·--------~---~--,-----·------

Pr:ilaaey lealcage inductance 
---·- ·---~-----------··-· --~-------~-------·----ii------

------------------------------------ ------
Secondary wire AWG -- ·-·--·-------------------------··--.------~-----~-~-.-.- -------~-

-·- ~~ber of sec~~~-~-~--~}n'!_~ng l~~ra _____ -------·--
----~«.'.~-~ary wi~~i~_O ref'_lected _to __ prim.ary, ~-- ____ _ 

---- ---------·----~-----------·-·-·-·-·------- ------
---- _ _!l_:_~-~!__!ire AWG --------------------------
--- Numb•! of pri~~-!}."_lay-:r.~----- _____ ------

---- _ _!~~!!~~}'- windi~~~~.!-1. . .!~. far!_~------ ------· 
_____ _!~~!__!_!_?.ding _oap!_oi ty !_'!fleeted to primary _ -------

·---------··-..---·----·---------------·-----·---

- --- --------------·------------·~----------·-·----·------ ~~-~---·-

12 Data review1 ----- ---------·------~--------------------+------< 

----- ---~~~-~~ key __ any ent_ry __ ~ey __ _!'~~!1~':1~---------- --------------
keying in any numeric entry to view the ------- --------~------~------------·-·------------~--·---

----- ___ {>_~.!.!l.!1:.1_~.!!.--.~~-!':!.!.. variab_!e. ---~_l!_~amp_l_!__ _ __ 
3-.?. l. f..---- ·--- --- ·--------.~------------·-·---...__~---------- ~·-· ---··---·-

f-------- !----·----------------------------------- ------
f.----- ··---~----·----··--~-------~--------....-....-----------~-·---- - --·------

f----·- !--··~-----------·-------------- - ----------~------- 1----.-~-.--

!---+--·----------~·------------------·------- -~---------

f------------1-------- ---------------·-·--------·---·----. ------~-
-- --------------------------~--~~-----------------~ -------~-.------~ 

~-- i-.--.. ---.---------- --------------------- ----------
1----i~ -------- · ·------------------ --~--·-

---··-··-------·--··------------·-·----------.. ----- -~---------

!'--"-- ~---------~---------------------------·----·-- · ---... ·- ------------····--·-

1--· 1-----···-----------··---------------------··-------·----·----·-- ---~----~----

------- 1-------·--------------·-----------·-----------~-------- -------·-
·- t----------------------·---------------·------------------
----- i..-----------·------·---------------·-------··- ..... _________ ___ 
t-- -------~------~-----·-----~---~----~---~-----·-----· .__ .. ___ . _ __ _ 

---+----------------·---------~ ________ ., ___ -----------
-- --------~------------~--------·-·---··----- .. -----· -----···------

c;~ 

KEYS 
OUTPUT 

DATAIUNITS 

~~~-~-~ 
space ---------

!~_, _ _!'~I!_ __ 

I layers 

~~~~~~:~ 
-~paO_! ___ _ 

~~.!..~~~-­
f_]aye~!_ __ 

~!'ima!'I__ 

~~tal ---
--~-p•c_! __ _ 
Cpri-1ec 
~-~---·-

----~-~-

--~--~----

--------
-----·--

---------
,__ _____ _ 
---·---··--



360 ELECTROMAGNETIC COMPONENT DESIGN 

Example 3-3.1 

Find the primary leakage inductance and winding capacitances of a 
transformer having the following specifications: 

traverse: 2" 

number of pri-sec dielectrics: 4 (3 interleaves) 

dielectric thickness: 0.050" 

pri-sec insulator dielectric constant: 10 

mean tum length for whole transformer: 5" 

Primary 

number of turns: 100 

buildup: O. 25" 

interwinding dielectric thickness: 0.002" 

average interwinding dielectric and wire insulation 
dielectric constant: 10 

Secondary 

number of turps: 1000 

buildup: . O. 3" 

interwinding dielectric thickness: O 

average interwinding dielectric and wire insulation 
dielectric constant: 5 

TRANSFORMER EEAKAGE INDUCTANCE AND WINDING CAPACITANCES 

HP printout for Example 3-3.1 

21: 

. .-,r 
.:.._! 

. J 

if16. 
Hlflti. 

5. 

4. 

. fffi2 
6. . 85 

iO. 
c ,_1, 

16. 

GSf:.:. 

ENTT-
GSf:H 

ENT! 
GS fr 

t:.Sf;5 

GS Be: 

ENT-t-
ENT1 
GSBC 

ENH 
ENH 
GSBD 

winding traverse 

primary winding buildup 
secondary winding buildup 

primary winding turns 
secondary winding turns 

mean turn length for whole transformer 

number of pri-sec dielectrics 

primary interwinding dielectric thickness 
secondary interwinding dielectric thickness 
pri-sec dielectric thickness 

average primary dielectric constant 
average secondary dielectric constant 
pri-sec dielectric, dielectric constant 

GSBE calculate L's and C's 
1.9. J5-tl:6 :n.+: primary leakage inductance, henrys 

24. 00+0@ H ::+: 
24. 49+0i) H::+: 
23. i9-09 H* 

14. BlHt10 *** 
6. 972+00 :+.:+::+. 
678.B-i2 11: .+:.-+: 

2J.87-09 *** 
i.699-09 *** 

secondary wire AWG 
number of secondary layers 
secondary interwinding C seen @ primary, F 

primary wire AWG 
number of primary layers 
primary interwinding capacity, F 
total interwinding capacity @ primary, F 

pri-sec winding capacity, F 

361 



362 ELECTROMAGNETIC COMPONENT DESIGN 

Data Review printout for Example 3-3.1 

;;SB.:, 
2. 066+00 :+: .-+:.¥ traverse 

GSEH 
.360 . 6-.:;;; rH secondary winding buildup 
256. 6- 63 .;::+:+: primary winding buildup 

1. fi[tf;+[i] J; . .>H secondary turns 
i 06 . 6+!:1 6 :+:.+:-+ primary turns 

t; BBB 
5. 066+6[; .+. if .-+ mean turn length 

i;SEc: 
4 . 666-t-f;t"l .f .t -+• number of dielectrics 

GSBC 
56 . ft6 -fi? :+ . . H primary-sec dielectric thickness 
0 . Bf1f1+f10 •Hf secondary interwinding dielectric thickness 
2. 066 - 63 :+::+:+· primary interwinding dielectric thickness 

{;E, f; [! 

16. t}f.,-06 ., · .-+· .~· pri-sec dielectric, dielectric constant 
5. 666+[;6 :f.:f.°f secondary average dielectric constant 
13 . 06+t:i6 ·~ :t::+: primary average dielectric constant 

3-3 

-"3~f_1 _n__,· ~=:~,,.,.~ .JLO PRDWlY It SEC BUILDJP _ 
f!f!2 t:tJ 

003 
004 

GSS0 

B05 GTD1 
006 *LBLc·. UO WIHDrng TRAVEBSi (.tl _ 
-'0'-=li-=7--'-=~2 

RRR 1~rn1 

-=B-=-0=--9--=-*=LE=:L=:E I/O AVERAGE Mm TURN ().IT) _ 
6 H1 :. 
Oi1 GTDi 
&12 :+:LBLI, I_L_O PllIMARY AHD SEC TURNS _ 

"""['""', 1"""3,----.=5 

@14 
815 
@16 

GSBB 
4 

GTOJ 
""=?.::...U=-· __;iL:....:.B_L

7
C ~ DIEL.iCTllI.Q___.±HICI<NESS!S_ 

016' cc:~~ I/O pri-sec spacer thicknoH 
019 - - - - - -
_0_2_0-----=7 I/O secondary intravinding 
021 GSBB dieleotric thiokneu_ _ 

-"0,.::2,.;.2------=-6 I/O primary intrawillding 
023 

026 
027 
IJ28 
029 
tno 
031 

034 
035 
e:,; 
037 
038 
039 

041 
042 
043 
044 
045 
046 
04( 
048 
049 
050 
65 i 
652 
053 

GT01 dielectric thickness 

GT0 1 
.t.LBi..D 

GSBB 

EE\' 

:;:LBUl 
STCiI 

SF1 
Fl·! 

sro; 

1-:'CL i 
GTO? 

~ DIELECTRI.Q_JlOISTANTS 

I/O dielectric coastant 
of pri-seo •paoor 

-

------ -
I/O secondary insulation 
•ieleotrio constant 

170 priaar7insulation -
dielectric con•tant 
1111broutine to I/O laat i tea 

main Ij_O subroutine _ _ 
store in.de~ __ _ 
recoTer entl'L..- _ _ _ 

if flag } 1 set flag l 
- - -

if flag 1, store entry 

if flag 1, reooTer -
preTiotH en~ 

if flag 1, return 

recall and print item. 

-

-

-

. 

it:LBLd PIUNT-Rl!_TOGGLE 
Ff!? -

--

I 057 bT08 
L.'os8 *LBL2 

0s9 c~0 

060 cu: 
061 GTDB 
062' :r:LBLE OALOU~TE L's a. 0 1 • 

-"13'°"5""3,---.:..=;p=-"::-'::s oaloulate lealcageinduotanoe 
864 RCL4 
065 PtS 
866 RCL4 
067 P.CL9 
068 
069 
070 
071 
072 
073 
074 
075 
076 

3?8 
079 
BBB 
081 
[182 

C84 
IJ85 
086 
087 
088 
089 
13913 

x 
RCU 

FCL9 
RCL8 

x 

RCLB 
+ 

R:CLl 
+ 

PC:L2 

R:cL 1 
F..'CL2 

RCLC: 

09 i RCL7 
092 !?SBf 

L. 10.b N:. MT·(3nc.+dp+ch.) 
leak • 

10+' n 2 b 

------ -
calculate aad store 
2•"twtre, secondary 

~0~9_3 __ E"_. T--=O,...,.B _ 

094 R.J reoonr :Alia =- =--~ __ -"-"---,....---
..:.0.::...9.::...5 _ _:,R'-.::.' C,=:L-=5 ~call I.a. ____ ·-
096 GSP5 calo •econdary capaci tanoe• 
097 
·o9e 
1399 
100 
101 
102 
183 
104 

F.'CLi 
P•-+C:· 
~ ·-' 

RCLB 
RCL7 

+ 
GSB4 

------- -
11J5 
Hlf. 
107 
108 
109 
1 fft 

r;.·cL5 retleot .. coadary capaoi-
PCL4 tanoe to prilu.171 

STCC ------
111 GSB? r054 

055 
656 

GT02 
SFEi 
EE>' I REGISTERS I i1 c.: RCU< 

0 Q "' 
1 seco"dar-y 
bulldup 

2 b, winding 3 MT l tne~n 4 5 6 7 e 9 n, the * 
topri. tosec. C, to5~ of dieledrtcs pri buildup traverse turn length Np Ns 

51 
e:sec. 

52 ~"' - 10-i5 54 -~ so~~-
"spacer ~;J - fO.bx fO 31372~077~ 

A 2 x p ri mary w1~e 18 2 x second 11 ry w1ra. IC 
11\suLation i.hic:knes'i 1nsulai:ton lrucknes'i 

C sec ~ o-r 

dsec 

D 

56 k/ ~ S7 ka. ~ SB ka • S9 

.3:24!1.:J749b4 -.1097881513 •0.1~'Sl48922T 

IE 11 1nde..c or 
1.33333 ·.. sc.ra\:chpad 



113 
114 
115 
11€ 
117 
118 

RCL4 

PCL6 
G'SB6 

3.3 

calculate and store 
2.tvire, pr1.aa17 

119 STOH 
---'-- ----'-- - - - - - - - -
120 P.J· 
121 F:CL4 
122 GSB5 
123 
124 
1 :~c; 

126 
12? 
128 
!29 
13@ 

P:S 
RCLf1 
p:s 

F:cu:. 
RC .... € 

+ 
GSB4 

calc primary capacitance 

.;;;.1.;;..3""'"1 _..;;.G.;;..SB;;...('--·· _ _ _ _ _ __ _ 
132 RClC calculate and prints 
LJJ + 2 

""1..;;.3"""4--'G;...;;8'"".B..:;..3 ~pri - ~ •0sec ___ _ _ 
135 PCL3 calculate interwinding cap.: 
136 
E7 
138 
139 
148 
141 
142 
143 
144 
145 
146 
147 
148 
149 
150 

RCL2 
P:S 

RCLA 
PCLB 

+ 

RCL8 
+ 

GSB4 
•LBL? print. or R/S subroutine 

GSB/ 
GT08' 

_1_5_1 _~_:L_B_.L_4 ~apaci t~ubrou'U_ne_ 
152 

- - -

!53 
154 
155 
156 
15? 
158 
159 
!60 

RCU MT 
x 

RCL2 1' 
x 

P-+c· +-·-· 

P-+c 
+- ·-' 

161 RTN 
162 :f:LBL5 intrawindin~a~ci~ subr _ 
163 

x calo and print # of layers ..;;.1..;;.6-'-4--=G'-=S=B..;...7 _ _ _ _ ____ _ _ _ 
165 
166 
16? 

1/\' ENP calculate winding oapaci ty 
terms 

ENT1" 

LABELS 

169 
1 ?6 . ~ . 

1., -, 
i.::. 

1?3 

NOTE FLAG SET STATUS 

ttJ 

F..'CLE 

1 i4 F.: TN 

1 (6 
1

.,., 
i .. 

2 calculate wire diameter: 

178 STOJ 
179 '·.·· ·2 

180 
18i 
182 

184 
185 
1 E:6 
i8? 
188 
189 
190 
191 
192 
193 
194 
195 
i% 
... -."'7-
J. _7' i 

198 
199 
200 
2@1 
2@2 
2fiJ 
2@4 
205 
206 
207 
208 
2139 
218 
211 
212 
213 
2i4 
215 
216 
217 
218 
219 
22@ 
221 
222 

+ 

PCLI 

STD! ---------
RCL. calculate cl/a 
RCL I\JL.aln.lall_iriml.ailon .-tbiak. = 
RCL! calc'ttlate wire AWG 
PtS 

RCL5 k 1 

rn 
PCL? k

2 

ENT't 
rnn 

EE\' calculate and print 
+ integral wire size 

INT 
GSF? 

F.'-1. 
RCL s oaloulate Dare wire 

; .. · diameter from. AWG 

RCL6 
PtS 

- - -

RTN' calculate 2•t1nsulation 

:f;LBL 7 print or R/S subroutine 

PRT.~; 

F['V' 

RTN 
F.' .·"S 
F.'TN 

•:Ull8 space and clear flag ' subr 
F(l•! 

SPC 
:n 
CF? 
PTN NOTE FLAG SET STATUS 

FLAGS SET STATUS 
A r.10 of pn B r/o of mean C r/o of D :r/oof relat"e E caLcui.a-te O pr~nt 
'ii sec b111tduo turn le~h dielttdr•c thici.: d(electnc cam L ( C' 5 FLAGS TRIG DISP 

DEG 
GRAD 
RAD 

FIX 
SCI 
ENG• 
n-3__ 

PROGRAM 3-4 STRAIGHT WIRE AND LOOP WIRE INDUCTANCE. 

Program Description and Equations Used 

This program calculates the inductance of straight wire lengths and 

single square wire loops. The permeability of the wire is taken into 

account only for the inductance calculation, but not for skin depth; 

therefore, the inductance calculated is the low frequency inductance. 

The calculation of wire inductance can be an important design para­

meter in some instances. For example, the bonding wire inductance of 

high speed, wideband hybrid integrated circuits affects circuit perform­

ance. Wire self-inductance is also important in the design of high 

frequency (1000 Hz), high power (megawatt) power conversion equipment 

such as SCR inverters, choppers, cycloconverters, and phase delay recti­

fiers. 

The inductance of a straight wire increases with permeability and 

length, and decreases with increasing diameter. The combined effect 

of permeability, length, and diameter is not described simply, but can 

be easily solved with a scientific calculator. For example, the induct­

ance of copper wire is strongly influenced by diameter while the induct­

ance of a high permeability wire such as permalloy is relatively unaf­

fected by diameter. 

The formulas used herein come from Grover [30], and can also be 

found in Terman [52]. Two basic formulas are used, one for straight 

wire, and another for wire loops. These formulas are algebraically mani­

pulated to obtain expressions for each of the four variables; wire dia­

meter (d), wire length (l), relative permeability (µ), and inductance 

in µh (1). The program works in the units of centimeters, but the user 

may input data in either inch or centimeter units. 

365 



366 ELECTROMAGNETIC COMPONENT DESIGN 

Figure 3-4.1 shows the definitions of the wire terms. 

------..... _i_ d relative permeability = µ 

~ l ___-J~ 

Figure 3-4.1 Straight wire terms. 

The formulas for the straight wire case are: 

L = (2 x 10-3) t{tn(4J) +.ll -1} ' µh 4 
(3-11. l) 

d 
4l 

= 
(L/ (2l x 10- 3) - µ/4 + 1) 

e 

(3-4 .2) 

µ = 4{ L + 1 - fu (4:)) 
2l x 10-3 

(3-4. 3) 

To obtain the wire length, a Newton-Raphson iterative solution is 

employed (see Program 1-3 for details), because the equation for l has 

a logarithm containing l. 

l = L 

(2 x 10-
3){in(4f) + * -1} 

(3-4.4) 

The Newton-Raphson solution finds where a ftmction is zero, therefore, 

let: 

f(l) 

and 

f' (l) df(l) = 
dl 

0 

1 + L 
<2 x lo- 3 

t J {m ( ~.e) + t - 1} 
The initial guess for l is 1, and the l value for each succeeding 

iteration is given by: 

f(l.) 
l. 

f' (l.) 
l. 

(3-4. 5) 

(3-4.6) 

(3-4. 7) 

STRAIGHT WIRE AND LOOP WIRE INDUCTANCE 367 

'!be iteration is terminated when: 

(3-4. 8) 

Figure 3-4.2 shows the definitions of the loop wire terms. 

Figure 3-4.2 Loop wire terms. 

The formulas for the loop wire case are: 

L = (4 x 10- 3 l) ( £n(2:) + l! - ~} ' µh 4 (3-4.9) 

d 2D = (3-4.10) 

e 
(L/ (4 x 10- 3t) - µ/4 + D/f,) 

L + D 

.e= 4 x 10- 3 

£n(2:) + * (3-4.11) 

4t L D (2:)} µ = + - - ln 
x 10- 3l l 

(3-4.12) 

Keys "a" through "d" set up the dimension units to be used for in­

put or output (inches or centimeters), and the configuration (straight 

wire or loop wire). When the loop wire configuration is selected (key 

"c"), the loop separation, D, must also be entered via key "c." 

r<eys "A" through "D" provide the program input/output ftmctions. 

Use of these keys following numeric input signals an input to the pro­

gram. Use of these keys without numeric entry, or following the clear 

key (E) signals an output is required from the program. Flag 3 is used 

to indicate input or output within the program. 



3.4 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

~ --~l·~~-~~~!_ion un~-~~----··--·------·------ ------·--·--···· ·-~~-- - ~=:~~~ un_!.~--------·--·------- -----------
-·-- ............. __.. ... --.----.------- ...----------------------~--·--------~-----·-·- ---· - ··"'·~·--

_2 __ --~.!!~~ co~~-~~~ tio~--------·---·--------- ·······------­
----~----wire ~C?~.E.L.lo•~--!.~.!.~~!'~!~.~-------- --···-~---·-
----- --~--!!::.~~-~~~__!_!_~_!______________________________ ·---------

4 To calculate wire diameter d - ___ ,. ______________________ ., __ ..._...t_ ______ .. _ .. _______ --------

---- ___ !iJ_ ____ !_?~~ W~l°_!_J._!_Jl.&~----·---------------· __ !:_ ____ _ 
b) load wire permeability µ. --- -----------------·------------..-..-----·--------------- -------·-· 

----- _ _!)_}_~-~~!.!~~!-~ __ ;!1_«!~_1?-~~E~-----·--··------· .... .....J:i.L.E..h_ 
d) start solution 

_5 ___ ----~~---~!:!_~_1:1]_!-_!:~ -~-~!_!~~gth_L~----·-------·--·--·-- ·------
a) load wire diameter d 

---- -·br·1 oa.d - wire perm~bil i ty ..., ____ µ __ 
----------·-------------------- ~--- ------

c) load required inductance L µh 
---- - -------------------·---------- -- _ __ _ L!:! __ 

d) start solution execution 
--~· -----~----··------...._··-..--------------·-------- --------

6 To caloulate permeability,.,.u 
···;:r·-···1~-~"d-;1~-;;--d-i-am-·e-t.-e-r--~-·---------- ___ d __ _ 
···by·---load·-;1·;;1-;ngth------------------- ---··-"j·--

------~.-------·---·-· ··-------~~---------------·-------··- _____ ._ .... --.,. 

c) load Z:.!9E-!.~~-!-~ucj:._~~----------·---·-·- ----~..l-~ 
d) start solution execution ----- ~---------~-------·---~-··----.------------·---~~.------- ------~ 

-----····--
--- --------~-----------------.- .. -...... ---·-------
------ ..... -------··---·------------------------------ t-------·-.,------
--- ---~~- .. -···----·~-------------·------·------·--- f-~-9'-·--------

KEYS 

CL][_£] 

cu u--=:J 

OUTPUT 
DATA/UNITS 

1.000 
i--·~--~-----

-----~---5-~--

·--~~-----

d 

,R. -··--··--------

-·--·-

-------·--·-

----~-----

--------
------
----~--

STRAIGHT WIRE AND LOOP WIRE INDUCTANCE 369 

Example 3-4.1 

Find the inductance of a straight gold wire 0.001 inch in diameter 

and 0.3 inch long (a hybrid integrated circuit interconnect wire). 

set inches 
set straight wire mode 
load wire diameter in inches 
load wire length in inches 

.-. - -p ~ 

: .. - :-. ! . 

load wire relative permeability 
calculate inductance 
inductance in microhenries 

Example 3-4.2 

Find the length of a 4/0 copper cable (.528 in diam) having an 

inductance of 6 microhenries 

; Sfb set inches 
;;SPd set straight wire mode 

• 528 GSB?! load wire diameter 
1. fi3 0 GSBC load relative permeability 
6. 066 GSBD load required inductance 

;;·sEE calculate wire length* 
1B2 . 25B it:*.+ length, inches 

12.666 
15 . JE;t; .'f:.'f :+: length, feet 

*Computation time takes about 1 minute. 

of wire 



370 ELECTROMAGNETIC COMPONENT DESIGN 

Example. 3-4. 3, 

A pair of 4/0 wires run 20 feet between a capacitor module and an 

inverter module in an ac traction motor controller. The wire separation 

is twice the wire diameter. What parasitic inductance does the wire add 

in series with the capacitors? 4/0 wire is .528 inches in diameter. 

f. :~. ~­

r;s-E ::: 

:; ':.ED 
;1· :+: :•: 

set 

} 
load 

} 

inch mode 

calculate and enter the wire separation, 
and select wire loop configuration 

wire diameter in inches 

calculate and load wire length in inches 

load permeability of wire 
calculate inductance of wire loop 
inductance, microhenries 

If the maximum parasitic inductance that can be tolerated is 2 

microhenries, how long can the feeder wires be if the other parameters 

don' t change? 

;,;: . uk; i=':·N' load required inductance in µh 
;;:;f'f calculate loop length 

12[; . 54E .•::op loop length, inches 

Iti. t' , ~""' :d: .• loop length, feet 

801 
fW2 
80::' 
004 
0135 
006 
007 

3-4 

:tLBLo. SET OM UNIT MODE 
EEX 

ST09 store cm - cm conversion 
RTN 

:tLBLb S.11.'T .1.m;n u.n!T 
2 

e0s 5 store in - cm conversion 
009 4 
01 B ST09 
011 RTN 

goto data entry subroutine 

017 tLBLa 
018 CF8 
019 RTN. 

_SET STRAl.WiT IlRE_MO~ _ -
_!_ndioate atraight wire mode_ 

-=0=28=---'-'*L=-B=U"'--l _yo _g_r _!IRE~AMET~ !._ - -021 2 
022 EEX 
023 CHS store 0.002 
024 3 
025 STDB 
026 RJ. recover input = =- =-_.:::. 
027 fJ 

828 FJ'? if numerio bput, 
829 bT00 goto data input subroutine 

-=-='-=---='"-'-=-~ -- - - - - - - - -
03f; f09 

- 031 
032 
833 
034 
035 
036 
037 
038 
039 
040 

bT01 
RCL1 

4 
x 

GSB6 
+ 

RCL2 

jump if wire loop mode 
- - - - - -

calculate and store d for 
straight Vire oases 

..;0;...4,.;,l_....:S;.,;T,..:;:0,.::0 _ 
842 r;TO? - g:otO unit oonveraion-& .,.,.4 ... ~ 

._ 943 •LBL1 
044 GSBB calculate and store d for 
045 GSB6 loop wire case 
046 
04? 
048 
049 
050 
051 
052 
053 
054 
055 

x 
2 

RCL4 
x 

rnn 
+ 

STOO 

20 
µ. 

4 

056 GT07 a:oto unit conv and nint 
857 •LBLB I/O ~r ~ LlliGTH,_.i. __ _ 

...,8'""5'""8---=E=E""'X 
059 FJ? it numeric input, 
060 GT00 _!oto ~nput subroutin~ __ _ 

...:0...-6-1-----F-=-0-? 

~-=0'""'6=2-""""'G'""'T"""O~l 
063 STOl 

..-064 Jl:LBL4 
065 RCL1 
066 4 

jump it loop wire mode 

Biore•f11"f•or in! tial ""iUess -

067 
068 
069 
070 
em 
072 
073 

x calculate and store f(.R) 1 
RCL0 

LN 
EEX 

RCL2 
_0~7~4 ___ +_ -- -- -- -- - - · -
075 
076 
077 
078 
079 
080 
881 
082 
083 
084 
085 

STOE 
RCL8 

x 
i-···x 

RCL5 
x 

CHS 
FCL1 

+ 
086 STO? 

test for subroutine exit 
-- -- -----
finish f(£) calculation 

------ - - - - ---
087 RCi..5 
088 l<:CLS 
089 RCL1 
090 x 
091 RCLE 
092 
093 
094 
095 ff,\; 
096 + 

calculate and apply f 1(£)1 

L 

097 ST-:-7 calculate oorr~oC ~ -=. ....,,..,,-,,--------.,,... 
098 RCL? apply correction 
099 ST-l _ 
108 ABt 
lfrl EEX 
102 
103 
104 

4-185 
186 
187 

~ 108 

109 
110 

CHS 
6 

X:f"\"'9 
GT04 
RCU 
i;T07 

t LBL1 
RCL5 
RCLB 

- -

test for loop exit 

--- - ~ - -

.,.,...,A 11 A,.,,f .,.,4 .. +. ------- -..... _ r---· 
caloulate Jl f'or l oop wire 
case 

REGISTERS 
0 a•am.ter , lencrl:h 3 4 wire · 5 inductance 6 

cm c..., separdtion, on L. 

so $ 1 S2 S3 S4 SS S6 S7 SB S9 

A 0 
sc1-at.ch 



J-4 t•ro~ram IJstln~ 11 
111 ENH 166 x waulatL..f( - - - - -
112 + 167 {;Tn? e:oto Drint and imace subr 
113 168 *LBLD !f_O OLJNDUCTANCI, .k_ --114 RCL4 169 RCL9 undo unit conTersion 
115 + 170 - - - - - - --116 RCL4 171 ,,. 

L -· if numeric input, goto D 1 .. ,,, F3Q 11? ENTt 4• 10·! + fiC. 

i. "' 173 H00 data input subroutine 118 -r 

,g,(~D)+ ~ -- - - - - - -
119 RCL0 174 F(JQ 

jump if loop wire mode 
120 -175 ST03 

calos- fn {¥)_:-if =-f - -
121 LN 176 Sf 2 
1 "'l RCL2 177 GSB4 "'- Jum1> - -- - -- -
123 + - -178 GT01 
124 -179 •LBLJ calculate a 
125 STL11 store ..e. 188 RCL4 
126 •LBL7 unit oonTersion &. ~ subr _ 181 ENTt 
127 RCL9 - recallunit conversion 182 + 
128 .. 183 RCLB 

2 ~ in~D~ + ~ - y ~ 129 •LBL2 print and space subroutine 184 
130 PRTX -- can be 11/S statement 185 LN 
131 SPC 186 t;SB8 
132 RTN 187 + 
133 •:LBLC I/O OF PERMEABILITY,µ 188 ENTt 
134 4 189 + 
135 L....-190 *LBLJ common inductance calculation - - ~- - - - - - 191 RCL8 136 RCL9 

)( (~ i. ll' 10-") 137 undo unit conversion 192 x - -- - - - - - -
138 2 193 RCLJ 
139 F3'~' 

if numeric input, goto 194 x 
140 GTOl3 data input subroutine 195 ST05 __!l~r.!_induc~oe_ -- -- - - - - - -- - 196 GTD2 Jtoto J>rint and sn•"'e ""'" .. 141 F0'? jump if wire loop mode 

~142 GTOJ 197 .t:LBLO _l!ataJniurt. mbJ-ou:t.in.__ _ _ - - - - - - -- 198 STOI at.ore register in~ _ _ 143 GSB6 
144 + start calculation for 199 RJ. _nscn_er .....input.__ -- - -
145 RCL1 straight wire 200 RCL9 

apply unit oonYer•ion and 146 4 201 x 
store entry 

-~147 bT01 202 STOi 
return +~ -· 4 - ......... --

- -
'-148 *LBL3 ....!5'o~ir~ calculation 203 RTN -w 

149 GSB6 284 .t:LBL6 subroutine to calculates 
150 2 L 2B5 EEX 
151 4.Q"' 10- ~ 286 RCL5 - - - - ---- 287 RCL8 152 RCL4 Li 
153 RCL1 -!t- 208 21)(10- 3 
154 209 RCL1 - -- - - - - -
155 + 218 
156 RCL4 D 211 RTN 
157 2 212 *LBL8 subroutine to calculates 

"--- 158 f:LBL1 com.on calculation routine 213 RCL2 
159 x 214 RCL4 
160 RCL0 215 RCL1 µ D 
161 216 4-d 
162 LN 217 -
163 - 218 RTN 
164 ST02 storeµ/4 Z19 *LBLE OLW INPUT MODI 
165 4 228 CF3 

221 RTN 
LABELS FLAGS SET STATUS 

A d B ..e c µ 0 
L Eclea,. 1npul 0 

Wlr£ lcop FLAGS TRIG DISP 
a cm 11n1ts b 1nc.h und~~ cw,.-e loop ds\.rd1ghl W\Ye e 1 ON OFF 

0 • DEG FIX • O data errbr):I 
, 2 output roJt1"" 3 E",.-t.1;,1 QIC. 4 N&wton - 2 1 GRAD SCI used wfo uod: ~" ~ 9<>P WIY"t! /,I. -p,_p~ L""'P a.br4 e~it • RAD ENG 5 6 1:.alc=. 7 out. pvt ro.m n e a ca1c. o;

1 
gc.al~ 3 dl!la enlry 

2 
n_a_ L. l(.oo'Z .Q.\ ...JJ ""''t can\! )././4 - D J.. 1:(4.lf. -1 3 • 

PROGRAM 3-5 AIR-CORE SINGLE-LAYER INDUCTOR DESIGN. 

Program Description and Equations Used 

This program uses Wheeler's equation [SS] to solve for the various 

parameters relating to single-layer, air-core inductor design. The 

basic form of Wheeler's equation is: 

a2n2 
L ( µh) = -""--'--

9 a+ lOl 
(use inch dimensions) (3-5.1) 

This equation provides answers within 1% accuracy for all values of 

2a/f less than 3, and the results will be about 4% low when 2a/l = 5 

(short coils). 

There are five parameters that can be used to describe an air-core 

inductor: the coil radius in inches (a), the coil length in inches (£), 

the number of turns (n), the winding pitch (p = £/n), and the inductance 

in microhenries (L). Of this set of five parameters, only four are in­

dependent since f, n, and p are interrelated; hence, given any three in­

dependent parameters, the fourth independent parameter, and the remain­

ing dependent parameter can be found. For example, L can be calculated 

given a, l, and n, or a, n, and p. 

Wheeler's equation may be algebraically manipulated to yield the 

other independent variables. 

Solving for l given a, n, and L: 

f 
a 2n 2 - 9a L 

10 L 
0-::5. 2) 

Solving for .l given n and p: 

..e. = n·P (3-5.3) 

Solving for n given a, £, and L: 

1 
VL(9a + 10£) n 

a 
(3-5 .4) 

373 
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Solving for n given a, p, and L: find quadratic solution of 

a2n 2 - lOLpn - 9aL = 0 (3-5.5) 

Solving for p given l and n: 

p = tin (3-5. 6) 

Solving for p given a, n, and L: 

p (3-5. 7) 

Solving for L given a, n, and p: 

1 
a2n2 

(3-5. 8) 
9a + lOnp 

Solving for a given t, n, and L: find quadratic solution of 

n 2a2 - 9La = 10-eL = 0 (3-5.9) 

The program uses these equations as follows. The appropriate input 

keys are assumed to have been executed prior to an output request. 

Label "A" inputs or outputs the coil radius in inches, a. The input is 

stored in RO, and Eq. (3-5.9) is used for output. 

Label "B" inputs or outputs the number of turns, n. The input is 

stored in Rl, and if p was previously entered, l is calculated using 

Eq. (3-5.3). For output, Eq. (3-5.5) is used if p, t, and a are speci­

fied, otherwise, Eq. (3-5.4) is used. 

Label "C" inputs or outputs the coil length, t. For input, the 

coil length is stored in R2, flag 0 is cleared, and a new p is calcu­

lated and stored using Eq. (3-5.6). For output, if p has been previ­

ously entered, use Eq. (3-5.3), otherwise use Eq. (3-5.2). 

Label "D" inputs or outputs the winding pitch, p. For input, the 

new pitch is stored in R3, flag 0 is set, and new l is calculated with 

Eq. (3-5.3). For output, Eq. (3-5.6) is used. 

Label "E" inputs or outputs the coil inductance, L, in microhen­

ries. For input, the value is stored in R4. For output, Eq. (3-5.1) 

is used, and the new inductance value stored. 

Label "c" calculates the wire diameter given the wire AWG with 

heavy insulation. The wire diameter over heavy insulation bears an 

AIR-CORE, SINGLE-LAYER INDUCTOR DESIGN 

exponential relationship to the wire gauge: 

k 2 •AWG 
Diameter (inches) = k 1 ·e 

where k
1 0.31373 

and k2 = -.109788 

375 

(3-5.10) 

On the first execution of this routine, the constants k
1 

and k 2 are 

stored into R8 and R9 respectively. Flag 2 is initially set after magne­

tic card reading to indicate constant storage required, and is reset 

upon test. 

Label "d" calculates the AWG of the wire given the diameter over 

the insulation in inches: 

(3-5.11) 

Label "e" is used to clear flag 3 to indicate data output desired. 

Keys "A" through "E" leave flag 3 cleared after the associated 

routine finishes, i.e., data output mode is set unless further numeric 

en try is made. 

The routines under keys "d" and "e" do not alter the state of flag 

3. For example, one may load the wire AWG, use key "c" to convert to 

wire diameter, and then use key "D" to load this value as the winding 

pitch (close wound coils). 

Highest coil Q's are generally obtained when the space between the 

wires equals the wire diameter (pitch equals twice the wire diameter). 

Callendar's equation [13] can be used to estimate the Q of a coil with 

this pitch: 

Q 
Vtreq in Hz 
2. 71 + 2.13 

a l 

(use inch dimensions) (3-5 .12) 

For RF coils where the skin depth is less than the wire diameter, 

Callendar's equation is accurate to within a few percent. For close 

wotmd coils, the calculated Q will be high by a factor of 1.9. 

HP-67 users may want to make the following program changes to 

make the final number in the display unambiguous. For example, label 

"C" causes both the number of turns and the coil length to be printed 
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with the coil length being displayed last. To change the program so 

only the number of turns is displayed and printed, change lines 122 

through 126 of the program as follows: 

PCL? 
12.? 
Z4 s :o:: 
25 PCL! 

STEP 

3-5 Ust•r Insfru~fit•ns 
AIR-CORE SINGLE-LAYER OOLENOIDAL INDUOTOR DESIGN 

INSTRUCTIONS 
INPUT 

DATA/UNITS 

~- ---~~-~!~:':. pro~lm. _!_~es ____________________ _ 

-·-- --~Lto filld L & p _g!~~~~!!L_~_g _____________ -------t 
--·-- ____ _J._) ___ loa«!_~~~~oi_!_!_!~ius -------~!! __ _ 

ii) load the number of turns n 
---- ---iiiT---i~ad th;-~oil"-1-;;;;gth·--- ·--------- -·~-: ·1-;----
'----·- -.-----·· ----------.. - .. ~------~--- --~-·-"'-----t 

iT) calculate the coil inductance --- --.. -.. ---'---------------------------~ -·-----
T) calculate the winding pitch -----·-------·------------·-------- ------~-

KEYS 
OUTPUT 

DATA/UNITS 

--~1--~-­
p, in/T 
---~---~ .... 

_ _!-.J _ _E:h __ 
____ {, __ J~--

'-····-'----- ----------------+-----+-------+------l 
~----- __ c) to find n & p given a Lh-~-~-------·--··- ~-----

i) load the coil radius a in 
'--- --·---------·-·--·----- ·---------- -----·---------·-- - --·'·----

11 ) loe. d a dUllllllY Ta 1 ue for n * 1 
,_ __ -- 111) loe.d the winding- length·-·-·-·------- p :-1;--
~--- ~---1;) loe.d desiredinductance --·-·---- e--1,-,ili __ _ 
,_ __ ._ ______ vr~c~i-;;.te""th;·#-~r-tu;~s and ·-
·---- ---·--· ~·-· .--.. _ .. __ __... ______ t---·-·-------~ 

--·-- _____________ th! __ ~~~~!_~~.E~~~~--------------·- --·--·--

~---~---------------------+-----i--------+------1 
.____ d) to find n & ,f given a, n, & L ___ _________ ---·-

i) loe.d the coil radius a, in 
11)"--i~;dthe wind~gplt~h--·-·-·-------- - ; ;-i;ifT-

iii) load-desir~d--tnduct;~~e --------- ___ L,_µh __ 
----·--.. -----·----------~-- ------- -------·-

iv) calculate the nUJ11ber of turns ------- -·---·-------·~---------- .. ·------------~-- .. --------- -------
___ ..,____ _________ ~d the winding length 

· --~-----·----- ----·--

e) to find 1 & p given a, n, & L 
..... . ........ --.-~---·-·---------~-------·------~-----·----- ~--- .. ---·---

i) load the coil radius a in - · - ---·----·-·-----------·---·-·-----------··-·-·--·-·----- ___ , _____ _ 
ii) load the desired number of turns n 

~--- ~-~---- ·-----·--·------- .. -·-------·---------~----·------·~ ---···--·---
iii) load the desired inductance L, µh 

,__ __ --- ·- ·--··-i~T--~ai~~-lat;-the indu;tor le~gth··u---- ------
'-- ----~-) --caiculate -th;--;indi~g--pi tcb _________ ----·--···· 
-- 1----------------------- · ~--------·---~-----~ ···-----~--~ 

-~.L-~~-~~-
__!.L.~2' ___ _ 

-------.__ ______ _ 

!...! __ ;~---­
p, in/T ..:;._ _________ _ 
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I I 
CONTINUED 

I I 

STEP INSTRUCTIONS INPUT 
DATA/UNITS 

____ -~-) --~ find a -~- .P. given n, £ , & L -- ···--···---- --~ 

________ .!)__ loac!__!.}'le desired number of turns n -·-... --------~.-------·-··- ------------- ____ .!_~L __ load .!-!:!: desired coil length J., in .. --. ....... -... -.. .... - -.·- --~-------- ---~-----·--

----- _____ ii!_L ___ ~~-~~:-~e sired ind~~~~~~·---·--·- --~_,__ph __ _ 
iv) calculate the coil radius 

--·-- -----v-)---~~1;,;i;t~--th~ w~dl;g-~it~i~------ -- ·------
------.. ----------·-··------------ _____ _.. ______ ·-------

4 To convert wire AWG to diameter over 
i----- '·---------------------~--- ..... ---~~-~--·-·-------------- ------

heavy (class 2) insulation AWG ·---- ·-----------~-----~~·---------- --~-- -------·------~-----

r--2 .. ___ !? __ convert .!!.!:~-~;_~~~~~- over_!>:~-~-!}' _________ ----------

-- ___ _!_~!ula tion to A~G ·---·------------------------------- :!~~L.~-

--~- ~-~? ... ~!.!'!~~--~-~p_l:l_!-_ __ ~?-~~1-.. ~.!.!!.f ___ !'._<?_ _ _!.~'ll:l~Bt _OU t~-- --·-------· 
after numeric operations have been performed 

:=~~ _!~~--~h~ -:~~i~~~~==~=--------------~==: ===~== 

..__ __ 
--------·-··------ -~---------------~---- ------- -----~--

........... _._ ---.. --·-·--·---------------·--·----------· 

r--·--

r-----

Notes: ------ - -------------------
-~ _ __p_:'_.e /n, ~--~~E=~~E .. i.~ _ _!'e~i;;~~~~;-=~ ==:=:== 
_ _ l'_~-~.P-~-~--I>-~-~-g-~-~--~ per~ ti on. __ '.!'~ d"!!!!"_i'."_!:_~-- ---------­

rep laced with the calculated n under label B 
---~----- --·-..... ..---~~------------------·- -·---------

~ ~--~~=}-~~-;~:i_~i~:~~~~~:!~;- ~~~~c~;~~ngth ~-===--~~ 
means the required inductance cannot be 

1----..... ·------------~---···-...------------------- - --- ---------
realized with the chosen radius and number 

~_. __ ., ________________________________________ ---------
of turns. Either increase nor a . 

>--- --------- ----·__..~~ ·--··-·------------------~------... - -----------------

,_ __ ~---------------------------·----------·--~--~---.. -- --·-·---------

z~ 

-------

AWG 

t---·------
- --------
<--·----

~------

1--------..------

.___ ________ ___ _ 

L----~--------

i----~-----

h------·--------
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Example 3-5.1 

An air-core coil is to be wound in a ~ inch form using #18 AWG HF 

wire at a pitch of twice the wire diameter. What number of turns are 

required for an inductance of 500 nanohenry (0.5 µh), and what will the 

winding length be? 

i; i::·:;t:J j; Bt.r 
1 8.66~~1 f; ~: f,' (: 

0 .64 .j :+•.f 

2.000 

• 566 f:.SBf 
GSBE 

B.S53 :+;:+ :;: 
1;1. / ib ~:~.:~. 

Example 3-5. 2 

load coil radius in inches 
load wire AWG 
wire diameter over HF insulation 

calculate winding pitch (2 x diam) 
load winding pitch 
load required inductance in microhenry 
calculate turns and coil length 
number of turns (use 9 turns) 
coil length in inches 

A 6 turn coil on a 6 inch form is closewound with #4/0 wire. The 

wire is 0.750 inches over the insulation. What is the coil inductance 

and length? 

.:;. 600 ·~EU; 

6. t:.!6t; GSH 
• 75!:1 f.S-BD 

load the coil radius in inches 
load the number of turns 
load winding pitch 
calculate inductance 
inductance in microhenries 

calculate coil length 
coil length in inches 



0 

so 

A 

3-5 

p "" £/n 

- -

061 :t:LBLA I/O OF OOIL RADIUS, a ~ 853 :+:LBL1 calculate and store 
"""1313=. 2=----=F""J""? - - - - - - - - - 1354 RCL 1 

,.. 003 GTOe ~um-p if_num._e_ric_entry _ _ 055 RCL 3 ,f. = n(l/n) 
B04 P.CL 1 056 x 
005 ,\"2 uae quadratic equation 057 sro2 
B06 ST05 to find a ins t---.;.05::.;8;;--G;::.,f;,.;:0;.:;;8 £Oto prfiit and 8naoe subr -
0[17 9 2 2 -::B...,,59~-*=LBF-....;L3=o? ..1/0...QF OOIL_l'_ITOH,i __ _ 
808 RCL4 a n - 9aL - 10.lL • 0 060 
009 x ,_ 061 GTO~ jump if numeric entry 

em CHS -=0-=62=---R-=-c=-". L~2 -;_loulat;-;,nd;tore - -
B11 STOt7 063 RCL1 
012 RCL2 064 
013 RCL4 065 ST03 
fi 14 x 866 GT08 got:()"" pifnt- anT apace -subr -
015 EEX -B67 itLBL0 
B16 1 868 "T0 7 stor.!._P 
01 7 x -=g--=-6::i=--. -.,,...~· =--~· - . - - - - -
fi18 CHS l170 Re; 

1 calculate and store 
819 ST07 871 ST02 I.~ P•n 
B20 GSB9 -:i_osub quadratic solution = @72 srn lndioat;p entered last - -

-=g-=-2.,....1 -=sT=o=o store a B73 RH/ 
022 GT08 ~n+,,. n .. ~ nt ~"'"'"'" "''hr - -r---'2i'07?'.4r--:::*i'LBi'i'iL"i'.Br-.]L'l"'7:lu~l.!'!..nr?1w~.1..Li-;Ti\i'Uno1.i:w~4-.__------f 

-en .t.LBL6 ...®.iLrruiius_M.t.Linput_ _ 075 F.~? j if' i 
024 STO@ store coil radius - ,--B76 GTOfl _um~ Dl.Zlller_:_ entry __ 
13-=-;_=:;:,,..., --R=·T=N·- r ... t.u'l"n --~~+.-~1 t.n i.. .. vhnA .. ~ ""'0-=-77~~F~0~? 

.,,.0~::-:?6=--_*L_,B::::L=C _!10 -9._r COIL LE2'iGTH , _ _ _ ,-.. 078 GTO j jump if P entered laat 

_ ~22R7 GFT
0
3: jump if numeric entry 079 GS83 -l -t - - -

r-ei. ~ v g80 RCL4 ca cula e and store n1 
829 GFTBDJ? jum-; if~ enteredl:"ast - - 081 

,..... i.-030 082 
"'.:"-::--,...--~~ - - - - - -- -

x 
.{,\( 

a 

031 RCLfi calculate and stores 883 
032 F<:CL 1 @84 
[133 v 885 
034 
0.35 
1336 
1337 
@38 
1]39 

x·2 
RCL4 

RCLB 
9 

x 
048 -
B41 ~E\' 
042 1 
1343 
044 ST02 

086 
087 
088 
089 
090 
091 

134.5 GTOB - gotO print and snace subr -

-t192 
093 
@94 
095 
096 
1!197 
09& 
099 
H30 
101 
102 
103 
104 
105 
106 

--1346 :f:LBLe 
1347 CF0 
E148 ST02 
1349 PCLl 

~dicate g_ entere!_last 
_!_to re .R- __ __ __ 

calculate and store 

-
-

B.51 STC3 P = J./n 
[152 F..'TN 

REGISTERS 
4 3 quad.-atic. L n p 

$ 1 S2 S3 S4 S5 S6 

D 

RCLl3 1 ii v 
n = a yL(9a - 10.Q) 

ST01 
PRTX 

1/X 
RCLZ 

x 
STl'3 
GT08 

~:LBLJ 

RCL0 
x~ 

ST05 
RCLJ 
RCL4 

){ 

fEX 
1 

x 
CHS 

ST06 
PCL/3 
RCL4 

x 

calculate and store n from 
quadratic aolution to1 

a2n2 - lOLpn - 9aL .. O 

ter-ms 
7 c 
S7 SB 59 

3-5 

187 9 
108 x 
1139 CHS 
118 ST07 
111 GSB9 
112 ST01 
113 PRTX 
114 RCL3 
11 s x 
116 ST02 
117 GTOB 

........_118 *LBL8 
119 ST01 store number of turns 
""'"1 =w=-----.F=0=? j~ if' p entered last - --

[

121 GTO~ ____ __ __ _ 
122 RTN 
1 ~~ *LBLB calculate and store new 
124 RCL3 coil length 
125 x 
126 ST0.2 
127 RTN 

-7-L==-'=?8,....-----'.~-=: LB=:'L=E __J/Q_ O[_IHDUOUN~ J.L_ (~h) _ 
1?'1 F3? jump if numeric entry ,-138 GT0[1 _ _ _ _ ___ _ 
131 RCLB 
132 RCL1 
133 
134 
135 
136 
137 

x 
X'Z 

GSB3 

ST04 

use Wheeler's equation 
to calculate inductance 
(Eq. (,-5.1) )s 

a2n2 
L"' 9a + lOi 

-

~L""'1t''--. ---'-.1:-=' B'"""·L_8 _!!int and a~e subrouti.ne _ 
1.39 PRTX' 
140 SPC 
141 RTN 

-142 :+:LBL[1 
! 43 ST04 store inductance input 
! 44 RTN 
14~ *LBL9 quadratic equation solution 
146 RCL5 subroutine. 
147 SH-6 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 

ST~? If ax2 + bx + c - 0 

158 
159 

2 
SH-6 
RCL6 

CHS 
ENTt 

RCL7 

RTN 

then the positiYe root iss 

b .I ~'2 " 
x "" - 2i' + v~ + ;. 

LABELS 

NOTE FLAG SET STATUS 

160 :+:LBL 3 9a + lOi calculation subr 
161 PCLE1 
162 9 
163 >-.· 

164 P.CL2 
165 ff.'-:: 
166 1 
167 x 
168 + 
169 RTN 

-=-l-'--,.. 1'.1=---'-"~: L=B='L~c= _AWG ~WIRE. DI.AMFI'EIL. __ 
171 F2·;· constant initialization 

"'"!"""?:~-· -~GE"-'";B~'2 needed? _ _ _ _ _ 
17."3 PCL9 
174 
175 
176 
17? 

RCLB 

1 ?8 GT08 
179 :+:LBL.:J Wll{!; DIAM.1i•1·E.R .- AWG _ _ 

..,.1"""81-::---J --;F:-::2:-:::-'-, constant initialization 
-=-1~8.:,_1 _-::G~S7-'B;_=-.:' needed? _ _ _ _ _ 
182 RCL8 
183 
1S4 
185 
186 

LH } RCL 9 AWG = _.!_ ,e,._ { diameler 
kz k1 

187 INT 
188 GTOB 

..;;.1-:.:89=-. --'-.-+:L=B=·L=2 oonstanijni t1._alkat.i~m _ _ 
19@ 

NOT Es 

191 
192 
193 
194 
195 

3 
1 
3 
11 
4 

196 ST08 store ~ 
197 RI recover x register 
198 
199 1 
2[10 B 
2@i 9 
202 7 
2[13 .3 
284 3 
205 CHS 
2136 ST09 store k2. 
207 Ri recover x register 
208 RTN 
209 lLBLe CLEAR INPUT MODE_ 
210 en 
211 RTN 

- -

Print statements are located at steps 
086 and 1'9 and m.ay be changed to B/S 
if deaired. NOTE FLAG SET STATUS 

FLAGS SET STATUS 

TRIG 

DEG 
GRAD 
RAD 

DISP 

FIX • 
SCI 
ENG 
n__a__ 



PROGRAM 3-6 AIR-CORE MUL Tl LAYER INDUCTOR DESIGN. 

Program Description and Equations Used 

This program uses a modification of Bunet's formula [11], Eq, 

(3-6.1), to design air-core, multilayer solenoidal inductors (inch dimen­

sions). 

a2n2 = ~~~~~~~~~~~~~ 
9 a + lOl + 8. 4c + 3. 2 cl/ a 

L (µh) (3-6.1) 

The coil dimensions are shown in Fig. 3-6.1, and the range of usefulness 

of the program can be ascertained from Table 3-6.1. 

a 

n turn coil 

Figure 3-6.1 Multilayer coil dimensions. 

Table 3-6.1 Accuracy estimates for Bunet's equation. 

c/a 2a/ l ratio for other accuracies 
ratio 1% accuracy 2a/l % 

1/20 :s: 3 5 4 

1/5 :s: 5 10 2 

1/2 s: 2 5 3 

1/1 s: 1. 5 5 5 

383 
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The modification to Eq. (3-6.1) consists of replacing the mid­

coil radius, a, by the inner radius, r: 

c 
a= r + -

2 (3-6.2) 

The coil is generally wound on a coil form, hence, r and l are known from 

the coil form dimensions. The coil mid-radius, a, is dependent upon the 

coil buildup, and is generally not known at the inception of the design. 

If the wire and insulation occupy a box as shown in Fig. 3-6.2, 

' d 

_L 

insulation 

Figure 3-6.2 Wire cross-section. 

then the total area occupied by n turns of this wire would be: 

A = n·d2 
total (3-6. 3) 

This area is also expressible in terms of the coil dimensions: 

A = c·l total (3-6.4) 

Hence, 

(3-6 .5) 

or 

c = (3-6 .6) 

A fifth order polynomial in n may be derived to yield the number of 

turns of wire with diameter d, given the required inductance, L, the 

coil inner radius, r, and the coil width, l. Taking Eq. (3-6.1), multi­

plying both sides by the denominator term, and clearing fractions yields: 

a3n2 - L {9a2 + (IOl + 8.4c) a+ 3.2cl}= 0 (3-6. 7) 

Substituting Eq. (3-6.2) for a, and Eq. (3-6.6) for c, and collecting 

terms in like powers of n results in the following 5th order polynomial 

equation: 
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f(n) = An 5 + Bn4 + Cn 3 + Dn 2 - En - F 0 (3-6.8) 

A = (~~ )' (3-6. 9) 

B = 3r U~ ) 2 (3-6.10) 

c = 3r 2(~~) (3-6 .11) 

D = 3 (d 2)
2 

r - 2l (25 .8 L) (3-6 .12) 

E = { d2 2} L 2l (34.8r + lOl) + 3.2d (3-6.13) 

F = r L (lOl + 9r) (3-6.14) 

The Newton-Raphson iterative procedure described in Program 1-3 is 

used to find the largest positive real root for n in Eq. (3-6.8). If 

the initial guess for n is larger than the largest root, the method will 

converge to the largest root when the function is a polynomial as in the 

present case. An initial guess of 10000 turns is used. If a larger 

number of turns is expected, the user may want to increase the initial 

guess which is located at step 084 of the program. 

If r, c, l, and L are specified, then the solution for. n becomes 

somewhat simpler. Since r and c are both known, a can be calculated 

from Eq. (3-6.2). With this calculation, all parameters except n are 

known in Eq. (3-6.1), and n becomes: 

n = ~ {1(9a + 10 + c(B.4) + 3.2l/a ) } ~ (3-6.15) 

Once n has been calculated, the wire diameter, d, can be calculated 

from Eq. (3-6.6) as given below: 

d =PF (3-6.16) 

So far, the two cases for the number of turns have been derived. 

Likewise, there are two cases for the calculation of L. Given r, l, c, 

and n, Eqs. (3-6.2) and (3-6.1) may be used to calculate L. If the wire 

diameter, d, had been specified instead of the coil thickness, c, then 
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Eqs. (3-6.6) and (3-6.1) are used to calculate L. 

Program constants 

Since all program steps were used to code the program equations, no 

room remains for the program constants. These constants are recorded on 

another magnetic card, and are loaded after the program magnetic card 

loading. Load the following registers, and record the data on both 

sides of the data card (2 WDATA connnands): 

8. 4 -+ R7 

3.2 -+ R8 

10 • -+ R9 

3-6 

~ 
AIR-OORE MULTILAYER INDUO'roR DESIGN 

coil (I) w1re a: winding (l) 

inner diam. d length, 
radius, w1nc:t1ng 11: r 

~hioknea .s ,c £ 

STEP INSTRUCTIONS 

,__l__ ---~~J>!!.~~de!_~~P.~~_g;ram card and either 
side of data card 

number (I/d 

of turns, 
n 

INPUT 
DATA/UNITS 

-- --------------------------"'""-···--·--· -~-------

(I/O) 
inductance 
in µh, 

L 

KEYS 

2 Load inner coil radius r, in C!J 
. ---------- ------------~-~~~~--- -------

l~ 

; Load wire diameter d, in CTI [ B] --..---- --------------------------------------------· - ------------·---
or or -..-..----- --------~---_,.. .. ____ ., ... ,.. __ .. --------·-... ---- ---- -==----

Load winding thickness o, in [::=!] 
----- -----------------------------------.------------~---

4 Load winding_w_!dth -··-----·-------·--·- --~.! ... ~~---

_ _2_ -~-_<?.alcula ~~_Eductanc ~--~~3-!~.E.~.~~~!~..! _______ -·-------1 
_ __ --~--load ~~-~~ber_~~--coi~ tur?~---- _ n __ 

1 
b) calculate inductance -- --------------~------------------ r-·--------~ 

6 To calculate the number of turns 
--- ·---------- -~--~-------------------- ---- i--------

a) load the desired inductance L, ~ 

·= _ b) ·-=~~ul~t~i~~-n~b;~~~f tu~~ s ·-·-·-~-~--~== 

-~ i----------------------------------~-----------1r-------

i------r-----~-~-·--------·------------~----------· t---------

~---- ------------------··----------------··--·-· -----·-
--- ------------------------------------- !------ --~----

-- ---------------------------------------- ---------
1----.--------------------------~------------·- ,__ __ _ 

.. .., .. ___ ----.~----·------- -------·---·-·--·- ----·-

-·------------
- ·- -------------------------·-------- ------

!---~---~----~----... -------------------~----- ,___ ___ _ 
-------~~------------------·--------------------... ---·----- ---~-

r-------- -------·------..-----~-------------------- -- - - r- --·- .. _ .. __ ___ 

---.. ---------·---.. ·----------·-·-·.--·---~~----

""-----------·--·--------------·-·---·-.------
~·· ..... -·------~----------------------·-...·---- ------

----··---------.. ___ ...._ ___ .... _ ....... ··--------------- ----
--·· .----------····------·-···---·------ -~-------

OUTPUT 
DATA/UNITS 

------
L, µh 

------~·---

n 

--~----··-
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Example 3-6. 1 

Find the number of turns of #24 HF wire (0.0224 inches over insula­

tion) to be wound on a bobbin that has a 0.3 inch inner radius and is 

0.5 inch wide to obtain an inductance of 200 microhenries. Also find 

the coil thickness. 

= -~· ~-- ::- -:-1:· r-.:. 

. ·- · ·-· .::- ._ .... .. 

Example 3-6.2 

load bobbin inner radius (in) 

load wire diameter over insulation (in) 

load bobbin width (in) 

load inductance required (µh) 

calculate # of turns & coil thickness* 
number of turns (use 123) 
coil thickness, inches 

Calculate the inductance of an 18 turn coil of 4/0 wire with 6 

turns per layer wound on a 6 inch diameter form. 4/0 wire is 0.75 inch 

over the insulation. 

r:: 
' ' . 

4.50 ... -t-. 

;,:Ee 

50.6345 

load coil inner radius (in) 

load wire diameter over insulation (in) 

calculate coil width: 
coil turns per layer x thickness per turn 
load coil width 

load number of turns 

calculate inductance 
inductance in microhenries 

* Requires about a minute to compute. 

0 

so 

A 

0fJ1 :+:LBUl 
0fJ2 STO i 
003 GT09 

3·6 

LOAD OOIL INNER RADIUS 

004 tLBLB LOAD OOIL THICKNF.sS 
005 SFfJ indicate thiclaless loaded 
006 ST02 store thiclaless 
00? GT09 ,.,_+~ OF'5. enaoe & .. _+ .. -. 

008 tLBL/o LOAD WIRE DIAMETER 
009 CF@ indicate wire diam. loaded 
018 ST06 store wire diameter 
011 GT09 "'"to mr:i; SnAne & .. _.,,_ 

111 c *LBLC I.DAD WINDING LENGTH 
013 ST03 store 
014 GT09 l!'Oto OF3. enace. & return 
015 1'LBLD _I/Q_QF OOIL TURNS __ _ 
016 F.'317 if' input, jump 

..--017 GTDl3 
~0-18--F--8~? if' coil thiclaless loaded, -

-019 GT01 use other routine 
020 RCL6 -calculaten givenr,~,- -
021 x2 d, and L 
022 RCLJ 
023 £NTt 
024 
025 

+ 

026 STOJ 
027 3 
028 yx 

calculate and temporarily 
store d2/(2.2) 

------~- -calculate and store n/ coef 

A - { d2/(21) r 029 STOA 
"""0=30--R...,_C_L_I - - - - --
031 )(2 

032 RCL1 
833 3 
034 GSB5 
035 STOB 
036 RCLI 
037 RCL1 
038 
039 
040 GSB5 
041 STOC 

calculate and store n4 coef 

B = ~r(fi/ 
- - ---- - ---

calculate and store n' coef 

...,,..-,..------- - - - - - - - - - -
042 RCL1 
043 3 
044 yx 
045 
046 
047 
048 
849 
050 
051 
052 
053 
054 
855 
056 

5 

RCLT 
x~ 

RCL4 
GSBS 

STOO 
3 
4 

calculate and store n 2 coef 

(
d2)2. o-r3- TI (25.8 ·L) 

- -

!REGISTERS 

r 5 a 2 3 .e 4 
L c n 

S1 S2 53 S4 SS 

B c D 

057 
058 
059 
060 
061 
062 
063 
064 
065 
066 
067 
068 

8 
RCL1 

)( 

RCL9 
RCL3 
GSB4 
RCLI 

x 
RCLB 
RCL6 

069 GSB4 
070 RCL4 
071 x 

calculate and store n1 coef 

072 STO£ 
""""'-~~~ - - - - - - - -073 RCL9 
074 RCL3 
075 
076 
077 
078 
079 
080 
081 
082 
083 
084 
085 

.":{ 

9 
RCL1 
GSB4 
RCL4 
RCL1 
GSB5 
STOJ 
ffX 

4 
ST05 

RCL5 
£NTt 
ENT-t 
£NH 

calculate and store n° coef' 

F = rL(9r + lOi) 

- -
setup initial guess for n 
in Newton-Raphson soln 

-.-086 
087 
088 
089-
090 
891 
092 
093 
094 
095 
096 
097 
098 
~199 

100 
Hil 
182 
HU 
104 
105 
106 
107 

RCUl calculate and store 

11:18 
109 
1 ffl 
111 
11 '.' 

D 

6 

56 

)( 

RCLB f(n;) = An;5 
• Bn;\ Cn[

5 
+ Dn,2

- En; -F 
+ 
x 

RCLC 
+ 

RCLD 
+ 

RCL£ 

RCLI 

ST02 
cu; 

RCL5 
RCLP. 

5 
1;SB5 

d 

------
calculate 

7 8.4 8 
3.2 

9 
10 

$7 SB 59 

E F 
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1J,j t-.'l-Lt:I f--169 GT09 J...umE..J:f ~ut 
114 4 170 F8? if winding thlolmess ""Toe.<Iecl, 
115 x -171 GT01 skip thiclmess calculation 
116 + 172 RCL6 
117 .:{ 173 xz 
118 RCLC 174 RCL3 ce.lcule.te and store 

119 3 175 thickness1 

120 A 176 RCL5 nd2/;. 121 + 177 x c -
122 x 178 ST02 
1 "~ ~,j RCLD '-179 *LBL1 
124 ENT1 180 GSB3 
125 + 181 J/X calculate and store 

126 + 182 RCL0 inductances 
1 ··,-, x 183 RCL5 azn2 ,Cf 

128 RCi.E 184 x L .. 
9a + 10.Q. .. 8.4·c + 3 . ::i c.e.ra 

" 
J:=>Q - 185 x-z 
130 sr~2 calc &-;tore f(l!i}/f 1 (nil -= 186 x 
131 RCL2 apply correction: 187 ST04 
132 ST-5 ~1..=_ nL-..!_(n.Jif~il_ 188 •LBL2 print and space subroutine -133 RBS 189 DSP4 
134 test for loop exit 198 PRrx- can be IV'S statement 
135 1 191 DSP2 
136 X£Y·? -192 tLBL9 OF3 and space subroutine 

"--137 GT08 193 CF3 - - - - - - - --138 RCL6 194 SPC 
139 ,\' Z 195 RTN 
140 RCLS ....--::::; can be P/S atat•ent 196 *LBL3 inductance fact.or 
141 PRTX _prj,nt_!l _ _ _ ~ . _ _ _ 1 Q"' RCL1 calculation subroutine Ji 

142 ):_" 198 Rc;_2 
143 RCL3 calculate, print and store 199 .... 

~ calculate and stores 
144 coil thiclmess, o: 200 

o/2 145 ST02 nd2/ J!. 201 + e. .. r + 
c~ 

146 GT02 202 ST0l1 
~ '--1 47 tLBL8 input storage routine for 203 9 
, 148 ST05 number of turns i~ut 204 x . 
~ i...-..149 GT09 -goto CF3. space and return - 205 RCU calculates 

'-- 158 tLBLl calculate the number of turn1 206 RCL9 ell. 
151 GSBJ given r, .R, c, and L 207 GSB4 9a .d01+8.4c + 3.2-a 

152 RCL4 208 RCL? 
153 x 

! f l f'' 209 RCLB 
154 fX n"'a L(9a+i0.Q+8.4c+3.z

0
a) 218 RCLB 

155 RCLO 211 
156 . 212 RCL3 
'f C'~ 
,L~li ST05 21.3 GSB4 
158 Pl<:T.i.:- can be B/S statement 214 RCL2 
159 1 ,.·v .· .... 21~ *Lf:L4 x, + su'broutine 
160 RCL2 

,,~ 

.:::: l to .:-.;. 

161 RCLJ 
~. ·: .., 

T .:. i. i 

162 GSB5 ::·1 e RTU 
163 fX 2: 19 :tLBL5 x, x subroutine 
164 ST06 226 v 

165 GT02 .•. -. ~ x .::.i::J. 

166 *LtlLt _!/0_ O~INDUCTANOE_ ·:i·:··:. RTN .:...:...:.. -- -1 ~-b; ST04 store inductance entry 
168 FJ~· 

LABELS FLAGS SET STATUS 
A B load w1nd1nq C load w1nd1ng 0 I/o l'tJmbe..- E I/O 0 :!e-1. fol" 

I I Oil<I mnot' .-ad1us tn1clcness Lenq~h of'tu.-ns 1ndLJd.ance w1rd1"" -th1c lr:ne;S FLAGS TRIG DISP 
a b c d e i ON OFF 

0 • DEG FIX • 0 loc21 l -ioo p 1 Local 2 pnl"ll.~ SP""'"' 3 1nd1.>Cta,,ce 4s1>b~~1ne 2 1 GRAD SCI 
de!>l1n~t1on Label -subrovl.1 nliiiil -sub..-O<Jt.1 ne. 
5 ,,., )< 6 7 8 "t1.n-"!t 9 space i;: 1"1:n 3 data 2 RAD ENG 
subv-c,,Jt1ne subv-o..Ti:.1"e subr'ool 1 n e. c;intr" 3 • n_&.__ 

PROGRAM 3-7 CYLINDRICAL SOLENOID DESIGN. 

Program Description and Equations Used 

This program provides the coil winding particulars and the coil 

electrical characteristics given the specifications for a cylindrical 

solenoid. These specifications are: 

1) Minimum plunger attractive force in pounds (F), 

2) Initial air gap length in inches (lair)' 

3) Maximum flux density in the air gap (B ) in gauss, max 
4) Maximum coil current density in amperes/in2 (~), 

5) Maximum coil buildup, or thickness, (w) in inches, 

6) Coil excitation voltage (E) in volts, or current (I) in amperes, 

7) Optionally, the magnetic path area (A. ) in inches2
, the iron 

magnetic path length (l. ) in inches, and the magnetic per­
iron 

meability (µ). 

The length of the magnetic path is assumed to be zero unless step 7 is 

exercised. 

The characteristics that the program calculates are: 

1) Plunger diameter in inches (DP), 

2) Number of turns in the coil (N), 

3) 

4) 

5) 

6) 

Coil wire AWG using class 2 or heavy insulation, 

Coil length in inches (l .1 ), coi 
Coil inductance in henries (L), 

Coil resistance in ohms (R), 

7) Coil power dissipation in watts (P), 

8) Actual B in the core and in the air-gap, and 

9) Actual F. 

With the maximum flux density in the air gap and plunger attrac­

tive force specified, the area of the air gap can be calculated from: 

(3-7 .1) 

391 
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where k1 is the constant of proportionalit 
. Y relating flux density in h 

air gap to pressure in pounds/in 2 t e 

k1 = 1.73 x 106 
(3-7 .2) 

If the plunger area is assumed equal to the air 
diameter can be calculated gap area, the plunger 

using: 

D = 2 . (A . / 'IT )
12 

P ai r (3-7. 3) 

Once the plunger diameter is known 
thickness may be loaded . t h , then a value for the winding 

in o t e program. The smallest dimension 
the winding should not exceed 3 inches of 

to allow adequate thermal 
conduction for the heat generated with 
· the coil, thus avoidin h 
internal coil temperatures If th g igh 
1 h • e program calculates a short coil 

engt ' then the thickness is not 

the coil thickness to 3 inches 
restrained. A long coil restrains 

or less. Several 
gram solution may be required t"l . 

. un i satisfactory 
and width (thickness) are fotmd. 

iterations of the pro­

values for coil length 

Given the excitation voltage inverse 
(M) i . 1 ' current density in the coil 

n circu ar mils per ampere, and the coil d" . 
Fi 3 7 l imensions as defi"ned b 

g. - . ' the number of turns Y required is · b 
derivation of this given y Eq. (3-7.4). The 

equation is given later. 

N = E •M/ (7T (D + w)) 
p 

coil 

Figure 3- 7 .1 Solenoid coil dimensions. 

(3-7.4) 
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If the coil is excited with a current, then the number of turns is: 

N = (NI)/I (3-7.5) 

where NI is the coil ampere-turns which is calculated from B later. 
max 

The cross-sectional area of the coil (w·l .
1

) consists of cur-
coi 

rent carrying wire and noncurrent carrying insulation and space. The 

shape factor (sf) is the ratio of the current carrying area to the total 

area of the coil. If the wire plus insulation is assumed to occupy a 

square with side d as shown in Fig. 3-6.2, and the winding cross-section 

is occupied by N of these squares, then the shape factor is: 

sf = i { diameter o~ ba r e wire } 
2 

(3-7.6) 

The diameters of both the bare wire and the wire with insulation 

bear exponential relationships to the wire AWG as given by Eq. (3-2.1). 

Substituting these relationships into Eq. (3-7.6) yields: 

sf=~ { :' e AWG(b' - b)} 2 (3-7. 7) 

where 

47T { aa' }2 -- .8418900745 (3-7.8a) 

2(b 1 
- b) = -1.21690938x10- 2 (3-7. 8b) 

The coil has N wires each carrying in current, I; thus the current 

density in the coil is: 

6 = (NI)/(sf•l .
1

.w) 
coi 

(3-7.9) 

where 6 is specified by the user through M: 

k 2 = M·6 = (cir-mils/A)(A/in 2) (4 x 10 6 ) /rr (3-7 .10) 

Solving for the coil length between Eqs. (3-7.9) and (3-7.10) yields: 

(3-7.11) 

The coil ampere-turns, NI, is calculated from B using the "Ohm's law" 
max 

of magnetics: 

MMF (3-7.12) 
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where 0 is the flux and is continuous throughout the magnetic and 

air paths and is analogous to electric current. The reluctance,~ , 

is the magnetic resistance, and the magnetomotive force, MMF, is the 

magnetic "voltage" source. The total reluctance is the sum of the in­

dividual reluctances making up the magnetic circuit and the MMF is pro­

portional to the current in the coil: 

MMF = 0.4µ NI 

.f_ • 
~ =L: i 

. µ .• A. i i i 

(3-7 .13a) 

(3-7 .13b) 

The electromagnet model used by this program has two sections, the 

magnetic path, and the air gap. Usually the air gap reluctance is the 
dominant term. Noting that the relative permeability for air is unity, 
and 

¢ = B. ·A. = B •A 
iron iron max air (3-7.14) 

then solving Eq. (3-7. '12) for NI yields: 

B A. r A. ) k 3 NI = max air iron + .f_ iron 
(3-7 .15) A. µ. air A. 0.47T iron iron air 

where k 3 = 2.54, the inch to centimeter conversion ratio. The iron 

area, A. , refers to the smallest iron area, which may, not be next to iron 
the air gap. 

An iterative method is required to find the wire AWG and coil 

length. An initial shape factor of 0.5 is assumed, the coil length is 

obtained using Eq. (3-7.11). The wire diameter over insulation is ob­
tained using 

0 .k 
(w. -t.. • /N) 2 

coil 
d 

(3-7.16) 

The wire AWG is obtained from the wire diameter over insulation from 

Eq. (3-2.1), and a new shape factor calculated from the AWG using Eq. 

(3-7.7). The new shape factor replaces the old shape factor and the 

calculations rtm again. The iteration is terminated when the new and 

old shape factors agree within .001. 

The coil physical dimensions and number of turns have now been 
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determined, and other electrical characteristics can be calculated. 

R = (R/ £.) (mean turn) (N) 

where R/.f. is obtained from: 

R/l, (ohms/inch) 

hence, 

For the coil temperature at 60°C, the constants are: 

7T•k4 = 2.9185212367 x 10-s 

ks = o.2317635483 

(3-7.17) 

(3-7.18) 

(3-7.19) 

(3-7.20) 

If the coil excitation is a constant voltage, then the coil current will 

have to be recalculated due to the downward rounding of the wire size to 

the nearest integral value: 

E I=­
R 

The power dissipated in the coil is: 

(3-7.21) 

(3-7.22) 

If constant voltage excitation is used, the peak flux density 

(B ) and initial plunger attractive force will be slightly larger than 
max f h . AWG the initial values again due to the downward rol.lllding o t e wire • 

The larger wire will have lower resistance causing higher coil current 

and a higher NI product. Equations (3-7.15) and (3-7.1) are rearranged 

and used to find B. and F. iron 

B. iron 
0.47T NI (3-7.23) 

IR... A. ) iron iron k 
+ lair A . 3 

l1 iron air 
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(B. ·A ) 
2 

iron iron 
B 2 .A 

max air 
k1 

F = (3-7. 24) = 

In addition to the program card, a data card is necessary to load 

the registers with these constants: 

µo default: 500 Rs 
B default: 15000 Ra max 
Initial shape factor: 0.5 Re: 
( n/4)(a'/a): 0.8418900745 s 

x 10-2 0 
2(b' - b): -1.216909380 S1 
a: 3.130387015 x 10- 1 S2 
b: -1.097333787 x 10- 1 S3 
1T . k 4 : 2.985212367 x 10-5 S4 

ks: 2.317635483 x 10- 1 
Ss 

k3: 2.54 s6 
4 10 6 : 1.273239545 x 10 6 k 2 = 1T x S7 

k1: 1. 73 x 10 6 
Sa 

M default: 1000 S9 

If the user wants to work in centimeter units instead of inch 

units, then a different set of constants can be loaded. All constants 

are the same except for the following: 

a: 7. 951183018 x 10 - l 
S2 

n. k 
4 

1.175280459 x 10- 5 S4 
k3: 1.0 SG 
k2: 5.012754114 x lO S S7 
k1: 1.11613 x 10 7 Sa 

The inverse current density, M, is now in hybrid units. The circular­

mils/A must be multiplied by 2.54 before entry, and the current den­

sity, ~ , is in A/cm2
• The plunger attractive f orce is still in pounds. 

If this force is desired in kilograms, change k 1 as follows: 

2.46064 x 10 7 ----~ Sa 

The HP-67 user may wish the program to stop at data output points 

rather than executin g a 5 second "print" halt. To cause the program to 
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stop at the data output points, change the "print" statements to "R/S" 

statements at the following line numbers: 047, 084, 131, 144, 160, 176, 

180, 185, and 194. 
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e,,.,. t 111..-
x Piron t Allt>li t µ 

1 + \l ol~s o~ :r load 7/o calcu tele 0 
In bt'r" ~a, 

- A mps Ctl" rnt ls co~l des 1gri ' a" M, ~'l&tr1cal :I c a lc.vlate 0 :I w 1nd 1119 A Force . lbs pole d(arnete.- 1N1c\t h parameters 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

. .:L.-.9.E.!J.2.~~!. 1 loac!._~i}!et~_c::.!.!E~-~..!'~.~'!-~rs: __ --··-----
a\ load magnetic path length Riron• in -···-· -----···----:.1. ___________________________ ············· ···2 -

-- ------~LJ.?.':i-~ --~~~:1:~~-~-~-1'~~!:-~~_i;,~~um .. :1-.:.:~--- ---- -~J.!'.911_,_in __ _ 
c) load relative permeability ,u. 

------"---~ -----------·---------·-·-------- -------~~----------·-- ----------
----- ... ----·--·-~-------------··-··-------·-----------~-- -·------
~--- ___ ]!_this_~_!:~:p is no_!'._~~cu~~~L~~~_p_~~~~-----· ·--------

--~i 11 ~..!:iJ·on = -~.ll.ir....t;i.nd ..€iron..~-~- ------·--------------

5 Calcu~~~.:_p_?_!~-~~-~~-~~----------·------ -----------
To,change the pole diameter, change 

---- ·------B~---~--~--iarge-;-s-:-;i-i1 resul t--i~-;-··-· ------------
·-···-· ·---~X. ___________ lJilldL ______________ . ___ -------·-

smaller pole. Bmax is material 
··--· -------...----~-·---~-~-----·-·-···-·····----·--·--~----- ------~-----

dependent, and generally should not 
~---- -·--·--·----------·-·-----·-----..-..-.. -... --·..---·---------- -- - -~·-·~--- ---·---·--·--

exceed 15000 gauss. ------ ----------------~-·--·-·"--·- ···---~·-··- .. -_. __________ _.,._ -------··-

b Load winding thickness w, in 
-· ---- ... --,.. ·-----------------.--·----------------~-------- i..___..;,_ _____ _ 

7 Load excitation voltage or current -- ---·-·------.-.----------·----~---------·- ---·- ------
.........._ ---~~ci ~ii~!l_!_ol tag~---------------··-·--· ~~----
.____ ____ _E_L_:._~~~~!-_ion --~~~_:~.!-__(_~ te ne~-~a-~ '::~L -I , A __ _ 

----- ------~----··-~-------------·----~--~-- --------

KEYS 

c;~ 

OUTPUT 
DATA/UNITS 

i.--~---

i-·--------

__ E_ole __ _ 

diameter 

in inches 

M 

~~-··~----
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~ 

STEP 
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fNTINUED 

INSTRUCTIONS 

I 

I 

INPUT 
DATA/UNITS 

_J__ --~~~.'!l_'::.~-~ coi!__~~-~ign and el:~~!!:.~.l 

___ ii.:: ram~~-~---·-·----·-----------------·-···-· 
- .,., ______________________ ~--------------------------i------~ 

---~---·--·---·~--------.. ------------------+-----· 
---·--------------

-------------------------· ·--------+----

~-- -----------------------------· 

-- ---------------------------------------

----.. ---------------~-~.-------------· 

-----------·------------------·--------~--

·-1------·----------------·-··--··------···--· 
._ __ ..._ ____ ·---------------·---------------·-···-- ·-··-·-··-----

-----------------------·----------
··-··-----------~·~---·--·--------------------·- .. -------'..._ _ _.. ___ .. _ 
---------·-·· ··------------------------~--
---~---_..... __________________________ ~----~--
---------------------·----··---·--·-······----+---

-~·-~---------------~-·--''"'••·---·~-~----~------···-----~-...... -----~ 

--------·-------··-··---------·-·-
--li------------------- --·---····--·---·-----·-···· 

c;~ 

KEYS 
OUTPUT 

DATA/UNITS 

N 

AWG --------
__ {!'oi~--- ­

---~~-­
~.L rr __ 
P, watt 

·--------'---
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Example 3-7.1 

Figure 3-7.2 shows a plunger-type, iron-clad cylindrical solenoid. 

Design the solenoid to have a 1 inch travel and exert an initial pull 

of SOO pounds when connected to a SS volt de source. The initial flux 

density in the iron shall be 7000 gauss, and the coil inverse current 

density shall be 700 circular-mils/A. Assume all the reluctance to be 

in the air gap. 

_l 
w 

r plunger 

T 

coil 
iron magnetic path 

Figure 3-7.2 Plunger-type, iron-clad cylindrical solenoid. 

55 . i.:Z ;E.t.:: 
;-6~1 ' 6C:· . .;.::t::..: 
t (H:' , fn~ -'f· ¥: • 

~ ~- 1 ; • 51 ..... ~ ..• 

~.:-:·t- 1: 

j 5t.:=; . t~ f1 :.: :; :f. 

1 ~. (10 .f .!f 

:; , 5( :i::f• 
• ~ :r; f.""' 

5 . % •.. f• 
51£. . <13 . .-.p 

r2_:·b.69 -•.\i·· 

load initial force required in pounds (F) 
load maximum B field in gauss (B ) 
load Pair max 
calculate plunger diameter required (D ) 
plunger diameter in inches P 

load 
load 
load 
M 

winding width in inches (w) 
excitation voltage in volts 
inverse current density, M, 

b., A/in2 

(E) 
in cir-mils/A 

calculate coil design and electrical parameters 
N, the number of turns 
AWG of wire with heavy or class 2 insulation 
coil length in inches (lcoil) 
coil inductance in henries (L) 
coil resistance in ohms (R) 
coil power dissipation in watts (P) 
actual maximum flux density in the iron 
Brnax' the flux density in the air gap 
F, the plunger attractive force actually achieved 
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~ample 3-7.2 

A small solenoid is needed which has O.OSO inch travel, exerts an 
initial pull of S pounds, and is used intermittently with a 0.10 duty 
cycle. The coil excitation current is 3 A, and an initial flux density 
of 6000 gauss is to be used. Because of the intermittent duty cycle, an 
M of 100 cir-mils/A is used. The magnetic path is l.S inches long, has 
a cross-sectional area of 0.4 inch 2 , and has a relative permeability of 
500. Investigate the solenoid design with and without consideration for 
the magnetic path reluctance. A much more thorough analysis can be done 
with Program 3-8. 

5. [ii)[; 
6ff6fi , C[16 

• 0.5(1 

6 • .55;; 

- .;. • 61.3!:) 
166.666 
106.666 

i2f32.395 

1- · t- ~ 

!_-. .::~: : 

.f .'f..1 

_ _,.. __ -
i.:- :::t ;_ 

.+:.+ .. ·f 

.+:.-.: .;. 

f; • . ::OB :n :• 
fl . [166 .;;: .'f. !I 

1 . 556 .-+::+::! 

1.:t . 311 :+·:;: .';. 
59~6 J" Z37 :+::f .~ 

5996. 237 :+:.t. ~: 

load initial force required in pounds (F) 
load maximum flux density in gauss (B ) 
1 , . . . 1 . . . h 1 0 ) max oaa initia air gap in inc es ,~. 

calculate plunger diameter in in~~s (D ) 
D p 

p 
load winding width in inches (w) 
load excitation current in A (-I) 
load inverse current density in cir-mils/A (M) 
M 
b., A/inch2 

calculate coil design etc. without considering iron path 
the number of turns (N) 
AWG of coil wire with heavy insulation 
coil length in inches (lcoil) 
coil inductance in henries (L) 
coil resistance in ohms (R) 
coil power dissipation in watts (P) 
maximum flux density in the iron, gauss 
Bmax' maximum flux density in the air gap, gauss 
actual initial force, F, in pounds 

Rerun program with magnetic (iron) path considered 

1. 5£16 foTT load magnetic path length in inch~s 
• 460 U !T ·r load magnetic path area in inches 

566. 066 s ·:;i:fr load relative magnetic permeability 

GSEE 
:: as . 666 , .. .. n -

25. 6(16 :+:.,.,. 
0. 319 ..... ,.,. 
6. 666 .• :.-+:.~ 
1. 645 .+::+::+: 

14. 867 If :+.+ 
3597 . [if.I] .-.::f".+ 
59BE:. 2f12 :+::+: :+: 

4. 980 :+::+::+ 

calculate coil design and electrical parameters 
N 
AWG 
lcoil 
L 
R 
p 

B in iron area defined 
B in air gap and in iron pole pieces 
F 
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Derivation of Equations Used. The number of coil turns can be calcu­

lated from the applied voltage, the desired inverse current density, and 

the coil inner diameter and thickness. Conveniently, copper has a re­

sistance of 1 ohm per circular mil per inch of length at. 60°C; there­

fore, with a uniform coil temperature of 60°C, the wire resistance is: 
,e_ 

R = __!?. 
M (3-7. 24) 

where iw is the winding wire length in the coil in inches, and m is the 

wire cross-sectional area in circular mils. If Mis defined as the in­

verse current density in circular-mils/A, then the cross-section of a 
wire carrying a current I is: 

Since 

then 

Rearranging Eq. 

m = M·I 

E 
R = I' (Ohm's law) 

£. 
E w 
I = M·I 

(3-7.27) and cancelling 
,t w 

E = 
M 

I yields: 

(3-7. 25) 

(3-7. 26) 

(3-7.27) 

(3-7. 28) 

The winding wire length can be found by multiplying the mean turn length 
by the number of turns: 

(3-7. 29) 

where Fig. 3-7.1 defines the coil dimensions D and w. Substituting 
p 

Eq. (3-7.29) into Eq. (3-7.28) and solving for N yields: 

E·M 
N = n(D + w) (3-7. 30) p 

The best reference on the subject known to the author is rather old [47] 
since it was first published in 1924. 

0f;: f:i..Bi..P 
fl02 STD? 
0fl3 RH! 
0H4 :+:LBLc. 
005 8T05 
066 RJ. 
BB? STD8 
008 GT05 
009 .-+:LBLB 
fl18 RCL? 
Bil RCL8 
012 ,\2 

013 
f114 p-+c· +-._: 

015 RCLB 
016 p-+c-+-·-' 
017 ii" 

01S STU6 
019 Fl·~· 

02B ST03 
021 4 
022 }.:· 

02.3 Pi 
1324 
025 fX 
026 STOD 
B27 GTD4 
028 ':LBi..h 
fJ::•Q CF1 
030 ST04 
031 F.:J.. 
032 ST03 
(i.33 RJ 
034 ST02 
035 RTN 
036 .tLBLc-
037 STDf. 
!BB Rm 
039 ':LBLc: 
040 ST09 
1341 GT05 
042 :;:LBLD 
843 P:s 
044 F3'~' 

045 ST09 
046 RCL9 
B47 F'F..'TX 
048 RCL? 
049 x:Y 
B5B 
051 p-+c-+- .... • 

052 GT04 
1353 .f:LBLE 
054 RCLB 
1355 RCL6 

0 1 
Lcot'l w 

so ~( !'Y 5
k(b'- b) 

A 
NI, r 18 

3.7 -' " 
WAD FORCE REQUIRED 856 x 

357 l\'CL3 
058 caloulate and store NI 

U>.lD Bmax 4 iair 859 GS89 ueing Eq. (,_ 1.15) 
060 
061 STOR 

- - -062 RCL9 - - - - -
a:oto CF' and return subr fl63 g{@'? teat for our rent excitation 

GT00 -_QAg:JULATE~LE DIAMET~Dp_ ... 064 -- -- - - --
065 PtS 

Toltage excitations 866 RCL9 
calculate the nWDber of 067 p ... c 

,,_7.4): 
.. ,., 

turne using Eq. F· kt 068 x 
Aa1r = 2 069 RCLD Bw· 

RCLfJ 070 
E· M 0?1 + N"' ~c Op+w) Pi 072 

073 );, store air gap area - - -
074 minimum magnetic area equals 

_airgap area__j,f flag _l_ iLset.. - -1175 GT01 
~076 i;:LBLB current exoit.a.tion, calculate 

077 RCUi the number of turns using 
= J4 ~Aa1r • 

1378 • ... •-+v Eq. ,,_ 7.5): 1"i+- 1 Op 
079 N (Nr)/I =-08fl CHS 

L..ijs1 lf:LBL1 caloulate, store and print 
store pole die.meter_ - . -

INT 
of turns 

- izoto nrt. enc. & OF~ subr 082 the integral number 
STOI LOAD .R1ron 4 A1ron f µ_ _ __ 083 

-indicate magneti~path used - 084 PRTX 
-085 tLBL? iteration I~ ate.rt_ -

-

086 RCLR calculate and store coil 887 P.CLE length using Eq. (~-7.11)~ 
store data 

BBB 
089 RCLe 
t190 
891 p ... c 

Nf· 1"1 
LOAD W"rnDiliG WIDTH, w ~ .... · 

0Q·:;> RCL9 Rcool -: -·~ 

s+. kz. w B93 x 
LOAD OOIL EXCITATION, 894 RCU 

095 P:S +E or -I 
896 croto OP~ and return subr 
097 STOl - - - --r70" OP' OIROlfLIR-MILS ~ K 

- - - - -098 RCLI 
calculate wire diameter over 

intercha~ registers __ 
1 ..• , 

,,_7.16) 099 . ·"{; 
insulation using Eq • store input if present mo RCLB - - - ---- -

1 t?.1 x 

vW•Jc~l v 

recall and print M 
102 RCL1 d - = - - - - - - -
103 .··. calculate and print t::. I 
104 I X M 
105 p-+c 

- - - - -~~· - -
6 = - -

AWG 
kz 

106 RCL2 caloula.te and store wire -
(~-2.l) 

ll'Dto nrt .800-=-& C}I'~ subr 107 using Eq. 
108 LN CilC""filITE MAIR OllTP11T -

in ~ wor-e ~1amde.-f - - 109 RCLJ i 
AWl:i= b ' fl@ 

REGISTERS 
B 9 +110{~ 6 7 

F Bma"t< -af:,,,s 
2 3 4 5 

L3rr Aa1r R/l'"on. A iron ~ 

59 M S7 4t!06 SB " 55 S6 4 "1- /. '15 ¥ 10 
S2 S3 S4 

rr · k+ k5 k3 m :2.5 kz·~ a. b 

AWG re R 
D Dp IE sf' l' N 
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11 1 sroe 
""'"1..;..1'--2-..;;R..:.C-=-L:o...1 - - - - - - - - - -

113 
x oaloulate shape factor 

114 e' using Eq. (3-7. 7) 1 

1111-b~ RCUl f TI" (a_).2 AWGi. 2 ( b'- b) 
P:S s = -;;- a e 

lli' x .,. 
118 RCLE 
119 x:Y 

------- -
recall old sf and store 
new sf 126 STOE 

-=-L::..:?1=--. _:....:...::_~ - - - - - - - -

122 
123 
124 
125 
126 

- 127 
128 

ABS 
EE.\' 
CHS 

X£'1? 
GT07 

test for loop exit 

129 INT 
138 STOB print & store integral AWG 
131 PRTX 
132 RCL1 -recall-and print -- - - -
_1~3:'_·. _Pc..:.R.:..:.. T~X the number of turns 
...,1_,,34~. _-=..;SF_.;;;2 indicate k_:; on top - - -
135 GSB9 - -
136 RCLI calculate and print 

137 xz inductance using Eq. (3-7.17. 
138 
139 
14B 
141 
142 
143 
144 
145 
146 
14i' 
148 
149 
150 
151 
152 
153 
154 
155 
156 
157 
158 
159 
160 
161 
162 

-163 
164 
165 

A/oad F 

x 
RCL3 

£EX 

PRTX 
RCLB 

P:S 
RCL5 

x 

RCL4 

x 
RCLD 
RCLe 

+ 
x 

RCLl 
x 

STOC 
PRTX _ 
RCL9 
X<B·? 
GT00 

L = 

- - -
calculate and print 
resistance using Eq. (3-7.20 

- - -
test for current excitation 

------- -
RCLC calculate current 

using Ohm 1 s law 
LABELS 

-166 
16? 
168 
169 
1 ?Er 
1 71 

.'f:LBUJ 
ABS 

STOA 
;x:z 

RCLC 

172 PHX 

NOTE FLAG SET STATUS 

calculate and print coil 
power diesapation using 
Eq. 0-7.21): 

P = I 2R 

173 GSB9 --;;alcul-a-te and print new - -
174 F..'CLA Biron using ii;q. (,-7.22)1 
175 x 
1 i'6 RCLI o.4-n: NI/ k3 B.,o" = -::n------'------'-----
1 i'? X ~ ~ .Raw- · A 1ron 

""l-'--i'c"-K -'-'PF...:...::T...:..:.X. _ __ ).J._won_ Aair-
179 RCL3 calculate and pr-i-nts- - -
186 x 
181 
182 
18.3 
1E:4 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
281 
282 
283 
284 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 
217 
218 

RCL6 

PRTX 

RCL6 
x· 

P"' C' - ... ..., 
RCLS 
P .. c-
~ ·-· 

*LBL4 
PRTX 
SPC 

*LBl5 
CFJ 
RTN 

*LBL9 
RCL2 
RCL 4 

RCL5 
RCL3 

x 
RCL6 

+ 

1 /,~ 1 
-~ 

[I~~ 
x 

P .. .:; .. ~ 
RCL6 
p;s 

RTN 

FLAGS 

Bm:•n - Airon 

Aa1-r 
- -

calculate and print new F 
using Eq. 0-·7.23) 1 

F= A,11r 

print, spc, CF3 subroutine 

CF3 and return subroutine 

magnetics subroutine 
to calculates 

ka (fZ.: 1) 

1<5 (F2•0) 

generates o.4 Tt in 3 steps 

NOTE FLAG SET STATUS 

SET STATUS 

TRIG DISP 

a 0 " a1,,. 
0 m011C r 'i'.3P b.l,ro,,fAv.,,.1-'< cload .,.€",,-I d 

1 local (a#e( 2 3 

e 1 m~'"'t.1e. f""~ ON OFF 
ld:.I., ,,cf. w.Med 0 

o l.oc.al l.aMl 
6 

3 

2 t1.011 //er;:u on 1 • 
,,,,.A,,- 2 

3 dala entry • • 
DEG • 
GRAD 
RAD 

FIX • 
SCI 
ENG 
n --2.__ 

PROGRAM 3-8 CYLINDRICAL SOLENOID ANALYSIS. 

Program Description and Equations Used 

This program analyzes a cylindrical coil solenoid, or other magnetic 

circuits having many parts of varying reluctance. The information re­

quired to run the program is as follows: 

1) 

2) 

3) 

4) 

5) 

6) 

7) 

S) 

The air gap in inches (f . ), air 

The number of turns in the coil (N), 

The AWG of the coil wire, 

The length of the coil in inches Cf .1), col. 

The coil inner diameter in inches (ID . 1), 
COl. 

The plunger outer diameter in inches (OD), p 

The plunger inner diameter in inches if the plunger is 

hollow (ID ) , p 

The length, area, and permeability of each different magnetic 

section (f. , A µ) iron iron' ' 

Sa) If the magnetic section is a cylindrical shell with axial flux 

flow, the height (h), the ID which may be zero, the OD, and the 

permeability (µ), can be entered, and the reluctance and 

cross-sectional area will be returned and automatically loaded 

into the program, 

Sb) If the magnetic section consists of a disc (or washer) with 

radial flux flow, the thickness (t), the ID, the OD, and the 

permeability can be entered, and the reluctance and minimum 

cross-sectional area will be returned and automatically loaded 

into the program, and 

9) The coil excitation in either volts or amperes (E or -I). 

405 
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The program will then calculate the following parameters: 

1) Reluctance and area of each different magnetic section 

61.&A. ), 
iron 

2) Coil inductance and resistance (Rand L), 

3) Coil circular-mils/A, A/in 2 , and power dissipation 

M, !:J., & P), 

4) The flux density in the air gap, and in the magnetic section 

with the smallest cross-sectional area (B 
air' 

5) The plunger attractive force in pounds (F). 

Bi ) , and ron 

This program uses the Ohm's law of magnetics as given by Eqs. 

(3-7.12) and (3-7.13), which combined yield: 

f . 
0.4nN.I = </J· ~ µ. ~. 

i i i 
(3-8.1) 

As magnetic path data is entered, the program keeps a running sum of the 
.ti 

reluctances, ~-A-, and also stores the smallest magnetic area. The 
µ. i 

iron part willisaturate first where the area is the smallest, and the 

flux density (B) the highest. The total flux can be found from Eq. 

(3-8.1): 

f/J .... 0.4µ NI k3 

L l i l air 
µi Ai 

+ A. air 

(3-8.2) 

iron 
parts 

where 

A. = 2:_ (OD 
2 - IDP 2) air 4 p (3-8. 3) 

k 3 = 2.54 

The plunger attractive force is found in terms of the flux: 

(3-8.4) 
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where the air gap area is in inches 2 and the constant k
1 

is : 

k 1 = 1. 73 x 10 6 

The inductance of the N turn coil wound on the 'ill.agnetic circuit is: 

L = ~3 0. 4n N2 k { } 

10 8 .L~ + ~~: 
iron 
parts 

(3-8 . 5) 

This expression is basically derived in Eqs. (3-1.1) through (3-1.10). 

The coil width (w) can be expressed in terms of the coil length 

(l .1 ), the number of turns (N), and the wire AWG. The wire is assumed coi 
to occupy a box as shown in Fig. 3-6.2. 

coil area = w• l . = N• (wire diameter) 2 
coil 

(3-8.6) 

Substituting the exponential relationship between AWG and wire diameter 

given by Eq. (3-5.10) yields: 

w ( 
b ·AWG) 2 

a·e 

The coil resistance can now be calculated using Eq. (3-7.20): 

The coil power dissipation is: 

(3-8. 7) 

(3-8. 8) 

If voltage excitation is used, the coil current is calculated using 

Ohm's law, then the power dissipation is calculated. 

The coil circular mils per A is given by: 

wire area i n 
circular mils 

(3-8. 9) 
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The coil current density in A/in.2 is given by Eq. (3-8.10), i.e.: 

(3-8.10) 

Two commonly encountered part shapes in the magnetic path are the 

cylindrical shell as shown in Fig. 3-8.1 and the disc or washer as 

shown in Fig. 3-8.2. Two subroutines are provided to calculate the 

reluctance and minimum cross-sectional area of these two shapes. 

Subroutine 1, thin cylindrical shell with permeability ].J. 

fluK 
flow 

ID 

t 
h 

Figure 3-8.1 Thin cylindrical shell. 

The cross-sectional area is given by Eq. (3-8.3) and the reluctance is: 

h 
~=µA 

This subroutine output becomes the input for the program coding under 

label B, and the reluctance is calculated under label B. The subrou­

tine output is stored in the stack in the same format as data entered 

from the keyboard for arbitrary magnetic section, i.e.: 
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stack 
register contents 

t ........ . ....... not used 

z . . . . . . .. . • . . . • . • . . . • h 

y ••••••••• cross-sectional area 

x ..••.•.••••... permeability 

Subroutine 2, disc or washer with radial flux flow. 

ID 

fl UK 

flow 

Figure 3-8.2 Disc or washer with radial flux flow. 

The disc is composed of an infinite number of annular shells each 

with infinitesimal thickness dr. The cross-sectional area of each annu­

lus is 2Tirt. In this instance, the sunnnation of Eq. (3-8.1) is expressed 

as an integral: 
OD r z = -

= _1_ J dr ~ ln(OD/ID) 
µt 2irr 2 ir tµ 

ID 
ri- 2 

(3-8.11) 

The disc has the smallest cross-sectional area at the inner dia-

mater, hence: 

A = A' = 1T · ID· t (3-8.12) 

This subroutine output becomes the input for the program coding under 

label B. The data format used with label B is the equivalent length of 

a constant cross-section magnetic path, the path area, and the path 

permeability. The equivalent length having the above reluctance and 
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cross-sectional area A' is: 

l = A, • ~ = ( TI· ID• t •µ \ • l n OD = ID fu OD 
µ 2 TI· t .µ j ID 2 ID (3-8 .13) 

Subroutirte 2 output is transferred to the program coding under label B 

using the stack in the same way that subroutine 1 operates. 

In addition to the program card, a data card is required to load 

the registers with the program constants. All registers contain zero 

except for the following: 

a' for AWG 3.241013109 x 10- 1~s 
0 

b' for AWG -1.158179256 x 10- 1-- S1 

a for AWG 3.130387015 x 10-1_ S2 

b for AWG -1.097333787 x 10- 1- S3 

n·k4 for resistance 2.985212367 x 10_ 5 _ S4 

k 5 for resistance 2.317635483 x lo- 1-s5 

k 3, cm -+inch 2.54 s6 

k2,4/n x 10 6 1. 2 73239545 x lo 6-s7 

k1 1.73 x 10 6 Ss 

If metric units are preferred, i.e., linear dimensions in cm, force in 

kg, current density in A/crn2 and inverse current density in hybrid 

units (circular mil-·rnilli-centimeter/ A), change the following con-

stants. 

a' for AWG 8. 2 3217329 7 x 10- 1--s 
0 

a for AWG 7.951183108 x 10- 1~ S"2. 

n·k4 for resistance 1.175280459 x 10-5
-- S4 

k cm -+cm 
3 

1.0 S6 

k, 4/(2.54n) x 106 
2 

5.012754114 x l0 5
-s7 

k1 2.4606 x 107 Ss 

HP-67 users may want the program to stop instead of executing a 

"print" statement. This can be accomplished by changing the "print" 

statements to 11R/S" statements at the following line numbers: 102, 

105, 124, and 130. To continue program execution after a stop, key a 

"R/S 11 command from the keyboard. 

3-8 

~ 
CYLINDRICAL SOLFliOID ANALYSIS 

J. . i J x calcutai.e 0 calcu L2te 0 

NI tf I9..tCfPt.,c IOpt ODp +E o,. -I inductance It M , A ,~ P 
r<"$ ! St~..ra 

.131~ 
• 

f1ron f ALron ~ µ 
x C.lllCu(3TQ 0 cal<:uLare o c.,lc;:ulHe 0 

Ba,,.. . lN"t..latil plunqer" Complet<> 
Cl .- ......... v .• ,,,_ e......:e 'Summa-.. 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 
KEYS 

_]:_ --~-~~--~?_!:!:_~-~~~.2!__p_~_g_!:_~_c:a~---~~ bot_~---·-··- --------
sides of data card - --- -------.. -· ·--·~-----------··----· ---------

,__?. __ •... ~'.:~ __ ai:__g_ap-~e~~~~-~::_-~_nc_h_e_s ________________________ ..fa;\.:r_ ~ 

_i_. ·--~oad coj.} __ jl_arameters: ______________________ .. ·-·-----··-
number of wire turns in coil N ---· ------·---------------·····- ... - --·------------- -- --·-·------- --------
wire AWG AWG 

.______ - -------... -----~ -----------------~-- i---.-------.. ·-~ 
coil ID in inches IDcoil 

~·-- _..___._.. .. .. ------------~----···---~----------- -- ---~--....;--

lmTIJ 
!ENT tJ 
~T]J 

c;~ 

coil length in inches fcoil 
1------ -----~-------.. -----------~-----------· -~ ,.. ....... ~----

u=J CD 

6 Optional step the main source of reluctance 
>------- -··-·-------- ----------------'------·-·-------··------------·-·--·-----·------------------- --- ----

1---1--!~--~~~--~~~~~~~_P.a th --~ s t._he ai_E_jj~-·-------+--­
Fo r added accuracy, the length, area, and ---'---------· . ---~------------~---~--------- I--"-------~-

._ ______ ,_ .. P..~~!".~~!!!~~~!_e.~~~gne~!?.....:i_ection may __ ~-----
be entereds 

---~ ·---------.,._----·-----------·-·------------- __ ,_ ________ .. 
effective magnetic path length in inches l'iron 

==---= ==-----~f~~!;_i_!~~:~~~~;:~;~=;~~;--~--1~?£.~~~= ~=~~-~~--
---- '----------~~g!!~~~~--E~~~~~~]:~~Y.:--~-~--P-~~~--------------------- __ _t: _ __ _ 

If the magnetic section is either a --· - ~- .. -··------~----·--··-·------------·-------- -------·-
cylindrical shell or a disc, then a - -- ------------------.. ----------~-------~-- ---·-------
subroutine can be used to calculate and enter -- ---··- - ·------------·--... ----------· ---~---·---------- --..------------
the above pare.meters from the section 

----- ~-------·--------····----·--------------- ------------
dimensions, __ ..___. --·-·------------·- ---...---- ..... ___ ____ ------

----- ___ !:~-~--~¥-~~!l-~.1:-~~~-~---~~~~~-~--'."'.~~~--~~~~~--~~-~~--~~-~-~~--+---·-
load shell height in inches h 

f-----~- __ _________________________________ _ ...__ _______ ·--- · - ~--------

load shell ID in inches (may be zero) ID ---- ~------------------------------~----------------- r-----------
lo ad shell OD in inches OD 

-------·------~- .. ~-~------

OUTPUT 
DATA/UNITS 

-~·--·---~--~ 

-·------~ 

A 

'-·--·----~ 

------------~ 

~-~--­
A 
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STEP 

CYLINDRICAL SOLF.NOID ANALYSIS 
I 

OONTINUED 
I 

INSTRUCTIONS 

I 
I 

INPUT 
DATA/UNITS 

6 continued 
·-~- ----··~ --------~---~-·----- ·---------------·- --------
______ !'_'?.~--~~.6-~_6- __ '.'1_~~--!adiaL:!:~~~ flo_~!__ ___________ ------

load disc thickness in inches t -·- --------------------------------------- ·------------------------------------------------ -------··--' 
load disc ID in inches ID ·---·- -~-------·-~ --------:--------------------------------- ·---·--·-
load disg OD in inches OD 

- ------- -------------------------------------------------------------------------------------------....- --·-·--·-

KEYS 

[ENT fl 
m:Il 
[ENT Jl 

z~ 

·--·-· ------- - ---- -~~~~--~=~=~~~~~~~--~~--~~~=~~~~--------------- ______ ;!!-__ _ 
[GSBJ L 2] 

1------- ----·~------------~·-~---------------------·- ------
~-- -~!E~~~--~~!~_!.£!.. each -~~~rate m8:_~~tic _ ____ ------·-
--- ___ sec~~~-!~--~~-~~t??~.!_~!_c~~!:~~~_: _________ _____ --------

7 ----~~--~~~~~~!:~~--~~~--~~~--~~~~~~~--~~--~~~--:i:~~--~~P-- -·-------- LLi 
and in the smallest iron cross-sectional area = ~:~::(~~~:::~~~:~~~-~~~E~~~:~~~--~~~--~~°i~~~~::~.~~~--d~~~): :=~=------

---·- - ---~!:.'---~~-~E __ § __ !_~--?.~~~~~~iJ8.!.>:1i_n."'.' __ 9_..i._~_i_r:ci_l'.)._=- -~~l~----- ··-------·· 
_____ -----~-~--~~-~~-~~-~--~~~~~-'---~}.,rQ!L:' ___ ~?J,r ____________________________ ______________ _ 

8 To calculate the initial plunger attractive ~ ------- -~----------------------------------------------------- ---------- -- --------------------~--~ i-.------------------
fo rc e in pounds -- ----- - -- -- ------ ---- --- ---------------------------------~------- ~------------------

9 To calculate the electrical inductance and r=.:I:J ~ ------ ----~-;;~i~-t.;~~-~--;·t.-•&1°0·-~f--th~--~~11·----------------------------- -----------------
- ----- - -------------------------------------------------------------------------------------------- ------------------

10 To calculate the coil M, 6., and power 
_._...___ -----------------------------------------------------------------------------------------~- ~·----·---' 

dissipation 
~---· Lo.------·-----------....... --- ------------------~------~-----

11 To calculate all the information contained DJ - ----------------------------------------------------------------------------------------- ---
in steps 8, 9, 10, and 11 ----

- ---- - -------------------------------------------------------------- -~---·-

,..._ . ..._ ..... -----·--------·----------------...- ----------- --~----

-·-·-~ -··--------·------·-------------- -----------

- · ---..-~------------__...--------~--------~- ··-·~--------

--------- ----------~~-··----------·-------~--· ·----- ,__.. ________________ _ 

~---- ----------------------~----·---------~----~ i.-------------------

---- ----------~-------~------.. --------··~·--- --------------------

--------------··----·----...----~---- -----·----·~ -·--------

12 To run a new case, goto step 1 and start over 

OUTPUT 
DATA/UNITS 

--------
------------
-·--·-----_ .?8: _____ _ 

A 

---- -·-
----~~-----

F --·-----

--~1--~---
Rt ohms --------

M Cir- mils 

::.:.1-•• .A~-----
A A/1ri2 
-~---·-
_ _!_~~!-_!.~ 

L, h 
i--~----~----

_jlJ_~.!-

i~=~I::~~::"~ 
t:., A/1n~-­

P, watts 
'"-"------·---
i--------1 

B • , G ---~ir ________ _ 
--~ircm! ___ ~-

F, lbs 
---~--·-

CYLINDRICAL SOLENOID ANALYSIS 

Example 3-8.1 

The cylindrical solenoid shown in cross-section by Fig . 3-8.3 has 

the following characteristics: 

1) The coil is 150 turns of 1124 AWG HF wire, 

2) 0.5 A excitation current f lows through the coil, and 

3) The magnetic materials are 1010 mild carbon steel. 

For the analysis, neglect the force required to compress the return 

spring. 

L! 
• 'TS' t 

-1~· . ..s· . -zs" 
I 

coil: 
0.5 inches long 
0.5 inches ID 

F 

plunger 
return 
spring 

Figure 3-8.3 Cyiindrical solenoid construction. 

413 

Analyze the solenoid and determine its electrical and magnetic charac­

teristics. Also analyze the solenoid for the same characteristics if 

the coil is excited by 0.6 Vdc. 

The analysis is begun by breaking down the solenoid into its compo-

nent geometric shapes as shown by Fig. 3-8.4. 
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fi2 

Figure 3-8.4 Component geometric shapes of solenoid. 

The component geometric shapes of the solenoid are as follows: 

1) Cylindrical shell, 1.0" long, O. 95" ID, 1.1" OD, and 11= 1000, 

2) 

3) 

4) 

5) 

6) 

7) 

8) 

9) 

Disc, 0.2" thick, 0.3" ID, 0.95" OD, and 11 = 1000, 

Solid cylinder, 0.2" long (active magnetic part), O.O" ID, 

0.284" OD, and 11 = 1000, 

Cylindrical shell, 0.2" long, 0.25" ID, 0.284" OD, andµ = 1000, 

Cylindrical shell, 0.2" long, 0.25" ID, 0.3" OD, and 11 = 1000, 

Solid cylinder, 0.4" long, O.O" ID, 0.3" OD, andµ = 1000, 

Disc, 0.2" thick, 0.3" ID, 0.95" OD, and µ = 1000, 

Disc (air gap), 0.2" thick, 0.284" ID, 0.3" OD, andµ = 1, 

Operating air gap, 0. 005" thick, O. 25" ID, 0. 284" OD, & µ = 1. 

The air gap data is loaded, and the complete stmunary calculated, then 

the magnetic path component parts are loaded and the summary run again 

to show the difference that the magnetic circuit reluctance makes on 

the electrical and magnetic characteristics. This sequence is repeated 

with the coil excitation at 0.6 Vdc. 

CYLINDRICAL SOLENOID ANALYSIS 415 

HP-97 PRINTOUT FOR EXAMPLE 3-8.1 

.005 GSBH load ..t'air 

150. £NTt load N 
24. ENH load AWG 

. 5 ENH load ID 
• 5 GSBo. load .f..coil 

.25 ENTt load IDp 
.284 GSBh load ODp 

-. 5 GSBc load -I 

calc all • 
GSBE parameters 

~~.2 ENTt length 
0. ENH ID 

.284 rnn· OD 
1000. GSB1 u 

3.157-03 *** R 
63.35-03 *** area 

cylindrical shell 
• 2 ENH length 

.25 ENH ID 
• 284 ENTT OD 

1000. i;·sf:1 µ 

2.048-03 
759.9-03 

,..,..,.. L h 14 1:n-o-;; 
•T• •T· •T• f • - ~ ,_ *:+::+: R 

**~ area * * * R, ohms 14. 26-BJ 

809 . 2+0[1 
1. 574+03 
190.0-03 

7.421+03 
7.421+03 

**·"+· M, CIY-r•11ls/A 

*HA, A/in2 
.tu P, watts 

*** max Biron 
***Bair' G 

cylindrical shell 
• 2 ENH length 

. 25 rnr-r ID 
• 3 fNTl OD 

1000. GSB1 µ 

9.266-63 *** R 
453. 9-03 *-+::+: F, pounds 21. 66-0.J **-+: area 

• Magnetic reluctance 
is assumed zero 
since flag 0 is set. 
Flag 0 is cleared 
under label B. 

so lid cylinder 
• 4 rn T't 1 ength 
0. rnn ID 
• . :. ENT-t- OD 

1600. GSB i µ 

5. 65:~-0J 
load magnetic path data 70. 69-03 

*·** R it::+::+: area 

cylindrical shell 
1. EN i"t 1 ength 

• 35 ENT'i' ID 
1.1 rnrr oD 

11?.0fi. GSB1 Jl 

4.141-03 it: .t:.;R 
241. 5-03 *** a.rea 

disc 
• 2 rnr-r thickness 
•. ;. ENH ID 

.95 ENH OD 
100t1. GSB2 µ 

917. 3-06 :+::+::+: R 
188. 5-03 :+:;::;:area 

disc 
• 2 rnrr thickness 
• ~· ENH ID 

.95 fNHOD 
1000. GSB2 µ 

917. 3-66 :+::t::+: R 
188. 5-03 :+:Umin area 

disc 
• 2 ENT1' thickness 

.284 EHHID 
. 3 rnr-t-oo 
1. GSB2µ 

43.62-03 
178.4-03 

.t:i+::+:R 
;::+;it;min area 

1.661-63 
759.9-03 

809.2+60 
i. 574+03 
190.0-03 

6.ft19+B3 
6.€119+03 

298.6-03 

GSBE calc all pararns 
:+:H· L, h 
*** R, ohms 

*.;:.;: M,c1Y-m1ls/A 

*** 6., A/in2 
*** p, watts 

:+: .;: .-+: max Biron 

*** Bair' G 

:+::+::+: F, po.unds 

Look at voltage excita­
tion. Set flag 0 so 
magnetic reluctance is 
ignored and calculate 
electrical & magnetic 
parameters. 

SFe 
• 6 1;sBc: load E 

2. 648-03 
759. ~~-03 

51 2 . 4+EH} 
2.485+03 
413.?-03 

1 i. 72+63 
11 . 72+6 .3 

GSBE ca.le p a rami: 
.+::+:.;: L, h 
:+:.-+::+: R, ohms 

.;::+;:+: M c1..--rnds/A 

i;:.;:.t ~: A/in2 

.;:i+::+: P, watts 

:f:i+:;: max Biron 
:+.· .;::+. Bair' G 

1. 132+f10 :n::+: F, pounds 

Clear flag 0 to use 
magnetic reluctance. 

CFO 
GSBE calc pa rami 

1. 661-03 :+::+::+: L, h 
759. 9-63 :H:+ R, ohms 

512. 4+6(i 
2.485+03 
4-- - D· -{ -!.1. (-(,1~, 

9.505+03 
9.'505+03 

744.6-63 

:+:;t::f: M, c11--mtls/A. 
. ...-.;:.-+: t:i., A/in2 
H::+: P, watts 

.;::+: .-+.· max Biron 

.-+::;:::;: Bair' G 

:+::+:.-+. F, pounds 
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881 tLBLA Wil AIJU!AP_lR INOHIS 858 - -
8132 ST02 .!i2re_§ptu.._ 851 - - ..,_ -

852 003 GT00 irot.o naoe anti return 
1!11!1'1 tLBLo. WADLf AWG_f I~1il.Jooi.l - 853 
085 ST01 UR.• o.D.1.L le~ 854 - -
006 RJ· recoYer and store Il>00u 855 
8137 STOD 056 - - -- - - - 857 888 ru reooTer and store AWG 
889 STOB 858 
818 - - - - - -- 859 RJ· recover and store N 
fH J STOE 060 - - - - - --812 GTDB 11'0~ 8'D81'1• A'l'lli • _ .. 861 
813 t LBL2 SUBllOUTINE 10R DISQ_ 862 - -814 RJ- 863 
815 XtY 864 
816 STOI 865 
017 . 

.i. .!£~~ 
866 

018 LN eN'ed.1111 Z ID 867 
819 RCLI 868 
828 x 869 
821 2 878 
822 - - - - 871 - - - -
823 Xt~' 872 
024 RCLI 873 
825 x Am. ... • Tl'·ID · t. 074 
826 Pi 075 
827 x 076 - - - - - - -- 077 828 Rt reooTer u 
829 •LBLB JJJAJJ ~ tro.J. A lGn., f f.L 878 - - 879 030 XtY store µ. 
831 STOI 888 - - - - - - - 881 832 F8? store .A.iron on first 
833 ST04 exec_yUou.._gf .tb1 e......rou ti.De _ 882 
834 x 083 
835 ~ . " """": 884 
036 SPC . L J..{; · A1ron; 885 
037 PRIX 086 

-add~toY - - - - 087 838 ST+5 
039 RCL4 T.stto see ifPreunt area 888 
040 RCLI is lllllS.ller than minimum 089 
041 g~y'> stored area, if ao, store 890 
842 ST04 presein_ar~ --- 891 
043 CFB iridios.te ~•lli plll,Dls_ 892 
044 GSB8 J!.. ri n!._s. res. and_!P a-a._ 093 -- 094 845 GT08 1!'.0to snace s.nd return 
846 tLBLA> W4W Li~~ t U.Up - -

895 - 096 047 GSB4 oaloula e and store 
048 ST03 annular ares. 897 

goto space and return - 098 049 GT08 
NOTE a 099 

1print 1 atateaents at line numbers 
100 

The 181 
0'7& 102, 105, 124, and l'° may be changed 102 
to 1l/S1 statements if desired. 183 

REGISTERS 
0 1 

.icoit 
2 3 4 

5 z:_£ 
6 

w .(;,1r A111r "'mAiro,, 
so a' 51 b ' 52 a 53 

h 
$4 

7r k4 
S5 

kt; 
S6 

A 
NI IB AW<; IC R 

D 
coil OD 

•LBLC OALOULATI B..air anfl lizon _ 
GSB6 caloulate R....__L ~NI- _ 

calc (o.4-n~(~~< +.l~.,/AairL GSB9 
RCL4 uee Aair if magnetic parama 

FfJ? not entered, otherwise uae 
RCL3 ..min '1roZL- - - -

J/X take reoiprooal area -
RCLI calculate and print ~ 
RCLA using Eq. (,-7.2) 

x 
ST06 - - - - - --

x 
calculate and prints PtS 

RCL6 
P:S ¢ x2 Bt:ron , ma~ ~ 

"11nAiron · k: STOI 
. 

PRT.I< -- - -- - - -RCL6 calculate and prints 
RCL3 

~ 
Bm<IK= RCLI 

Aa1r · k:! 
2 

GTOB 
tLBLE ~RINT 00.JlrLETE S.lJMMAll. -GSBcJ 

GS Be 
GSRr 

tLBLD _CALOUU.TE AND PRilit_F __ 
GSB6 

SF2 
GSB9 
RCLA 

x 
x2 

RCLJ F ... 
rp_z. 

k1 . k3+ . Aa1-r 
PtS 

RCLB 
PtS 

GT08 
•LBLd _OALOULATE AND PRINT L~ R_ 

GSB6 
GSB9 
RCLE 

g2 
x N2 k, o.4-n-

EEX L= 
108 L ~ +-fa, ... 8 

'"'n A-air . 
PRTX - - - - --RCLC recall and print resists.no~ 

¢ 
7 

scratch. 
8 I 9 £' 

k., 
57 

ka 
58 

k, 
59 

IE N I 
1 

scnitchp.ul 

3·8 

104 *LBL8 print and space subroutine _ 
185 PRTX 
186 GT00 
187 •LBLc . JB.AD_QO~ EXCITATIO!_ _ _ 

-"-10 ...... 8-- s=r=o-=-9 
-=-1=89'--.-.*=LB.._L __ e _!l!ac.!..._!nd_Letum 11Ubroutin!__ 
110 SPC 
111 RTN 
112 iLBLe _QALOULATE ANDilUNT K.__,P _ 
113 GSB6 
114 P:S 
115 RCL8 
116 RCL1 
117 GSB3 
118 x2 
119 RCL8 
120 
121 
122 
123 
124 
125 
126 
12? 
128 
129 
130 
131 
132 
133 
134 
135 
136 
137 
138 
139 
148 
141 
142 
143 
144 
145 
146 
147 
148 
149 
158 
151 
152 
153 
154 
155 
156 
157 
158 

£EX 
6 

x 
PRTX 

PtS 
RCL7 
PtS 
x 

PRTX 
RCL8 

xz 
RCLC 

x 
GT08 

STOI 
RJ. 

GSB4 
RCLI 
GTOB 

iLBL3 
PtS 

RCLB 
x 
e" 
x 

RTN 
fLBL4 

x2 
XtY 
x2 

Pi 
x 

4 

RTN 

- -

--·--

CYLINDRICAL SHELL. SUBR - - - - -

subroutine to calculate• 

Rx. AWGi 
Ry · e 

aubroutine to oalcu.lates 

Area= ~ ( 00
2 

- ID
2

) 

LABELS 

' 

NOTE FLAG SET STATUS 

159 
168 
161 
162 
163 
164 
165 
166 
16? 
168 
169 

•LBL6 __subr to calo B....._I ,_!D~I-

170 
171 
172 
173 

p:s 
RCL2 
RCL3 
GSB3 

x2 
RCLE 

x 
RCL1 

ST08 
RCLD 

+ 
RCLE 

x 

N ( b · AWGi )2. 
W= - a-e 

lc.o1L 

- - - -----

174 PtS ks- ·AW~ 
175 RCL4 R= Nn(Ioco,l +W)k4 e 
176 RCL5 
177 GSB3 
178 x 

.... t_,_.79..___s .... r~o .... c _ __ __ __ __ -- -
188 RCL9 
181 X<0? test for current excitation 

-=1-=-8=-2_-...GT_0_8 _ _ _ _ __ -
183 I= E/R 
184 1/X

1 

185 •LBLB :L'UlllP destinatio!!_ _ _ 
186 ABS store It! 

-'1'""8_,_7_-=S~T--.0 ..... 8 _ __ __ __ __ -- -
188 RCLE calculate and store NI 
189 x 
198 STOA 
191 RTN 

-192 •LBL9 ~etics subrouti~ 
....;;1.;:...;93~-'-~7 

194 
195 
196 
197 
198 
199 
208 
281 
282 
283 
204 
285 
206 
207 
288 
209 
210 
211 

2 
D~R 

RCL2 
RCL3 

RCL5 
F0'> 
CL.I< 

+ 

P:S 
RCL6 

P:s 
F2? 
J/X 
x 

STOI 
RTN 

FLAGS 

0.4 n: 

04-TC 

2:. U?i + -Ra1v-
1ron A.air 

- - -

--
return to ms.in progrllDl 

NOTE FLAG SET STATUS 

SET STATUS 

TRIG 
IJ:J•l'JI C/IOIC • 

DEG 
GRAD 
RAD 

DISP 

FIX 
SCI 
ENG• 
n__.a__ 



PROGRAM 3-9 MAGNETIC RELUCTANCE OF TAPERED CYLINDRICAL SECTIONS. 

P'rogram Description and Equations Used 

This program calculates the magnetic reluctance of tapered cylindri­

cal sections with axial flux flow as shown by Fig. 3-9.1. The magnetic 

reluctance is analogous to electrical resistance, a-p.d is used, in the 

Ohm's law of magnetics as given by Eq. (3-8.1). 

r- x 

f 
oo, 

f 
' f 002 

10, ---

~ t . 

Figure 3-9.1 Tapered cylindrical section and dimensions. 

Consider the section to be composed of an infinite number of 

washers each of infinitesimal thickness dx, then the reluctance of a 

washer is: 

d!R = dx/ (iJ ·A ) 
x 

(3-9.1) 

where 

A = ( TI /4)(0D 2 - ID 2) 
x x x 

(3-9.2) 

419 
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The inner and outer diameters at location x can be found by linearly 

interpolating between the known end diameters: 

(3-9.3) 

(3-9.4) 

Substituting Eqs. (3-9.3) and (3-9.4) into Eq. (3-9.2) and collecting 

like powers of x results in a quadratic: 

where 

hence, 

A = (n/4)(a +bx+ cx2) 
x 

a = OD 2 - ID 2 1 1 

b (2/t){OD1 (0D2 - OD1 ) - ID 1 (ID 2 - ID 1)} 

c = (l/t2){(0D2 - OD1 )2 - (ID 2 - ID 1) 2} 

t 

lR = -41 )J 1T 

0 

dx 
2 a+ bx+ ex 

(3-9 .5) 

(3-9.6) 

The result of this integration can have any one of three forms; let 

q = b 2 
- 4ac 

and 

r = (2cx + b)/ {1-:J 

then if q>O and jr I< 1, the solution is : 

lR = 
8 -1 

----tanh r 
)JTI ~ 

if q>O and jrj ~ 1, the solution is: 

4 lR=----
{c!T )J 1T 

ln (~1) 
r + 1 

if q < 0, the solution for all r is: 

8 -1 
6t c: . f'l::I" tan r 

J.11T v I q I 

(3-9. 7) 

(3-9. 8) 

(3-9. 9) 

(3-9.10) 

(3-9.11) 

3-9 

~ 
MAGNETIC RELUCTANCE OP TAPERED CYLINDRICAL SIXJTIONS 

load load llrint ? load load section Eermea- calculate 
CD1 f OD

2 ID1 t ID2 

STEP INSTRUCTIONS 

l 

length, 
t 

ility 1 
µ 

INPUT 
DATA/UNITS 

2 select print/ no-print option ------------- ·---~---------~------~~~-----------~ -~ -- ------

----- --------------------------·--·-------------- - -------

--------~------·---..-------------... --- ---~----

----- ---~----------~-------... ------~----~---- ---- --

ID* 
- ·- - ------·------ ------------------ -----~---

r--.!±_ _ load outer -~is.mete~----·--- ·-·----------·-------- ____ <?_~l~--
OD * r---- ----------------·---------------------------2-

lR 

KEYS 

7 Calculate reluctance ~ 
~-- -----------~-------------------~~----·~- ~-------~~ 

- 1--------~----------~~- ... ---~------~---- -------------·-
Notes --- r--------- ----~--~-------------~--------

___ ~-*--~~~ts ~f_-~e -~~_!S choos:S:_~_mal__!>~-- ,..... _____ _ 
used as long as the same unit is used 

.---.---~---------- ... -----·-~----~---------- -----~-----

------ ____ thr~~ghout·---~- th~_!eluctanc_~_ is goi~..-------
---- ------~be __ loa~~- -~to Prog~--~J...t __ th_e_n _ __ _ ___ 

4 

- --- -------- ---~~E...~J: t~-~1!~~!--~~~~~~-------- ----- ~·-----
------ ------~~------------------·-"'* The uni ts of reluctance are in inverse 
-- -----------------------------------------------------------1----------------- -

dimension units, i.e., inches- , cm-1, 

__ --...... _-=----=--=----r~t-~-_r;:=~~----======---=~=~=~ ~==~-=== 
- -""T"--------------· -----~·------- ------

--·---------------·------ ~-----
--- --~-------~---· -------------------- ------

---- -----------·---·-----·--------·--------- --------
...-~ ----------·-----------~-------- --------
~~~ -----~-~------~-------- ·- ----- -----------
---~ ~--------------------- --------·------ --~---------

c;~ 

OUTPUT 
DATA/UNITS 

Q_(!.19_.-e_~J 
l (print) 

0- c;,- ;;t) 
1-----.---. 
r------~!...- - ..--~ 

,_......_ ___ _ 

------

<H •• 

,___ ____ _ 

,__. __ _ 

i-------~------



422 ELECTROMAGNETI C COMPONENT DESIGN 

Example 3-9.1 

Given the conical section shown in Fig. 3-9.2, calculate the re­

luctance in inch units. 

t -r---~ //-/~Steel, µ= 1000 
12· ~== 

0'.4· _Li_ • f e- - - - - - - 0.2 0.4" 

~I~ 
Figure 3-9.2 Tapered conical section. 

• ._ Er1'7 ; ID], 
:. ~ ~E.-; ID2 

..; ~ " I ODl 
i.. .; .; c.E- OD 2 

t 

µ 

calculate reluctance 
IR, in -l 

0 

so 

A 

3-9 

081 :+:LK.il _LO~ID_j_ t ID2 
~0=0~2-=sr~c_,...· 1 - - - -
003 RJ atore entries 
Btl4 STOB 
005 GTOB D't'IM snaoe ancfreturn subr -
006 •:LBLE1 _LOAD OD.i..J.i O~ _ __ _ 

~0'"""0=7-""'"s=rn""J 

0fi8 RJ· store entrie• 
009 ST02 
310 bTOfi iroto ----ai>aoe and return subr-
011 *L&LC LOAD ~.11.,n . .Lv1.1 !..::::':=·.:.·= 
--~=-;-,. - - - - - - -012 ST04 
013 GTOO 
014 *LBL[! 
815 ST05 
016 *LBLB 
01? SPG 
018 RTN 

WALi r 

REGISTERS 
2 3 4 5 1 

t lDi. I~ OD1 002 f' 
51 S2 S3 S4 S5 

m 18 IC D 
~ 2cx + b 

1319 *LBLE 
020 RCL3 
021 RCL2 
622 -
023 x2 
024 STOB 
fi25 LSTX 
026 RCL2 
027 >:: 

028 RCL1 
829 RCL0 
030 -
831 ENH 
032 t ....... 

<"1' 

033 ".,. '" ... ; -c· 
034 RJ. 
035 RCU3 
036 x 
037 -
038 ENH 
039 + 
B4fi RCL4 
041 
042 ST07 
843 RCL4 
344 x2 
045 SHB 
046 RCL7 
04? '··''= (, ... 
048 RCL2 
049 xz 
050 RCLB 
051 ,:-~ .:. 

052 -
053 RCLS 
054 .::{ 

055 4 
056 }._" 

057 -
058 BTO& 
059 {;BS 
068 r ... ,·; 

061 STO{; 
B62 RCL4 
063 GSBB 
064 ST09 
065 CL X 
066 GSB0 
B6? ST-9 

6 
sci-atch 

S6 

IE 

CALOULATE RELUCTANCE 
,_calculate and atores- -

- - -
ce.lou<late and retain in stks 

ooi (OD2 - OOt) 

08.1ou1ate WT register aritha 

- - -
oaloulate and store bs 

finish o Oiilou!ation- - -

----~- --
caloulate and store qs 

- - --
oaloulate and stores 

- ~L - - -
ca1ou1at• and stores 

t 

S dx 
a + bic. + ex"' 

0 

9 st 7 8 
b c .. 

S7 SB S9 

'IR 11 



3-9 J•n>aram IJslln~ 11 
868 
@69 
878 
0?1 
0?2 
6?3 
B74 
075 

RCL9 
4 caloulate and store 

x reluctance 
RCL5 

p; 

STffE 
076 
E?7 
078 
079 
@8& 

F1? -
PHX print reluotanoe and apace 
Fl? if flag 1 is set 

081 
f1S2 
083 
@84 
885 
(:J86 
687 
088 
089 
89@ 

SPC 
Rm 

*LBLfJ 
ENH 

+ 
RCL8 

x 
RCL? 

+ 
srnc 
l?CLH 

1391 ST06 

integral eTaluation 
subroutine 

calculate and store rs 

y .. 

092 ABS ...__ - -- -- -- -- -
~Q set flag 0 it the magnitude 
~~3 Ef.11 f i 
@94 SFl3 o r s greater than l 
B95 ,\\?Y? 
096 CF0 
09? RCLB - - - - - - - -
898 X <M j11111.p if q is lees than O 

.....--099 GTOl3 
-0-1=00'=--......;;;..,F;,..;fl..;.9 - - - - - - - -

.....-..101 GT02 jump it flag 0 is set 

~g~ R~~~ o~loulate 7w_.l r- - -

104 + 
105 EfX 
106 RCL6 
HJ7 
108 
109 
110 LN 

LABELS 

L~113 

114 
115 
J 16 
!J? 
!18 
119 
120 
J21 
122 
123 
124 

~-125 

126 
127 

'-128 
129 
1J0 
131 
132 
1J3 
134 
135 

[~i! 
139 
148 
141 
142 
143 

*LBL2 logaritbmi.o solution 
RCLC 
RCLA 

RCLC 
RCLA 

+ 

LN 
RCLA 

--
*LBLO trigoll9JD,etric solution 

RCL6 1 1 ·t -1 TAN-' ca cu a e tan r 
Jt.LBLl 
ENTt 

+ 
RtLA 

RTN 
:+Hile 

F1? 
GT03 

SF1 
E'EX 
RTN 

*L BLJ 
CFl 
CLX 
RTN 

common port:ioa of 
hyperbolic and trigonometric 
solutions 

PRINT OR B/S TOGGLE --- - ----
jump 11' flag 1 i• set 

set flag 1- ~ = =- = 
..l?lac~b display _ _ 
ret.urn control ta •v -, ;d 

clear flag 1 and place a 
zero in the display 

retuni contro Tto keyboard 

P'lag 1 should be set (cleared) before 
magnetic card recording depending upon 
the user's desire ~or the program to 
normally be in the print (R/S) mode 
after the card read. 

FLAGS SET STATUS 
A toad B load c loaCI 0 lo&d E calCU~ 0 r :>1 I bl t '.[I'- OD.Lt OOa t I Detmeabc Litv reluctance FLAGS TRIG DISP 
a b c d e pru-.~1 R/:<; 1 p.- i rrl: ON OFF 

tocta e 0 • DEG FIX 

~.!~ 0 i subrcoti 11e. 2 .1!.'r.~ ~_:_ 3 f>l"1>1i:. / i!/!> 4 2 
,i,.;;.,,,-_ , .. - - ..1:..- ~ - --·- ·-·· 1 GRAD SCI 

5 6 7 8 9 2 RAO • ENG• 3 
3 n_a__ 

Part 4 

HIGH FREQU·ENCY 

CIRCUIT DESIG·N 



PROGRAM 4-1 BILATERAL TRANSISTOR AMPLIFIER DESIGN USING S PARAMETERS. 

Program Description and Equations Used 

When s12, the reverse transmission coefficient, cannot be reduced 

to near zero using unilateral design methods,* or the unilateral figure 

of merit is not sufficiently near zero, the bilateral design method must 

be used. Since s12 is related to the capacitive reactance of the trans­

istor base-collector capacity, and this rea.ctance becomes smaller as 

frequency increases, the bilateral design requirement generally occurs 

when the amplifier is to be used at UHF frequencies and above. 

The bilateral stability factor, K, is computed using Eq. (4-1.1). 
For the amplif,ier to be unconditionally stable, K must be greater than 

one, and the magnitudes of s 11 and s 22 must be smaller than one. Since 

s11 and s22 are reflection coefficients, this last requirement implies 

that the input and output impedances are positive. Unconditional sta­

bility means the amplifier will not oscillate for any choice of input 

and output terminations. 

K= 

l:. = 

1 + lt.1 2 
- ls11 I - ls22I 

2 Is 21" sl 2 I (4-1.1) 

(4-1. 2) 

When K is less than one, the amplifier will oscillate with certain 

source and load impedances, hence, these impedances must be carefully 

selected. The HP EE pac Program 18 will calculate the stability circles 

to aid in the termination impedance selection. 

The scattering parameters are: 

s 11 is the input reflection coefficient, 

s is the reverse transmission coefficient, 
12 

s is the 
21 forward transmission coefficient, and 

s 22 is the output reflection coefficient. 

* See the HP EE pac Program 16 for unilateral design methods. 

427 



428 HIGH FREQUENCY CIRCUIT DESIGN 

Scattering parameters are obtained from reflection coefficient measure­

ments applied to a two port network with both ports loaded with a ref­

erence impedance, Z , which is typically SO ohms resistive. The re-
o 

flection coefficient is defined by Eq. (1-1,2). For a more comprehen-

sive discussion of s parameters, see Froehner [24], HP application 

note 95 [32], or Carson [15]. 

If the proposed amplifier is unconditionally stable, then the maxi­

mum gain can be calculated using Eq. (4-1.3) 

(4-1. 3) 

The negative sign is used when B 1 is positive and vice-versa: 

(4-1. 4) 

The source and load reflection coefficients necessary to provide 

G 
max 

are given by Eqs. (4-1.5) and (4-1.6). These loads present a con-

jugate match to the transistor. 

p * Bl ± JB 1 2 4 lcil 2 

C1 . 
2 \c

1 
12 MS 

p * B2 ± J B2 2 - 4l c2 l2 

ML 
C2 • 

2 1 c1 I 

B2 = 1 + ls221
2 

- ls11!2 
- \6\

2 

C1 s11 - 6· s -J~ 

22 

c s - 6·s * 
2 22. 11 

(4-1. 5) 

(4-1. 6) 

(4-1. 7) 

(4-1. 8) 

(4-1. 9) 

The minus sign in Eqs. (4-1.5) and (4-1.6) is used when B1 is positive 

and vice-versa. The asterisk(*) means the complex conjugate, i.e., 

the sign of the imaginary part is reversed, or the sign of the angle is 

reversed for rectangular or polar formats respectively. 

Equations (4-1.5) and (4-1.6) are used to calculate reflection co­

efficients. The corresponding impedances can be obtained if Eq. (1-1.2) 

is rearranged to provide z1 in terms of Zs: 

Z..=Z l+P 
L o 1 - p 

This routine is contained under label E of the program . 

(4-1.10) 

4 

4-1 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

---·-·- ----·-

- --· -----~-------------------------------- ------
L------· ~-------------------~~~-----------------------·- ~---------~· 

------------------ ----~-------------------- i---- · ------

-- --~-~-------~~~~--~gle ot s1 j in degi_:~~----------- _ _3f __ 
__ ~l_-~oa_d ma~ni ~~de of si .• L ------·--------- _ l!j,j_I -· 
._ _ _El_ load suE_~.c=.1.:..~P~-------- --------··-·---- ---~J. __ _ 

4 Calculate stability factor and maximum gain ---- ----------~--- ------------------~~-----~-------~------ ·--------
l------ ----·---------~--------------------- -~----.... 

u _ Oalou~.!:_~~......!!l&.~~ anl!_ .~~m!~~~t. load ____ ;_ _____ _ 

.._ ___ ___!_!~.!-.!~~~n co !~~~ient __ ~-~~~~~--~MX .. ------·-· ,_ __________ _ 

..... --- 1-- ···-·------------------~-------------+--------

L.--·---1-----~-~-----------.. .. ----------·--·---+-·---
,_ __ 
,__ __ ,_ load !!1.P-.~~~!lce ------------------------·- ---~O----
~----- ~--.---------------·..------~---------------------·----·------- ~------------------

6 Calculate angle and aagnitude of source 
~·-- i----- - -~----------------·~ ~------------------

reflection coefficient to obtain G x 
~-- ..____ --------·--------··--- -~---·-·---- ---·-----
""--- 1---- ---~-----------------·-... ------------------- -------
---- loo---------.. --~----------------------~-----------~ ~-------

Calculate real and. iaaginary parts of ---- 1----------------------------------"'~------··------------------------ --- --------~ 

aource im.ped.ance Z 
----·- ~--······------·-------------------·---·---·- _______ g ______ _ 

_ _7_ ~ Ca l~ula t~~9:~- and imag~~ary_J>.~~~---~~---·---- ·-· ·-------­

-- -~pe~anc!.~--~-!'!'_!spo~ding ~-~~~~-~-~~ti_'!_~ ---·---- ..... A .. ~---
ooef'ficient and Z0 /~I ,___,.___ _____ __ •. -.-----------------~-----~-------------~ ------~----·--

i.--- - ·--·--·----·------------- ---· - - -
Zn 

L.--- ---···--.·----------------------------------- ~~---~~-

KEYS 
OUTPUT 

DATA/UNITS 

~J!/~l __ _ 
l (print) __ 
0 (R/S) 

• • ----'------

K 
G;e.x. --Cfa··-

----~-~!".l.~-­
_ I t'~bL_ 
..______.... _____ .. __ 

__ _LfmsJ_ 

Re Z 9 1-----------
~.!!a...!L_ 

Re Z L...-------
Ia Z 



430 HIGH FREQUENCY CIRCUIT DESIGN 

Example 4-1.1 

Gi~en a 2N3570 transistor operating at I = 4 mA and V = 10 V and 
c ce 

having the following s parameters at 750 MHz, 

s 
21 

s 
22 

= 
0.277 4 - 59° 0.078 4 93° 

1. 920 ~ 60° o. 848 4 - 31° 

calculate the stability factor, the maximum power gain in dB, the source 

reflection coefficient and impedance to obtain G , and the load re­
max 

flection coefficient and impedance to obtain G . 
max 

PROGRAM INPUT 

- C"~.!.,....f, 
I~ ~;TI i 

s
11

, angle in degrees 
s 11 , magnitude 
ij 

PROGRAM OUTPUT 

GSBB 
."!::+ .. -.+: 

.~::+:.-+ · 

GSBc: 
J ],5 .. 4TJ6 .~:.f.'+: 

729.E;-[i? f."f:f 

::e I i_::.::t"t 

s .. 0.S.?-t60 .+.:;:.f.' 

l 9ir 36-rt~;;;1 :~ .. -+::+.· 

calculate K & Gmax 
K > 1, uncond stable 
G , dB max 

calculate PMS 
~ PMs, degrees 
I PMS I 
calculate Zs 
Re Zs, ohms 
Im Zs, ohms 

calculate PMI.. 
~PML' degrees 

IPML I 
GSEE calculate z1 
:n":+.. Re Z1, ohms 
.'+ .+ :~.· Im Z1, ohms 

0 
!Cl 

so 
Re. 

A 
4-

4-1 

061 ll:LBU; I.DAI> ~1jJ_•1U-1j_ B5o 
- - -002 ENH ~157 

003 + oaloulate et.orage register C58 
004 2 059 
605 1 

index 060 
006 - 061 
007 STOI 062 
BBB R-i· - - - - - - - 063 
009 STOi 

recover and et.ore •ij 064 
inorement regi st.er index - - @65 010 ISZI - -- - - 066 011 RJ. s.nd store 01j B12 STOi 

recover 067 
sroto enaoe and ratu!'l'I 

--- H68 013 GT03 
014 i1:LBLB _C:ALOULATB l,_Gmu_ 069 - - -
015 RCL2 070 
016 RCL1 calculate and store •n · 822 071 
017 RCLD [l"'M (C,. 

018 RCLE 0..- .5 

819 GSB9 074 
020 ST06 Is,,. snl B?'i 
021 RJ. 0?6 
022 STO? ~ S1L_S:12_ 0?7 - - - -
023 RCL4 B78 
024 RCL3 calculate and stores 079 
025 RCLB BBO 
026 RCLC 881 
827 GSB9 f);= 511 · S2'2 S12 · 521 

082 -
028 CHS 68.3' 

029 RCL? 1184 
030 RCL6 085 
031 GSBB 086 
032 ST06 \AJ 087 
033 R-J· 088 
834 STO? 46._ 089 - - - - -
035 RCLD finish K calculation -098 
036 RCL! 091 
037 GSB? "B1 = lS11\ 2 -152212. - I c.1 2

-t1 092 
038 RCL6 093 
039 xz 094 
040 EEX 095 
£141 + 1396 
042 RCL1 09? 
043 ,:-;.:. 098 
044 - 099 
045 RCLD i08 
1346 :X,''2 161 

04? + \Al-z I s11 I 
2 
-

2. 1 e::. - i - I Sz'l.I 
048 RCL3 - fi.~. 

049 RCLB 164 
050 .':{ L+ 105 
051 RBS 106 
052 rnn 107 
053 + 108 
054 ?. 2. lsttl?. 109 
055 ST09 K.:::r !+ I ti. I - l '>'n I - 110 

2 l S2.- S.2 l . 
-

REGISTERS 
1 

ls11I 
2 

4. S11 
3 

ls11 I 
4 

4 512 
5 

sign( B:i) 
6 

S1 S2 S3 S4 55 I 56 

~ Im ~ ~ ' 
l's 4- Zs 

C "*, -2!.- B 18 ls:z1 I IC ¥. S21 
D 

ls22ll 

l,SB5 ~to__l_rint routine - - -
~·z caloulate Gmax 1 

LSTX 
x:\·' 
ED:: 
-
[I:' 

RCL5 G = IS21I · ( K± ~K.-z_ () x mat S1~ J 
-

~·CLB - used INhQn 131 IS + 
x 

RCL3 

- - - - - - - -ABS 
convert Gm ax to dB LOG power 

EEX gain 

1 
x - - - -

GT00 goto print and &"Dace aubr 
Jl:LBLc: ~ALCULATE ~sovrc4U!!'ax - -

RCL? calculate - A• S22 
RCL6 
RCLD 
~·CLE 

CHS 
GSB9 

CHS - - - - - -
RCL2 recall S11 
RCL1 -
GSB2 calo and print 4-~rce. ma~ 
RCLD __ I Szz_I _ _ _ _ ___ 
~·CLi _fsu_I ____ -
GSB? ca Le ~"- \s2212 -~2 :! ';St ·-GT01 iumn 

*LBLC __QAL@IJ.TL ~ ~· H'l~ - -RCL? 
RCL6 

calculate - .A· S11 

RCU 
RCL2 

CHS 
GSB9 

CHS - - - - - - - -RCLE recall •22 RCLD 
GSB2 Calo and irtnt ~ f..J.Qad.,_max ·-
RCLl ls.:;T - - - - - - -
RCLD -Is~ -
GSB? ca.le ts:zoz(z-=19~1£:1al2-:-1-B2 

:+:LBL1 calculate refl coef mag 
RCLA -~B 
l':CLB IBI 
RCL0 ICI 
ENH 

+ 

scratch, 7 scratch, e scr-atch, 9 
K IAI 46. Ba. orB1 

57 SB 59 

IE 4- Sz2. 
I[ index 



4·1 1•ro~ram IJslln~ 11 
111 .,. 166 -
112 ENT-t l~I =~ -(signB)~ffiJ- i' 

167 STOB 
11.-:: x~ 168 .l\=00 
114 EEX 169 EE.X 
115 - 170 ABS 
116 f" .:) 1 i' 1 LST.X: 
11? RCL5 1 "'"" fi:. 

118 x 173 ST05 
11 9 - 174 RTN 
120 :f:LBL0 pr1n'- ancl space suorout.1ne 175 .tLBLl:I - -
121 GSB5 1 ?6 +R 
122 *LBL3 ~oe subrout.ine i?? RJ. - - --- - -
123 FO·! apaoe if flag 0 1• ••t 178 RJ. 
124 SPC 1 ?9 +R 
J ·:·r- GTOf i:ot.o R7S lock 

- - - -
~·-' 180 Xt'' 

126 tLBLE uu~ v J:.i\l 4 ~I~ lflo -""'> Irn _,_Be ~ 181 RJ. 
127 PtS 182 + 
128 ST02 183 RJ. 
129 p.j. 184 + 
130 -tR 185 R't 
i 31 ST00 Re ~ 186 +P 
132 EU: 18? RTN 
1JJ + 188 tLBL9 
134 .~·:·t 189 RJ. 
135 ST01 Im~ 190 ):: 

136 Xt'r' 191 /U 
137 ~p i+ ~ 192 + 
138 STX2 Z 0 • (1+ ~) 193 Rl 
139 x: ~· 194 RTN 
140 ST03 4-(i+~) 
141 RCL1 

1 :;!J *i RI 2 
196 GSBB 

142 CH::> 
143 EEX 

-Im\> 19? ST00 
198 Xt\' 

144 RCUJ Re ~ 199 CHS 
45 - 20& STOA 

146 ~p i-~ 201 lf:LBL5 
147 SP.2 l~ol · ICi• rr>I li- ~)\ = It.I 202 FO? 
148 XtY 203 PRrn 
149 ST- 3 i.(i+p) - 4.(1- p) = 4- ~ c:·e4 F0') 
150 RCL3 ~z 205 RTN 
151 RCL2 Ii! I 206 R/ S 
152 PtS 20? RTN 
153 ~R conYert tO reot~Tar ?mt 
154 GSBS print Re Z- - - [208 ;;:LBL6 

289 R/ S 
155 :X:t Y reooYer Im. Z - - - - 218 GT06 
1<;~ GT00 Drint Im Z a.nd ..... ace-- 21 1 ;;;LBLe 
157 -~=LBL? subroutine to oaloulater 212 CF0 
158 :'''\' 213 CLX 
159 t.•-+t.' y_2 _ yi.. - l t.lz + 1 214 ····, .... r =8 RTN 
16f1 \,I·=· ,., ~ 215 :+:LBLe 
161 -

sign (B) - 'R5 
216 SF0 

162 EEX 21? EEX 
163 + 218 RTN 
164 RCL6 
165 \,•·-=· .. \ .. 

LABELS FLAGS 

Ae;jhijtij B_,. K, Eirna>< c_ ~mL 0 
E ~t~o-z. 0 print 

a b c- ~ms d 9 1 

0 prt. ' i;pc i rl:n 1 1
1
ocal J~bel 

w O,f 2 ~)"orout.u1e 
w c,rc 3 space 1 rln 4 2 

5 pnntt'~IS 6 R/S lock 7 8 co..'.!'J'e~ 9 comple>< 3 
SU b.-ou 11'\Q $0bl"oultne nwl~· nlv 

~lex •!!_ subrout.1•• --

complex mul tipl~brouti~ 

subroutine to fini.sh 0 
calculation, store reSl.ll ts 
and print angle of 
reflection coefficient 

..,E!i~ subroutine -· - - -
print a.ncl return it flag 0 
is set, otberwiee •top 

Rls lqg 
prevents inadTer~'nt use -
of 11rot!r&.111 f'on• w -R/s 
PJIIllT, IVS 'l'OOOLE 
dea·r tlag 0 to indicate 
P/S mode and place a zero 
i"' t'ha >114 sn l ••• 

set flag 0 to inciioate 
priat. ... oontinue mo de 
and place a one ia di1pla7 

NOTE FLAG SET STATUS 

SET STATUS 

FLAGS TRIG DISP 
ON OFF 

0 • DEG • FIX 
1 GRAD SCI 
2 RAD ENG • 
3 n__a__ 

PROGRAM 4-2 UHF OSCILLATOR DESIGN USING S PARAMETERS. 

Program Description and Equati9ns Use~ 

At UHF frequencies, the interelement capacities of a UHF transistor 

can function as the feedback elements to allow the device to oscillate 

when connected to an external tuned circuit (usually a ~-wave transmis­

sion line section). The emitter circuit is generally left unbypassed 

while the base circuit is bypassed with a capacitor to provide an ac 

ground. The collector-emitter capacity provides the necessary feedback 

to allow the collector to exhibit negative output impedance and oscillate 

with the external tuned circuit. 

The program starts with the conunon base s parameters, reverses the 

port ordering so the collector is the input, and calculates the reflect­

ion coefficient of the "input." If the magnitude of the reflection co­

efficient is greater than one, the real part of the input impedance will 

be negative. The routine under label E provides the conv~rsion from re­

flection coefficient to impedance, while the routine under label e pro­

vides the reverse conversion. 

Equation (4-2.1) calculates the input reflection coefficient when 

the output port is loaded with ~ as shown by Fig. 4-2.1. Equation (4-2.1) 

holds for any transistor configuration. 

(4-2.1) 

where PL is defined by Eq. (1-1.2) with Zr = ~. 
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Figure 4-2.1 Common base transistor with collector as 
input port. 

If the ttmed source is connected to the collector, and the reflect­

ion coefficient of the source is denoted ps' the circuit will oscillate 

if: 

p•s 1 >1 
s ll - (4-2.2) 

This equation is used in reverse to calculate the source reflection 

coefficient necessary for oscillation, i.e.: 

1 
PS = -s-' (4-2. 3) 

11 

This reflection coefficient can be converted to its equivalent impedance 

using Eq. (4-1.10). The "Q, 11 or quality factor, of this impedance is the 

ratio of the imaginary part to the real part, i.e.: 

Im Z 
s Q =---

Re Zs (4-2.4) 

The transistor negative input impedance can also be used to make a 

reflection amplifier if a circulator is used to separate the input from 

the output. The noise figure will be poor because of the large tmby­

passed emitter resistance. 

For more information see the HP Journal [33], or HP application note 

number 95 [ 32]. 

Notes for User Instructions. Most UHF transistors are four lead devices 

(emitter, base, collector, and case). The case is electrically isolated 

from the transistor, in fact, the transistor chip is so small that it 

is mounted on the end of the collector lead inside the case. Because 
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of the fourth el~ment, the case, the parasitic capacities from it to the 

other leads will introduce errors into the common-emitter to conunon-base 

s parameter conversion. See G. Bodway's article [ 9] on characteriza­

tion of transistors by means of three port scattering parameters as one 

way of dealing with this problem. 

If the common base s parameters are available, or can be measured, 

they are the highly preferred form of data input for the program. Com­

mon-base parameters notwithstanding, the coI1UI1on-emitter conversion can 

be used with the knowledge that s 11 ' will not be very accurate. 



4-2 

STEP INSTRUCTIONS INPUT 
DATA/UNITS 

6 Pertona CE to CB conversion ---- ------------------------------------------------------------------------------------------- ........ - ·-------------- ... 

8 ConTert Y para.meters to a parameters z 
~--- ~------------------------------------------------------------------------------------------- ~----~---

-~-- ----~~~~~~--~~~~--~!~~~ ?f this program card ( 4-2) 
-- ---------------------------------------------------- -------'-·~-

----- r------.. -~--------------------~------- -------....-~----- -------------------

-----r------------------------~-------------- --------------·--~ -----------------

KEYS OUTPUT 
DATA/UNITS 

"""-------------------

- ----------------

1------------------

-~---------

-----

---·----~--

I'---~-------

r-----·--~-

,_ __ ~_i>_~------
~-.Le~J ____ _ 

4-2 

~ 
. - UHP' OSCILLATOR Dlll3IGN USING S PARAMETERS 

STEP INSTRUCTIONS 

I OOHTINUED I 
I I 

INPUT 
DATA/UNITS 

11 &lter load reflection coeffici~~--------- __ 1:_~-~---
---· ----(ir;t;;-io--i s=;;~~-L th!_!.!~_1ec~~E ________ __ J_£~J __ _ 
--- ~-;;;f.f.i;1;;t_ aagni tude and angle are already ·------
__ .__1.;,_th;~~~ck-- use ke7 •s • ;..lo;~y- __ _ _____ _ 
1----1----------------------------------

12 Interchange port order!_~ __ !_ ::2 --------·· ---------- --- -----------------------

J.~--- __ g~_~oul~!-_!-~.l.L_ ____________________________ . --

-------------------­~~--- ---------------------~~--------

t------- -~-----------·---------~~-------------------------- -~-~-~~---~-

15 Comert " 8 to Z8 1 enter reference impedance Z0 
~~- --------------------------------------------------
t--~- ~----------------- ---~~~--------~----~---------- .. 

·-----------~----------------- -~---------------- --T;; find -th~ aimm resonator Q ___________ ---------··--· 
i--- ---~ ---------------.------------------~------· 

16 The lead re:f'lectlo~_C?!~~:f'~~-!~~-_.!.~--~-~- ·-··-··--· ------·-·-· 1--- ~-.----~-~~-~-~------ .... 

erased when -~~g~_.lt-; or _Ell~_!_!._~~~~!_ __ -----------­
--- ·-·h;;-;;, fo~nother case, the keyst~~~·------ ---------· 
.---- ··1;··;tep e 12,--i~~]).~-~d 15·;."r_!_~o~~-~-- -------· 

-·1;·;;~r .1;r1·;;~;1-;. ~1' fB, t.h.!~~!...~.!-~~-~---- _______ _ 
-··;;;th;;-~;:;;~ do steps 1 th~ug~~~~-- --------
--~----~-----------~·--·---------· - --

execute :f'B -------- -----~------·--·------ ... ---- -------

----- --------------------~-·---------------------~ --~----~~ 

--------
---- ~-----------·------·--------------------- -----
~--- ------~-~---------·--------~----------~------ ------~ 

----------------~------------------------ .. ----- --------~ 

------
,----- .,........_-------------~------------~------·--·*----· ---·- -----·------
---- ~--·--------~------------------ -------~----------~- -

~-- ~----------------------~~-- - -------------~--------------

(;~ 

OUTPUT 
KEYS DATA/UNITS 

r------------· 

----

Ia Z8 ·-------
----~!.!. __ 

------

----··----

,_ ___ .._ _____ _ 

~~~--------

---------~----~--
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Example 4-2.1 

A UHF oscillator using a RCA 2N5179 transistor is to operate between 

300 MHz and 400. MHz. The transistor is to be operated at 1.5 mA collect­

tor current and 4 volts V per the manufacturer's recommendations. At ce 
300 MHz the common-emitter y parameters are: 

{ (32 - j32) x 10- 3 }{(0.25 + j2.6) x 10-3} 

and at 400 MHz the common-emitter y parameters are: 

{(25 - j34) x 10-3 

The proposed oscillator schematic is shown in Fig. 4-2.2, and bias­

ing networks have been added to achieve the manufacturer's recollllilended 

bias. The 100 ohm resistor in series with the RFC lowers the Q of the 

resonant ·circuit f ormed by the RFC and the coax capacity so the circuit 

will not preferentially oscillate at that lower frequency. 

1000pF 
coaxial 
feedthru 
capacitor 

central ab 
MFT-1000 

+4.5V 

1 

10on (Q killer) 

fIJ7t Tuning 

coaxial line segment 

Figure 4-2.2 Oscillator schematic for Example 4-2.1. 
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HP-97 PRINTOUT FOR EXAMPLE 4-21, 300MHz CASE 
Load Program .,_3 & oa y params 1. 1 d Load Program EE1-06A (EE pao) 

1. GSBe select y parameters 

S. Effrt 
6.5 

1. -63 

Im - load Yie ~nd- . 
Re convert to 

polar format 
11. GSBH ij 

- - - - -
1. 35-6,;\ mag 

load Yre in 
polar format 

12. GSBf1 ij 

- -- - - -32.-Eiif·r Im - - -
load Yf'e and 
convert to 
polar format 

CHS Re 

11l-[::J x 
21. GSBH ij 

.... -

1. -[13 .>:: 

-- -

54.16+6!] :f..H. 

11. 16-0.3 *** 
-96. 06+60 ,+::+:.;: 
1. J50-63 ;;:.;. +: 

-45. Ofi+6D :+::~:~: 

45.25-63 :+:H 

84.51+60 
2.612-63 

........ ..... 

.;: ..... . y: 

ij 

-- -
print stored params 

~Yll ~Yie 
IY11l or IYiel 

+ Y12 ~ Yre 
IY12I or IYrel 

~Y21 ~Yfe 
IY21I or IYfel 

------- --,_ - - - GSBB OE - CB conversion _ 
- - - - GSBT print stored params 
-29. 31 +Ofi .;::+::+- 4 Yib 
44.44-03 *** IYibl 

78.69+00 *** 
-1. 275-03 -'H.+: 

-42.35+00 :+:.-+::+: 
-43.64-03 :+::+::+: 

84.51+00 .t.t:+. 
2.612 0-S .t:t:.t 

..Y:Yrb 
IYrbl 

~Yfb 

IYf'bl 

.a.yob 
IYobl 

56. G5Bb load reference Z & 
convert y params to 
a parameters 

load this program (Program 4-2) 

GSBc print s parameters 
14(. 6+66 :+;:+:+: 4 Sll 
46-t. 4-63 .+::+::+ l6 lll 

93. t:J+06 **-' 4 s12 
41. 61-63 .;:.-.:+ 1s12I 

-27.41+00 
1.404+00 

-16. 62+06 
1.1324+00 

1--- - -

.-+:.-t::+: 4 s21 

*** 1s211 

:+: .-+::+: 4 8 22 
.tH 18221 

- - - -
load RL and calculate 
~L using 50 ohm Z0 

i:i. rnn Im RL 
220. Elfft Re RL 

56. GSBe Z0 
0.000+06 :;:i:+: ~ ~L 
629. 6-63' :+: .-+::+: I rJ 
l-------- - - - - -

GE.BB load ~L into program 
- -

GSBi:· execute design 
-9. 61 S+OO n::f: 4. s11' 
1. 02f'+Oi:1 :+::+:.-+: 1s11 'I 

9. 01S+0[; 
97.3. 4-03 

:+;:+:.-+: 4 1/ s11' 

*** 11/ su 'I 
6i6.6+00 
105.9+06 

:n.:+ Im ZL for Z • 50 !l 
.t:+::;. Re ZL o 

5. 8i7+6[! .;: :+;:;. Clmin .. Im ZL / Re ZL 
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A transmission line segment is designed to provide the load react-

ance of j616 ohms to resonate at 300 MHz. The real part of the load re-

actance is ignored since the Q of the resonant line will be much larger 

than the minimum Q required. The amplitude of the oscillation will 

increase until the amplifier becomes non-linear and its power gain is 

reduced to the point that Eq. (4-2.2) is satisfied with the equals sign, 

Because of the high load reactance required, a high Z
0 

in the reso­

nant line is desired. For the transmission line, use a #12 AWG wire 

spaced 0.25" off a ground plane as shown by Fig. 4-2.3. 

#12 AWG I 

/ d = 0.0808" 
-(±),-

h = 0.25" 

~ ''''""'"~'"'""~ 
Figure 4-2.3 Air dielectric transmission line. 

The characteristic impedance, Z , of this line is: 
0 

Z = 138 log 4h 
0 Fr d 

(4-2.5) 

where E: 
r 

is the relative dielectric constant of the dielectric, and is 

unity for air. Using this E: , and the d and h shown in Fig. 4-2. 3, the 
r 

characteristic impedance of the line is 150.6 ohms. 

If the trimmer capacitor at the far end of the line is a 1 - 10 pF 

piston trimmer, its reactance with 10 pF at 300 MHz is: 

X = -j/(2rrfC) = - j53.05 ohms 
c 

(4-2.6) 

The length of transmission line that transforms -j53.05 ohms to 

j616 ohms is needed. Equation (1-1.1) can be manipulated to provide the 

solution for line length i.e.: 

(4-2.7) 
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where P is defined by Eq. (1-2.7). Since the transmission line load t 
impedance is purely imaginary, as is the required input impedance, and 

the line is essentially lossless, the expressions for the reflection co­

efficients are the ratios of complex conjugates, and Eq. (4-2. 7) can be 

reduced to the following forms: 

A -1 J. r -1 

{ (
. z ) 

l = z; tan -Z:- - tan c~:s)} (4-2.8) 

where 

y j S 
2n 

j;._-

Using Eq. (4-2.8) with Z = -j53.05 ohms, Z = 616 ohms, Z = 150.6 ohms, 
r s o 

and A = 3 x 10 8/freq = 1 meter = 39.27 inches yields l= 10.46 inches. 

This length is too long to be practical. If capacity is added to the 

transistor collector circuit, less inductance will be required from the 

transmission line stub, and a shorter stub can be used. If 10 pF is 

added from the collector to ground, the susceptance of this capacitor 

will be: 

B = 2rr fC = (2rr)(300 x 10 6)(10-11
) = 18.85 rnmho 

This susceptance is subtracted from the susceptance required from the 

transmission line stub to obtain the new transmission line susceptance 

and hence, input reactance: 

or 

-1 
Bline = 616 - 0.01885 - 0.02047 mho 

x = -1 
line B

1
. 
i.ne 

48.84 ohms 

Using Eq. (4-2.8) with Z j48.84 and the other parameters un-
s 

changed yields l = 4.09 inches, which is much more practical. With this 

line length, the trimmer capacitor value for oscillation at 400 MHz is 

calculated as shown by the HP-97 printout in Fig. (4-2.5). Again, 

neglecting the real part of 21.• and accorrnnodating the susceptance of the 

additional 10 pF at the transistor collector, the line must present a 

reactance of 36.22 ohms to the collector. Using Eq. (4-2.8) and solving 

for Z given l= 4.09 inches, A= 29.53 inches, Z = j36.22 ohms and Z = 
r s o 

150.6 ohms yields Zr= -jll0.8 ohms. At 400 MHz, -jll0.8 ohms is the 

L 
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reactance of a 3.6 pF capacitor, which is within the tuning range of the 

piston trimmer capacitor. The complete schematic of the oscillator is 

shown in Fig. 4-2.4, which was breadboarded and does oscillate over the 

300 to 400 MHz range. This type of oscillator is often used as the 

local oscillator in UHF tv tuners. 

+4.5V 

6.8k!2 

2N5179 

'*" 
2kn 

RFC lOT, # 24, 0.2 D 

1oon I· 4.1 .. __ ._, 

7 7 7 7 7 7 '1 1 - 10 pF 

22on 

Figure 4-2.4 UHF oscillator schematic. 
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Load Program 4-' and load y params 

1. GSBe select y parameters 
Load Program EE1-06A (EE pao) 

- - 10. ~ Et·IT"t- Im Yie -
9.~ ~P Re Yie 

-- - 56. GSBk. load reference Z & 
convert y parameters 
to s parameters 

1. -03 .i( 

11. GSBA ij Load this program (Program 4-2) 
~-- - -- - - ----- - -

-9fi. ENT1" 2'-Yre GSBc 
1.8-83 ENTt IYrel 139.2+06 *** 

12. GSBA ij 450.8-03 *** 
-34. ENT"t' I ~p m Yte 

Re Yfe 25. 
i. -03 x 

21. GSBA ij 

4. ENTl Im Yoe 
. 3 ~p Re Yoe 

1.-03 x 
22. GSBFI ij 

- -

95.i9+fifj 
77.4B-03 

-36. 96+t.18 
1.369+00 

-15.%+00 
1.059+66 

**·"f 
*** 
.... ::+: 
*H· 

*** 
**·•: 

print s parameters 
4 su 
18 111 

4s12 
1s12l 

4s21 
18 21 I 

4s22 
18 221 

---- -- -- - - - - - -
,....---- - --

GSBE print stored values 
49.3i+OO *** 4.Yie 
14.11-03 *** IYiel 

-90.00+80 .t.'f::+. 4-Yre 
1.800-03 :+:.H: IYrel 

-53.6?+0[1 .;:11::;: 4 Yfe 
42.20-03 **·•· IY:rel 

85.71+06 *** 4Yoe 
4.011-03 :+::~::+: 

IYoel 

- - - - - -· - - - - - - - -
GSBB convert CE - OB 

r- - ----- - - - - -- -- - -
GSBE 

-3 i' 45+6[; :+:.+:.'f: 

40.44-63 *** 
82. 23+06 .+:.+::+: 

-2. 220-e.3 **"·": 

-49. 86+60 .;:*:+: 

-39. 24-63 **'· 
85. 71 +66 lH: 

4. 011-03 *H 

print CB values 
4- Yib 

IYibl 

~ Yrb 
IYrbl 

+ Yf'b 
IYrbl 

+Yob 
IYobl 

iJ. EfFi"t 
226. ENT-t 
58. GSBe 

0. 000+06 :;::+::+: 
625.6-03 *** 

load RL and calc· fL.; 
using 50 ohm Z0 

Im RL 
Re RL 
Zo 
~ PL. 
I t>i..l 

~----- - - -- - - --

G"SBB load ~L into program 
---- - -- -- - - - - -- - -

GSBI:. 
-1.'J. 66+66 :t::;::+: 

1. 667+06 :+;:+:.;: 

1J. 06+[ifi .+:."f::;: 

937. [i-[!3 *** 
403. 8+J0 .+:*.+: 
116. J+fifi :+::;::+: 

execute design 
¥. sn' 

1s11 'I 
4 l/s11 • 
ll/sn 'I 

Im Z1 for Zo = 50 
Re z1 

Qmin = Im ZL / Re ZL 

HP-97 printout f'or 400 MHz case. 



0 

so 

A 

002 
003 
0[•4 
005 
fHJ6 
007 

4-2 

WAD S PUAMftDB• --- --------
+ 
~ oaloulate storage index 

STDI -------
668 . .,.;·~ recover and. ator• Qij 
t";[ij ;::;. I~' I 

....;:f~il~fl-.:;..Is.:....:~ .. z.;_;;,· I -increment index - - -- - - - - - --
till .L_~ • .,.,. 1',~_2.:~,; recover and ate re •i j 
612 -; 

_;;0,.:,.i:::-3-.;,.,G.,.,,.;,:iC,....,9 20W-naoe and reta.ra - -
_6_1_4_.;_:L_E __ 'L_B un:AI!. LOAD REl"LECTION OOEll' _ 
615 ST06 store aagni tude 
816 
CF 
0 l 8 
1319 
020 
021 
022 
02.3 
024 
§25 
026 
627 
628 
629 
030 
031 
032 
033 
034 
035 
036 
037 
038 
039 
043 
041 
642 
04.3 
fl44 
fl45 
046 
IJ4? 
04E: 
M9 
fl50 
fJ51 
i352 
053 
054 

):'-+'·" , ...... , 
STO? 
GT09 

:+:LBLC 

ST08 

ST09 
F:CLB 
srxs 

store angle 
goto 811ace aaTret.'Urn - -

_Q_ALOULATE !J.l t_ _ _ _ _ 

lsul 

RCLC 4~1 
ST+9 
RCU 
ST}=:E' 
RCL7 
ST+9 
F.'CLE 
FCL? 

+ 
F.'CLD \Szzl 
RCL6 I ~ I 

CHS 

EEX 
+ 

i - Sz2· ~L 

~-'-+ '··' ,···.+-f 

ST-9 
RCL9 
RCLS 

..:.p 
STOS 

.~·:·r' 

ST09 
RCL2 
RCL1 

1 

1 
91.z.· s.,1 · p,_ 
1 - Sz:z.· ~i.. 

Su· 924 · eb 
~ - Sn P~ 

in polar 
coord.inatea 

in rect 
coordinates 

055 ST+B 

056 X:i· 
057 ST+9 
058 RCL9 1 911 _ ~z · S21 · !\. 
059 RCLB 1- Sn·l'i. 

reot 

060 .:,p 

q.::-;::i 1,-+,, g11 _ S4i · s21 · p.. polar 061 STOB 1 
~~·- ,,,., i-Szz·?.., 
063 ST09 
.=..0t=-=·:4'---'G:....:~T..::.0..;..8 gotOprint wmutine - -
&65 :+:LBLD OALCULATU· ~ GIVIX .i.._ _ 
f166 P:S 
067 ST00 I ~I 
068 x:1·· 
069 
870 
071 

ST01 2$. f 
P:s 

RCL9 4 S11' 

RCL8 I St1'I 

~0~8~1 _:+:_L_B_L_:J "OEOVLHI _Jj Sj{_ _ _ _ 
882 1.-·"X reciprocate aagni tude 
083 x:i' 
_0_84 __ l_":H_S change sign of angle _ 
085 GT08 -imto nrint au.~rostine 
_IJ_Bto_~ --'-.r.L=B=·L._E CALO Re, Tm Z GIVD _!p ~ 1' ~o_ 
B87 P:S 
IJ88 ST04 'Zo 
@89 RJ· 
89@ -+R 
891 ST02 Re.~ 
092 EEX 
893 
094 
L195 
B96 
097 
098 
099 
100 
101 
102 
103 
11J4 
11J5 
106 
107 
108 
109 

+ 
··~·1 ,:-;,_ r 

ST03 
x:i·' 

.:,p 
STX4 

.~·=,'t)·' 

ST05 
PCL3 

CHS 
EEX 

RCL2 

.:,p 
Sh4 

.~·1'tY 

ST-5 
110 RCL5 

1 +Re '\> 

Im~ 

REGISTERS 
2 3 4 5 6 7 8 

SCl"alch 
9 

scralch IS11I 4 511 I S1il 4 S1i I f>i..1 4- ~I.. 
51 52 S3Re 54 55 Scl"atch, 56

scrat.ch 
57 SB 59 

SCl"c!l.lch scnrtch Im ~i.. ~L. ~o, I r:i.. \ +"it.. 

IB I S:z'I I IC D 
'f::,,._ S21 \ sn I IE ~ S2?. ll index 

111 
112 
1i3 
114 
115 
116 
117 
11 C• 

.I.!..' 

119 
12(1 
121 
1-::i·:· .:...:... 
1 ~'7 
J..:.. ... • 

124 
1 -:•c-

.:.. ·-' 
126 
o( .-, .... 

j.::. ( 

128 
pc. 
13@ 
131 
1.32 
i33 
134 
135 
136 
137 
138 
139 
148 
141 
142 
14.3 
144 
145 
146 
147 
14f: 
149 
158 
151 
1 c;;· 
153 
154 
155 
156 
157 
158 
159 
160 
161 
1 t:2 
163 
164 
165 

A load 
IA Daramet.ers 
a1nten:h" 
Dcr\..6 i 

0 

5 printar~/s 
II.LI bo-o!Jtl !'IQ. 

4-2 

RCL4 166 GSBC 
Pt.S 167 GSBci 

"tR 168 5 r use 50 ohm zo • .......... , 169 fl ,.· .... ! 

GTOS 1:oto vrintliU.brout.iU- - 170 GSBE 
:+:LBLe -~ALO ~.£.if ~IVEN Im r..t Re C.J_Zo_ 17i 

PtS 172 GSB5 
ST04 ~o 173 GT09 1:oto s"Daae a"d ret•trn au'h.,. 

RJ 174 :+:LBLc: PBIN!_S P ARAMEI'ER__HAT.]lX -
ST03 Rei: z- r.o 

175 PCL1 
RJ- ~ = 176 F.:CL2 S11 

ST02 Im l. Z + 'l.o 177 GSB8 - - - -- - - -
R1· f ..,,-, 

",. 0 F.:CU 
P1·. J74 ' -· RCL4 S1i 
- i!o - Re z 18fJ GSBS - - - - - - -
.:,p 181 RCLB 

ST05 I co - Z) lf:2 F.:CLC S21 

' .. '-+' .. ' 183 GSBS li+- I - - - - - - - -
STDf. (l:.o l) 4. - 184 RCLD 

522 
F.:CL2 185 F.:CLE 
RCU i86 .r.LBL e print 8\lhroutine - - - -
F.:CL4 f Cl7 ........ , GSB5 

+· 188 ;.:.·:·r· 
"tF' I Zo + zl J89 GSB5 

ST~5 19@ :tLBL9 ~ace and retu~sumuUJio... 
.~·~'t ~J 191 FIJ•i space if flag 0 1a aet 

8T-6 192 SF'C 
F.:CL5 I ~I 19.3 F.:TN 
F.:CL6 4-P [194 :+:LBL 7 ~ lockUL!\lbroutiao -P:s 195 R/S 
GTOB ~oto 11rint subroutine - - - 196 GT07 

:+:LBLo. INTEROllANGE PORTS 1 AND 2 197 :+:LBL5 _!tlnLor ~ ..mhrou.tJ.ne_ -- - - - - -- - -
F.:cLE 198 rn·~· if flag 0 is set, print 
RCL2 199 PRTX 
STOE ! 511 ~ 4 Sz2 208 F0'i 

and return 

Xt~" 281 F.:TN ----- - - -- -
ST02 2@2 R/S otherwise stop - - - - - - - --
RCLD 2ff.3 Rm 
RCL1 
STOD I s11l ~ I S22I 
x:\' Notes 

STOl - - - - - - -RCLC 
RCL4 

l"lag 0 control a the print or R/S decision. 

STOC 4- S1z ~ 4. Sz-1 
It should be Bet or reset to reflect the 

,'x,'~)·' 
user a choicie of printed output, or program 

ST04 
halts :for output reapeotively at the time 

RCLB - - - - - - - the magnetic card is recorded. 

RCL3 
STOB ls1zl~ js24( 

;:-.~~·r· 

ST03 
GT07 """ioto IVS lookup- - - -

tLBLI:) EX.&JUTE fA, O, fD, 50 E 
GS8o. -

LABELS FLAGS SET STATUS 
B Ql'lte.- load c calculate 0 calculate E 0 

re{\QC1;: ion o:»f' s,/ s,;. i;:i \',l"....,.z pl" int FLAGS TRIG DISP 
b c p1"1nt d c~~culale e 1 ON OFF 
fA,C.fD, E s mat.ri~ i 544' c., 'l()- ~ 0 D D DEG • FIX 

1 2 3 4 2 1 GRAD SCI 

6 7 ftjS B pnrrl:.4sp~ 9 ,;pace 3 
2 RAD ENG • 

lockuo subroolme :51Jbl"oubne. 3 n_a_ 



PROGRAM 4-3 TRANSISTOR CONFIGURATION CONVERSION. 

Program Description and Equations Used 

This program allows conversion between common emitter, common base, 

and common collector configurations of transistor h parameters or y para­

meters, as well as conversions between the h and the y parameters. 

The configuration conversions is done by operating on the y parame­

ters and converting to and from the h parameters for data input and out­

put. To make the program operate in either b or y parameters, the con­

version process is skipped for the y parameter case. Label 7 of the pro­

gram contains the coding that accomplishes the h to y, or y to h conver-

sion. Label 7 is called at the beginning and end of the configuration 

conversion, and flag 0 is used to indicate whether or not the subroutine 

under label 7 should be skipped or not. 

'1 '2 -
J ~ -
e, N E2 

I I - . - -,, z' 

Figure 4-3.1 Two-port network conventions. 

Given a two-po.rt network with port voltages and currents as defined 

by Fig. 4-3.1, they and h parameters are defined as follows: 

h parameters 

E 
1 

= 

h 
11 

447 

h 
12 

I 
1 

E 
2 

(4-3.1) 
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y parameters 

Yll Yl 2 (4-3.2) 

= 

The network ports correspondence to the transitor elements is shown 

in Table 4-3.1. 

Table 4-3.1 Transistor 2-port correspondences 

Configuration 1 l' or 2' 2 

CE B E c 

CB E B c 

cc B c E 

The h parameters are converted to y parameters with the following 

transformation [15]: 

(4-3.3) 

Y11 1 

= 

Likewise, the y parameters are converted to h parameters in similar 

fashion: 

= 1 

Y11 

(4-3.4) 

1 

Since the form of both conversions is identical, the same subroutine is 

used for both conversions (subroutine 7). 

The y matrix representing the present transistor configuration is 

TRANSISTOR CONFIGURATION CONVERSION 449 

transformed into another y matrix representing the new transistor config­

uration. This new matrix is designated y' for clarity. These trans­

formations are: 

For CE -+ CB or CB -+ CE, 

Y11 

Y21 ' 

Y12 ' 

' y 2.2 

For CC -+ CE or CE -+ CC, 

Y11 ' 

For CC -+CB, 

= 

(4-3.5) 

{Y11 + Y22 + Y12 + Y21} 

{ Yu } 

(4-3.6) 

{ Y11 } { } 

(4-3. 7) 

Y11 
I { } { -(Y21 + Y22) } 

Y21 
I 

For CB -+CC, 

(4-3.8) 

Yu 
I 

Y21 I {-(y11 + Y12)} { Yll 

After the respective conversion is complete, the y' matrix has replaced 

the y matrix in storage. 

In looking over the various conversions, one will notice similari­

ties in the operations used. There are four basic operations used to 

perform all the conversions: 

} 

} 
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1) no change; 

2) (yll or Y22) + Y1 2; 

3) (yll or Y22) + Y21; and 

4) Y11 + Y22 + Y12 + Y21· 

The choice between y;
11 

and y or y and y can be taken care of by 
22 12 2 2 

interchanging the appropriate y matrix elements prior to these 

calculations. This matrix reordering is accomplished under label 3. 

The matrix conversion calculation is done under label 6 (two places); 

thus, these subroutines are selectively used to achieve all conversions. 

~ 

STEP 

4.3 

TRANSISTOR CONFIGURATION CONVERSION 

OB -OE 
1oa11 

e;j'' 1;; t ii OE• OB 

INSTRUCTIONS 

OB -00 

00 +OB 

OE .... CO 

CO +OE 

INPUT 
DATA/UNITS 

-~- ----~leo~-~~-~at~_! mo~~---·-------·---------·- ······-··-·-·-
a) a paraaeters 0 ---- -----------------------~----..----~------ --------·-

-·-- __ !L_..l __ P.•~!'.!•r• ·-·--····-······----- ---- ______ ! ___ _ 

_} __ ---~·~~~~1~-~J>..! ooaTe~d. _ ---·-··· ····-·-·····---· 

--··-- ----~L----~~~--~~--~1J ·---~~1:1~--------·····-·-·---- ·---~~-1 ____ _ 
_ ,_ b_) - ·--~~-~~~!..!~~1~J°.il-------·---- __ LJA.L 

-- _!)_ ___ ~~~=.!~----·--·-··-·-----·----- ____ !_l_ 
-- -.------·--·--·-·--------------- ..-.------
----- .... !!:f!~~~--~~~---~!~'?_! i j =:.__ 11 L_!~L~-'--~? _____ ----------

in any ord..!J_r _______________________ ···------

5 Print conTerted. matrix ------ ~·· --·----- ------~~---..-------· -------
--·----- ------------------· -------- -+----

1-----11----- --------------------------------+-----
,______,,__ ________________________ . ___ ~---- -----·-

- +------------------·-----·---- ------
----·--- ------------------~---------.~---------- -·------~-~---

h or y 1 l~ 0 or l 

mU~f i 

KEYS 

Ci:::] 
[LJ[LJ 
II:] 
[LJ~ 

CD 
II] CL] 

---~-- !------~--~-----------------~~------ --------! 
---· -------- --·------------.. -----·-----------·- -----

i.-----·· ~------ .. --------------------------------·- --·--·-

-~-------· ------------·--------~·-----· ------ ----------
1-----<0--·---~-------------------------------~------------- ..... ---------
~-- _______________________ _. ________________ ------~-
-·-~--------·---·-------------------- ------
·- ----------------------------------- --~--------

1--~t--·------~-----------· ·------~--~-------1-----·-

.. ---o·---------~--------------------·--·....,-----

OUTPUT 
DATA/UNITS 

0 
____ l ___ _ 

_ ... ________ _ 

-----·-

___ Lk_ __ 
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Example 4-3.1 

Convert the following common collector h parameter matrix to a com­

mon base h parameter matrix: 

h. 
1C 

PROGRAM INPUT 

4f1 . E:-0 ~ ·- .iihic 
1fi.Jf;, ff TI !hie I 

1 i . ;:::E:~ ij. 

: 6~, c 

56.-66 

c/<J :- ·r 
Err:- -1_ 
t.~ 5P. 

- : 'T • 

..: - ' 
Eh ~ .. 
.; : t: f.J 

~ --t t•' I 

~h oc 
Iha I .. c 

1J 

h 
re 

h 
oc 

= 

1000 4 40° 

100 4 40° 50 x 10-6 4- 0 

PROGRAM OUTPUT 

_._. - - · ···· _ ;- . _ : .,,_ I 1:,• r_. 

.,::+ .. • 

- .- - - -- 1 ( ~""! r _"?T.~)tJ .f .. °f:.-.: 

-4 5 .c_7 ~-t66 l ·f··· 

~. l :5t1-0::, ..... ~:.-.;. 

select h parameters 

execute CC + CB conv 

print stored matrix 
~h·b 
lh~b I 

iihrb 
ihrb I 

+hfb 
lhfb I 

Connnon base h parameter matrix from HP-97 output: 

22600 ~ - 9. 971 ° 2261 ~ - 9.967° 

1.000 4 - 179.9° 1.130 xl0- 3~ - 49.97° 

0 

so 

A 

4-3 

:+:Lt:LA 1.0 -- - - _,_ -
002 
063 
004 
005 

rnn- -
t 

tW6 

·• .: 

00? STOI 

oalov.late •torage index 
troa subsoript 

BBB R.J. 
009 STD i reoonr ancl store I I ij 
-8-Hl--r--s"°""·z...,,.r in~•ent atora~ inr.i -=. 
011 fi:'J 
812 STOi reooTer and etore Qij 
-13-13--G--. T __ 0....,.4 return contrel t.0 nylioara 

...,,.0..,...,fo=--__,*L--B,..,..;L...,...3 reorcler m.atri..!_el•en~ 
@1? f;:CL1 
018 RCLD 
019 ST01 
02[1 RJ. 
021 HOD 
@22 RCL3 
1323 RCLB 
024 
025 

ST03 I I 12 :::: I I 21 
RJ 

1326 STOB 
fl27 RCL2 
028 RCLE 
029 ST02 
03@ RJ· 
831 STOE 
032 RCL4 
033 RCLC 
034 ST04 
035 RJ. 
836 STOC 
BJ? HD? 
838 *LBLh 
039 *LBLB 

042 .tLBL6 ----=------ - - - -
l143 GSB7 ~onnr~h .P.!_raas ~ ~rams 
044 i;:CLC 
045 RCLB 
046 RCLE 
047 RCLD 
048 GSB8 
849 CHS 
050 STOB 
&51 RJ· 
052 
053 
[154 
055 

STOC 
RCL4 
RCL3 
RCLE 

caloulate and stores 

REGISTERS 
2 3 4 5 

5 1 52 53 54 55 

8 c D 

056 
05? 
058 
059 
060 
061 
062 
063 
064 
065 
066 
06? 
068 
869 
070 
13? i 
0?2 
13?."3 
0?4 
075 

RCLD 
GSB8 

CHS 
ST03 

\.•-+ \! ,.,+- , 
ST04 

RCLC 
RCLB 
GSBS 
RCLE 
RCLD 
GSBB 

CHS 
RCL2 
li:'CL1 
GSB8 
ST01 

oaloulate and stores 

oaloulate and stores 

CONVERT OE - a 

_CONVERT_QB ~ O!L_P ARJMi'I.~ 
_taJc~_JhJ- r.v -:I.1 'J_ _ 

reo de 

=0ti=n5"---_,,G=·s..._B-;".._-· tranafom. fhJ ~]-----
086 RCL2 
08? RCL 1 
088 RCL4 
1189 RCL3 
090 GSB8 
091 CHS 
092 ST03 
093 RJ· 

calculate and stores 

894 ST04 .::..:__;....._--'-'--"-'-- - - - - -
l195 li:'CL2 
096 RCL1 
l19? RCtc 
898 RCLB 
099 GSBB 
100 CHS 
101 STOE: 
102 
1[1."3 STOC 

calculate and stores 

.,..,,...,.----~~--- --- - --1l14 Xt'r' 
H.'15 
106 
1(l( 

108 
189 
110 

56 

RCL4 
RCL3 
GSBB 
RCL2 
RCL1 
GSBE' 

E 

oaloulate and atorei 

7 8 9 

57 SS 59 



111 
112 
1 L3 
114 
i15 
116 
117 
1 ; :: 

119 
120 
121 
122 
123 
124 
E5 
126 
1 ·:o; 

.:...! 

1 ·:o c• .:.... ,_, 

129 
130 
~ 71 

l ~·· 1·n ......... 
133 
134 
135 
136 
137 
f 7C• ... ,_,,_, 

139 
140 
141 
142 
143 
144 
145 
146 
147 
148 
149 
150 
151 
1 CC·7• ,_r.:.._ 

153 
154 
155 
156 
157 
158 
159 
160 
161 
162 
163 
164 
1fi5 

A 
load data 

a 

0 

5 pt"tn"t 
.5\.1 brout.1 n e 

4.3 

CHS 1 t>t> l(l. { calculate and storer 
RCLE 167 GSB9 
RCLD 168 STOD 
GSB8 169 R~ I b.A 

STOD 17[1 •22 "' -STOE _au_ 
R4· 171 RTN return to subroutine call -

STOE 1 .,.-, GT02 -;..to"~locku'D- - - -
IC.. 

111ain -orosrraa- -
RTN return to 173 :+:LBL8 colllplex addition subroutine 

~"LBL 7 eul:lroutine to conTert [Y]Zlh] 174 +R 
F!J'! it flag 0 ie set 175 R.J input and output are in 

RHI 176 RI polar co-ordinates 
- - - - - - - __. 

RCL2 1 "'"' +R , ,. 
RCL1 178 v~t.r 

giTens 
,· . .. ! 

F.:CLD 179 R4· 
RCLE 

~11 
!SB + 

GSB9 •12] 181 p4. 
ST06 " A 18::'.' + 

JU a21 a22 1S3 Rl 
ST07 184 +F' 
PCL4 calculate and store the 

185 PTN 
RCL-3 186 :+:Lf.L9 complex 

dete:nainant As 
multiply subroutine 

RCLB of 187 R4 
F.'CLC f C:O ::.:: input and output are in 

t:.A 
• L'L' 

GSB9 = •11 ·•22 - a21°•12 189 P4 polar co-ordinates 
CHS 191] + 

RCL7 191 Pl 
RCL6 JC!::O -'.tf,' 

GSBB 193 +F' 
ST06 194 RTN 

r;.·4. 195 :+:LBLE PRINT STORED MATRIX 
ST07 196 RCL1 - - - - - - -
PCL2 calculate and stores 197 RCL2 

CHS 198 GSB5 
ST02 199 F.'CL.? 
F.:CL 1 I L 20fi PCL4 

1 . ...-x •11 .. all 201 GSB5 
ST01 - - - - 202 RCLB - - - -
RCL3 203 RCLC 

CHS calculate and stores 204 GSB5 
RCL4 205 RCLD 
GSB9 •12 206 RCLE 
STOJ al2 

I = - 207 Jf:LBL5 
all ...ll.l'irrl._ suh.routi.nL- - - -

F..'4· 208 PRTX-- or F/S 
ST04 - 209 ,x;:y - - - - - - - - or R/s RCL2 210 PRTX--
RCL1 caloulate and 211 *LBL4 J!l?ac~nue~n .lllb!'Qlltill.L_ 
PCLB stores 212 SPC 
RCLC 213 l?TN 
GSB9 I 

a21 [;;! :f:LBL2 Us locicu-aubn>utine _ 
a21 = -- - -

STOB •u ~ ~· P/ S 
F..'4· 216 GTQ2 

STOC 217 :+:LBLe SELIOOT y OR h~AIW(JT™ _ _ - - - - - - - -- -
RCL2 218 CFe 
RCL1 219 X.>8" set flag 0 it •1n entered 
RCL6 220 SF0 

221 RTN return tokeYboard -oontrnl 
LABELS FLAGS SET STATUS 

6 CE-CB c cc-ca D cc-ce:. E 
prmt rnatr"i."- O selfo,.. y FLAGS TRIG DISP 

b CB .. CE c ca-cc d CE-CC 9 seled y <>rn 
, ON OFF 

0 • DEG • FIX 
1 2 3 r4Parr"an9e 4 space~ rb1 2 GRAD SCI 

-~.i. .. ,,, S\Ji...-utme 
1 

6 [h]- [hj 7[h] :[y] 8 comp le~ 9 compley, 3 2 RAD ENG • 
add multi.olv 3 n_a__ 

PROGRAM 4-4 COMPLEX 2x2 MATRIX OPERATIONS - PART 1. 

Program Description and Equations Used 

This program is one of two programs to manipulate complex 2x2 ma­

trices. When dealing with high frequency amplifiers employing feedback, 

and input and output networks, one way of obtaining the overall amplifier 

response is to operate on the matrices that describe these 2-port net­

works. Shunt feedback may be included within the transistor transfer ma­

trix through Y matrix addition. Y matrices can be converted to Z ma­

trices using the complex matrix inverse routine. Series feedback is in­

cluded by adding Z matrices. The input and output networks are included 

by multiplying ABCD (transmission) matrices. 

This program will perform matrix addition (A+ B +A), subtraction 

(A - B + A), multiplication (AB-+ A), and interchange (A~ B) with 2x2 

matrices having complex coefficients. Data entry and output may be in 

either rectangular or polar format. All data stored and used by the pro­

gram is in rectangular format. If flag 1 is set, polar format is indi­

cated and the data is converted to and from rectangular format upon data 

input or output respectively. 

The program operation is very straightforward, and matrix opera­

tions are done in the conventional manner. Two subroutines are used, 

one for complex addition and the other for complex multiplication. See 

[ 6 ] , [14] for matrix algebra details. 

Both this program and the companion program (Program 4-5) share 

common register storage allocations; thus, matrix manipulations requiring 

functions contained in different programs are easily accommodated. 

455 
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Matrix addition and subtraction: 

a 
11 

a 
2.1 

rll 

r2 2 

r21 

r22 

= 

= 

= 

= 

all 

a 
12 

a 
22 

± bll 

8 22 ± b2 2 

8
21 ± b21 

a22 ± b22. 

± 

b 
2 1 

= 
r 

22 

The R matrix replaces the A matrix at the completion of the routine. 

Matrix multiplication: 

~l 

.x = 

rll = all bll + 8 12 b 21 

r12 = all bl2 + al2 b22 

r21 = 8
21 bll + 8 22 b 21 

r22 = a21 bl2 + a22 b22 

Again, the R matrix replaces the A matrix at the completion of the 

routine. 

Matrix interchange: 

all ..... bll ...... 

-- al2 - bl 2 -- 8 
21 - b 21 -

8
22 :t: b 22 

Ust•r Insfru~flt»ns 

~ 
OOKPLEl 2x2 MATRIX OPEBA.TIONS - PART l 

print A print B reofpolar A:::B 
0 l 

load A load B A+ B •A A - B -A Ax B -A 

STEP INSTRUCTIONS 
INPUT 

DATA/UNITS 

i--.------ ---------·-----·---·----·---·------------- ~------·----

--·-- ~--··----------------·-- .. ---------~~- -·------- ------

----------------------------------·---~------~----~ 

__ ----~--~~-~---~~.!P for sub~criP-~.8-. __ llJ._12,_ 21 , _2_g ________ _ 
in aey order. ---- -- ------~----------·-----·-- · ·-----·-------------~-.--

1----<1-------··--·- ·-------·---....----------- ------ ~--·---------.-·-

Do thi• step for subscripts 11, 12, 21, 22 - -- ---------------------------------------------------···---------- ----------
in any order 

~ i----·---·--·---·-·-·------·----- -·--------.~- -------

5 To print mat~ioes in choaen form.at (say p.olar - ----- ~----------------------------------------------~---------------------- - -------
a) 4 matrix -- use f A "-----•---by·-·a- ma"trl_·;--:~--~-~e f B 

~--·-- 1-------------------------------------------------·--------·--~---------

---------·- -------

-------·--·-··---~------.~- .. ----·-----------· ----------
1------ 1-------------··--------------------·-- ----------
----·- ~------·--------------··--------------- ----- ~--------

~-- -~--------------------------- .... ------ ""----------
i-------- ~--------------------·-----------~~-------·-- ---·----·-

1---~>----------- ·--------------------------· 

--... ----·-----·-----~------ ... --- ---..---------+----·------
-- ,__ __________ ~---~-----~-·-------··-·------- 1---------

KEYS 

(;~ 

OUTPUT 
DATA/UN.ITS 

_9_JrectL__ 
1 (polar) 
o-r~ec-t) __ _ 
--.--·· 

• 
----!.·-··--·-

>--------

-----------

---------·~-

21'...~1 

=r-~=---

1------ ----~ 

2'-21 

=}.1~~-=~ 
I-----------·· -- .. -- .. 

_ __ _4-_gg __ _ 

,_ __ J __ _l~--
i..-------~.---



4.4 

~ 
COMPLEX 2x2 MATRIX OPERATIONS - PART l 

I 
CONTINUED 

I 

STEP INSTRUCTIONS 

6 To add matrices A and B with result 

I 

I 

INPUT 
DATA/UNITS 

--~---- .. ____________________ -----------------~~---- --~---·-

----- ·--~~P-~.!.~~A .! ... .l~-~-~--~~~P. .. 2.-~J> ri_~!-_!~s-~!~L-. ______ _ 

7 To subtract matrices A and B with reeult 

KEYS 

~==: ~~=~iJ:;.;~-=!_1 us~-~1~;~ t~-P:!~~~-;;~1~;}==: :=~==---- ~ 

z~ 

... 2 ... ___ ..'!'~.-~!:i.!-.!!'.~1!~~-! . .!l!.~~!'!.~~ A and B _ (A::l!_)________________ CD [I] 
(use step 5 to print results) 

-~~ --~---------- ------------------~~~------- ------

·---- ---------~-----~------------ -- -- ----~ - - - --~--------~--- - -- ------·-

----- -~-------·---------·-~-----------------~--~-~---- ·----
General notes · 

·- -J.y---·j.·i~t~·i;:da~--~d op~;atione -;_;;- sto;ed ·------------- ----·-·---~---------------~-~-------..;.--~------ ------------
and manipulated in rectangular format and -- ---""-----~--~------·-----~--.,·------ -----~-- - ---------·---- ~-------~--

converted to and from polar for data input 
------ ------------------~-----------------------------~-~-~~-- -- ----------

and output if flag l is set. 
~-- ---~----·--------------------·--------~-----,-~- ------

----- -~-----------~·-----------------------....-~ --------------

--- -------~----------------------------~------;------------- -··----------
------ ------------~----~---- --------~-~----------~-----~--- ----~---------~ 

-----· ~------- - ---~-~---------~~------~--------,·~·-----~------~-~---------- - ~ -----... -~ 

-~-~---~-----------------· ·--~---------------- -·-----~ 

.. -------·---------------------------- -·-----
r------- ---~-~------------------------,---------------~-----·--- ------------
----- -------------~------------- '----+~---- ----

---- ---------~------ --~----------------~----------~----- -----~----

--- ~-----~--------------- -----~--- ---~----------

-M- ---·-----------------------·---------~--------~------- .__---~----

OUTPUT 
DATA/UNITS 

------~-

-----

-----------

:-,..._.------~----

------

--~------

~-------~-

------------
,___ ____ _ 
-------

Example 4-4.1 

Given 

A =[(3 + j4) 

(5 + j6) 

COMPLEX 2x2 MATRIX OPERATIONS - PART 1 

(4 + j5~ ' 

(2 + j4~ 
B = 1(4 + j5) 

Lc6 + j7) 

(5 + j6~ 
(7 + j8~ 

45'9 

Load the above matrices, store them on a data card, then perform A+ B, 

A - B, and A x B. The HP-97 printout for the matrix loading is shown be­

low, and the program output is shown on the next page. The B matrix is 

loaded in scrambled order to demonstrate the free form loading feature 

of the program . 

HP-97 PRINTOUT FOR EXAMPLE 4-4.1 INPUT 

A MATRIX LOADING B MATRIX LOADING 

4 . 00 ENT·t Im au 
.3. 60 Ef-iT·t Re au 

i 1 . 06 G3f:H ij 

t7. 00 ENT·t Im bi2 
C' ai3 ENT-t Re bi2 ·-'. 

12.63 G.SBB ij 

5. 66 ENT·t Im a12 
4. 00 rnn· Re a12 

12. 60 GSBH ij 

r. 63 ENH Im b21 
6.66 rnn Re b21 

21. 00 GSBB ij 

6. 06 rnn Im a21 
C' 06 ENT·t· Re a21 ~·· 

2i . 66 t.-:::;.t;H ij 

s. 0fl ENT-! Im b22 
7.6@ ENH Re b22 

22.66 G3PB ij 

4. ~30 ENT·f Im a22 
2 ' fifi ENT"t Re a22 

22. BB i;SBf:i ij 

5.86 ENT't Im bu 
4.0ff rnn Re bu 

'1 66 GSBB ij J L' 

kPTh record data card 
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HP-97 PRINTOUT FOR EXAMPLE 4-4.1 OUTPUT 

GSB.,. print A matrix GSBC 
4. 00 .-.:*:t: Im an 
~.6!3 :+: :+::+· Re all GSB,, 

9.06 .t.'f:.y: 
5.06 .-.:** Im a12 7.86 *:f.:+. 
4.66 •.. +::+: Re a12 

J. ~. 60 **·-+: 
6. [l[i :+::+::t. Im a21 9.00 :+::+:.-.; 
5.06 :+:*:+: Re a21 

13.66 *':* 4.66 *** Im a22 11. BO *** 2.66 ..... ** Re a22 
- - - - - - - - - - - - - - 12.60 **·-+: 

9. 06 :+::+;.;: 
1;E;f:i;, print B matrix - - - -

5.61] .,::+:.t. Im bu 
4.66 :+: .+:.y: Re b11 

6.BB *** Im b12 f ;SBD 
5.06 :t::H: Re b12 

GSBo. 
I. 60 .;::+;:t. Im b21 -1 • iJ6 :,:.;::+: 
6.66 :+::+::+. Re b21 -1. ~]6 *** 
B. 60 .p/::t Im b22 -1.eo .f::f:l 
7.60 *·-+-:+. Re b22 -1.66 .;::+;.;: 

-1 :a £10 *** -l.66 :+: :+:.;: 

-4.0B :f:;t::i;: 

-5.[ifl *** ,_ - - - -

1;SBE 

GSB,:i. 
89.66 :+: :+::t: 

- 19.00 *** 
105.60 *** 
-2i. 60 *** 
87.66 **·•: 

-26.60 :+::+::+: 

1fi4. [16 H::+: 
-29.00 **': 

execute matrix addition 

print resultant matrix 
Im r11 
Re r11 

Im r12 Note that 
Re r12 the R matrix 

has replaced 
Im r21 the A matrix 
Re r21 in storage. 

Im r22 
Re r22 

- - - - - - - - -
Reload A and B matrices 
by reading data card. 

execute mat subtraction 

print resultant matrix 
Im ru 
Re ru 

Im ri2 
Re r12 

Im r21 
Re r21 

Im r22 
Re r22 
- - - - - - - - - -
Reload A and B matrices 
by reading data card. 

exec mat .mul tip lica tion 

print resultant matrix 
Im ru 
Re rll 

Im rl2 
Re r12 

Im r21 
Re r21 

Im r22 
Re r22 

COMPLEX 2x2 MATRIX OPERATIONS - PART 1 

Example 4-4.2 

Because the resultant matrix replaces the A matrix in storaget 

operations may be chained. This example demonstrates that chaining 

ability starting with the A and B matrices given in Example 4-4.1. 

GSBE execute matrix multiplication: A x B + A 

GSBC execute matrix addition: AB + B + A 

GSBd execute matrix interchange: AB + B t B 

GSBE execute matrix multiplication: 

GS Bo. 
651. 00 :t:.;;:+: 

-1194.66 :+::+::+: 

792. 6[1 :i;::+::+: 

-1401.00 :;.u 

957.60 *** 
-1640. [i[i :+::t::+: 

1162.66 *** 
-1923.66 :+:.+:.;. 

print resultant A matrix 
Im a11 
Re a11 

Im a 
Re a12 

12 
Im a21 
Re a21 

Im a22 
Re a 22 

B(AB + B)+ A 

461 

The same data can be outputted (printed) in polar format using the polar­

rec tangular toggle under label "c" to bring a 1 to the display. 

GSBD 
GSBc: 
GSB·:·. 

i.5i. 40 :+.·H: 
1359. 94 .;:n : 

1 50. -52 :+::+:.-+: 
i669. 37 .;::+;:;. 

1 49. '7-;-
i ·-' .;:.+:.-+: 

189E:. 86 .+::+: .-,: 

148. 86 **·+: 
2246. B1 .-+::+::t: 

} use polar-rectangular selection toggle 

print A matrix in polar format 

al 1 
la11 I 

al 2 
la1 2 I 
a21 

ia21 I 
a2 2 

!a2 2 I 



4-4 l,1·o~ram IJsfin~ I 
001 
002 
fl0J 
004 
005 
006 
007 
0[18 
009 
(11[1 

X>0'i 
8 

X.>[i'? 

oalculate storage register 
location from su.bsoript 

011 
012 
013 

ENH 
+ 

014 + 
01.5 £E lf 

016 F2 ·~· 

f.i1? CLX 
018 + 
""=""'-=------=- -- --
tl 19 R./· 
132B Fl•) 

021 .;p 
022 Rf 
1:323 GSB8 
624 GT01 
025 :+:LE:Lo. 
026 EEX 
627 STO! 
028 GTOe 

if polar data, oonTert 
to rectangular format 

PRINT MATRIX B 
030 2 initialize index register 
831 STOI 
032 :+:LBLe u.tri~rint IU~U ill• -
f.i33 G8B4 reoall matrix el••nt 
0.'34 Fl •i co:uvert to polar fo:mat 

'""'@"""3-"-5 ___ .,.;,,..P if flag l_.!s set __ 
0.56 ,\'t'r' 
03? PFnX print matrix elelllent 
B38 Xt'r' ~s complex quantity 
039 F'RT\' -(may be R/S statements 

...;.i3_4i3.:....___..:::..S:....:PC=- - iLJ•ruecll_ - -
841 JS I 
042 ISZJ increment index b;r 2 

043 
044 
045 
046 
04? 
048 
049 
050 
051 
052 

,-, 
·~ 

RCLI 
,':-::;';'? test for loop exit 

GTOe 

*·LBLC 053 
054 8 initialize index regi at.er 
055 STO I 

REGISTERS 

SO S1 
scratc.I\ Im a11 

056 *LBL0 
057 GSB4 
058 F0? 
059 CHS 
060 ,'x;::y 
061 F0? 
062 CHS 
063 X't\' 

matrix ad eub:traot su.br 
reoall •.Yjx B •l••:uc_ 

ohaage sign of eleaent 
parts it nbtractioa 
18 i:udioated. 

...;;0;...::;6....;.4_-=D-=-S=-Z~I decrement index -- -
065 GSB4 reaall matrix fil-ent 
066 GSB2 ~ora oo~lex adcli tioD 
067 GSB5 atore result as aatrix A 
068 DSZJ decr••nt. indexand~ -
069 GTOfJ te•t tor lou_exli__ _ 
070 GT01 te s ace and return 
071 !l:LBLE _MATRIX MULTIPLIOATIOJL _ 
072 1 
073 2 calculate and 
074 SF2 temporaril7 atorea 
075 GSB? 
076 
077 
078 
IJ79 
080 
081 
082 
083 
084 
085 
086 
087 
088 
089 
090 
!191 
092 
093 
094 
095 
096 
097 
098 
099 
100 
101 
102 
103 
134 
105 
106 
10? 
108 
lf:i9 

7 
~· 

6 
GSB? 

9 
GSB8 

1 
4 

SF2 
GSP? 

8 
GSB? 
STOH 

Xt\·' 
STOB 

5 
SF2 

GSB7 
7 
6 

GSB? 
STOC 
,\'ti' 

STOD 
4 
r: 
·-' 

SF2 
GSB? 

? 
8 

GSB? 
7 

calculate and 
temporaril7 stores 

caloulate and 
temporarily atorea 

1 e 
Re a22 'Re b:n 

9 emp 
'Re Y44 

S7 SB 
Im 8211 Im b22 

A temporal"y B 
Re r12 

tempoV"dl")' C tempol"'ary D tempor-ary E 
Tm 1'"~2 Re v-i1 IM R21 

sc.rai.cnpad index 

116 
111 
112 
113 

GSB9 
EEX 

;;see 
RCLB 
RCLA 

4.4 

- - -114 
115 
116 
11? 

3 V-i2 --- a12 

118 
119 
i20 

GSB8 
RCLD 
RCLC 

r: 
·-' 

121 GC:Ri=' 
_,Ic.::2;,;;2_*,;,,,;'L::..:B;..;;L=I _!paoe and return subrclltine _ 
123 SPC 
124 RTN 

.;;.1,;;;;,2,;;,..5_;;..;;·L;.;;.E'..;;;·L-'-? matri!_~ul tiply subroutine _ 
126 EEX 
12? 1 
128 
1 ::•Q 

13!) 

131 
132 
133 
134 
135 
136 
137 
138 
139 
140 
141 
142 
143 
144 
145 
146 
14? 
148 
149 
J.5!) 
151 
152 
153 
154 
155 
156 
157 
158 

.-159 
160 
161 

GSB9 
F.'CL I 

FRC 
ff.\' 

1 
x 

GSB9 
STOE 

IN 
STOI 

R.J. 
ENH 

Rt 
x 
R1' 

RCLI 

}:.' 

LSTX 
F,•J 

F.:l 
RCLE 

R't· 
RCLI 

+ 
\.' ........ 
r"l ~ I 

GTO? 
ti 

GSB9 

reoall first matrix elaRent 

recall second matrix element 

- -
oomplex 11Ultiplication 

- - - -
jump if first product -- --- -
recall first product 
from scratchpad etoraga 

~1~6=-2---':+"":L'""B""' L-=-2 comple~add aubrcutin~ _ 
163 
164 
165 
166 
16? 
168 
169 

..... 178 
171 
172 
173 
1 ?4 

F'J· 
+ 
R.J· 
+ 
Pt 

RTN 
:f:L8L7 

@ 

*LBLS 
STOJ 

RJ· 

setup soratohpad index 

..:.1..:...7..::..5_;:....:·L:..:B-='L..::..5 comp lex •tor~ 9Ull9\d.izle _ 
176 
177 

STOi 

1 ?S PtS 
1?9 STOi 
180 F'tS 
181 RTN 

..:..1-=..;8~=-'.' ____,_:+:=LB=-='L=9 • r~eoall iadu suhr. _ 
183 STOI 
184 RJ· 

...:1..::Ei..::..5_:+:;..;;'L;.;;B.;;;;.L..:...4 oo~ lex r~l l aubrout~ _ 
186 PtS 
18? RCL i 
188 PtS 
189 RCLi 
19!1 RTN 

J Q::· CF1 
193 CLX 
194 RTN 

fO_w.R/.BmT.\WULAIL.TOGGLE -
clear flag 1 to indicate 
rectangular form.at and 
ulaoe a z-ero i• the di-la .. 

195 :+:LBLr:• _ _ _ _ -
196 SFl -;et flag 1 to indioate 
197 EEX polar fonaat and place a 
198 RTN one in the A4 -1 ... 

-=-1.:..:99:...__...:...*L=::B=-=L:..::.cJ ~TW UIDJ\OlWiG.L - -
208 8 initialize index 
201 STOI 

20.3 
204 
205 
206 
20? 
2!18 
209 
210 
211 
212 

•213 
214 

:+:LBL6 
bSB4 
DSZI 
GSB4 
ISZI 
GSB5 
DSZI 

RJ· 
RJ· 

GSB5 
DSZI 
GT06 
GT01 

recall corresponding 
aatrix el•ents 

interchange and store 
oorreapoading element• 

deoreaeat index and 
teat for loep exit 
goto apace and return 

-

-

-

LABELS FLAGS SET STATUS 

A load ~ 6 load S C ~+B~A D A-B-~ E /1..1(.B-+A o .subfrad FLAGS 

a pn nt 1" b pn n t B c polar{ ..-ed d A .... B e print loop 1 ..,...lar ON OFF 
1 r o - sta.t"t .-- o • 

2 comple11 3 4 c.ornple'<: 2 don't continue 1 • 
add1 t1on recs LL GOrnrnat.H>n 

o mab-1Y. 1 ~ 
addisubtrac.t space" rtn 

TRIG 

DEG 
GRAD 
RAD 

DISP 

FIX 
SCI 
ENG • 
n__a__ 



PROGRAM 4-5 COMPLEX 2x2 MATRIX OPERATIONS - PART 2. 

Program Description and Equations Used 

This program is the second of two programs to manipulate complex 2x2 

matrices. This program will perform matrix inverse (A-1 ~A), matrix 

transpose (AT ~ A), matrix complex conjug<.~. te (M• ~ A), and matrix inter­

change (At B). Because the resultant matrix from the matrix operation 

replaces the A matrix, chaining of matrix operations without data re­

entry is easily done. 

This program shares common register storage with Program 4-4, hence, 

matrix operations that require concatenation of routines contained in two 

different programs can be done without reloading any previous data. 

The user may elect to work in either the polar or the rectangular 

co-ordinate systems, however, all data is stored in rectangular format. 

If flag 1 is set, the input data is converted from polar to rectangular, 

and vice-versa for output. 

The algorithms used are: 

Matrix inverse: 

(4-5.1) 

where \Al is the determinant of A, 

(4-5.2) 

Matrix transpose: 

(4-5.3) 

465 



466 HIGH FREQUENCY CIRCUIT DESIGN 

Matrix complex conjugate: 

A*= 

a 
11 

* 

a ,~ 

21 

Matrix interchange, see Eq. (4-4.3). 

a * 
12 

a * 
22 

4-5 

COMPLEX 2x2 MATRIX OPERATIONS- PART 2 

~ print A print B pol~j~reot A'Z B C&lOU.1&1'.e 

load A load B 

STEP INSTRUCTIONS 

1 0 
J..1_. A AT- A 

INPUT 
DATA/UNITS 

2 Seleet polar or reotangluar toraat 
L---·--· ~----------~------------·--- ------

J------ ------------------~----~----~ ·-----

·-- --------------------------------·------ ---------

----'- --~ad a~ri~ A ia-~~oct~UJ?.tut -~.!.!.!.~ allo~J ______ _ 
~- __ !-_)_~~~-~gi~ry part _f!!_ aatr~-;~-~-nent I~~-u_ 
____ _.!'j ___ ~ad !~.!!..J>_~r~~-~-~~~!~_:!!~!Dt ______ ~i3----

c) lo&lll nD&oript of •trix elemnt ij 
1-----.. .. .... -. .. ------------------· ·-------~--------~--- --------

l---- ·-- ---------------·----.. ---·---~~------------- -·- · ·-----

Repeat tlt.h at.ep tor ij 11, 12, 21, 22 
f---- ----------------- ---------------- --- ---~-.----~--

~- ___ _J_!~.!£.~!_1'..!_ ______________________ --------

4 Loa& aatrix B in •elected tormat (polar use•) 
I---- ------~------~~-----·-----------~----------- ---- --~-~--·-

~ ____ el_~a~_~g!_e_ of' ~~ri!__!~~ent - ---------- ,_ __ 4.. bjj__ __ _ 
b) lolllll magni tud• or matrix el•ot I bij I 

,___ -o~o-;d;.bso;ipt-;f-;;tri-; elftl-;;t _____ -~----
.__ __ ---------------- -------------------------~---·- -------- J.o--·-~-__, 

.____._ --·---------·--------------+--------------
11, 12, 21, 22 

in any order. ---------------------+---------

5 To print matrices in chosen f'ol'lllat ( ae.y polaJ / 

IAI 

A•- A 

KEYS 

i~ 

------ -----· - ----._---·~ -- - ---------······----------'- -----------~--

a) A matrix -- use f A IT] ~ __.._....... _________________________________ ._..______________________ -------
~) B matrix ~ u•e f B 

_.....___ ------------·---------.....:---------------------~-----·-------- ~-------

----- ------------~------·-··-------~-------------- -----'"'--
,,___li----------------------~-----------

-~-------~----~---...--···-·~-~·---~-------------- >---·----
___ ..... -------------··-----..... ----~-~~-~--- --- --·--~ ----~-

'--·~----------·---------~--------~---------- -···---- ~-----

-·---- ----------··------------~------·-------·--·--· -----------

~~·- ~·------·--------"'*-~~----·---··--·-·-.. -- ..---·-------
'--·---~-----------·---------------~~---~---··- ------
,____ ... ._ _______________________ ~---·------ -- --- --- ..-------·----

~·--.0..-----------·-------·~·------------- ------------ -----···---
1..---- -- ~·-------~---------------------·----------- ·-·-~-----~ 

OUTPUT 
DATA/UNITS 

-~\!'!.~~) __ _ 
l (polar) 
-~------___.,;-

-~_{_~ect) __ _ 
• • -----· --

_____ AJ!_ __ _ 

I 141 

-----·-
Ll~z 

==~=IJ~~~ 

-----9:!!3-. __ _ 
__ Jj_~L 

L---~----

~-------



4.5 

~ 

STEP 

Ust•r Insfrut-fic•ns 
OONPLEX 2x2 MATRIX OPERATIONS - PART 2 

I 
CONTINUED 

I 

INSTRUCTIONS 

I 

I 

INPUT 
DATA/UNITS 

KEYS 

--~- ----~_f!---~-~-~-C?~-~-~~-~--~'!--~-~-~--~---~~!!-~l_!~ conjugate CO 
______ _(_~~-!--~-~~_p __ ,? ___ ~ __ _p_tlat out r-~·~i~t--!~~~~tl_~f ===~~== 

9 To caloulate the detena.inant of th• i matrix t------ - ... -......... -~---- - ---~---· -----------..._-----~---------------

,.. ________ _ 

t------- ............ ------------------·------------- - -----·~-----·--- - ------· 

- - ---·----------------.. ·--·---- -- -- -----~----~--~-------- ~----------~--

~--~--l- --.--..---- --------~--,.· · ·------------·------------ · --~-----

i------ i-.. .. -~~---~--------------··---- ----~~-----~--- >--------
------- ~--------·-··----------~----· -------------------------~ ......... __ .,._. .. ~----

---- ______________________ .,.._ ___ ·--------·---------..---·- ----------·-

~----~ ~--------·-------------------·------------------------ ....__,. ____ _.... __ _ 
-~--~----_,. ____________ ..__ _____________________ ~--- ·-----

----~------------------~---·---~----·· ----·-------- ~-----------

~·-- -·--- -~-----------------~---------------------- -

1----- ~----------.. --~------------.. -------~"---~----- _.,. ______ _ 

----- ---------------·----~~------~-----------·-------~---------- ----------
--·------------.. ---------------·----------------- --- ~----- ·---............__ 

--~ ~------- ------ ... ---~----·-----·---------------·· ------·~--

-----~- -· ---...------------·---·------------~-------------- --··--------
------ ------~--------------------------·- ------_.--~ --------·-
-·---- ---·--------~--·----------·- - ·· · ----------·----- ---~--------

1----- -------.----· -------------·~--------- -~----------- L---------
-·-------·-

c;~ 

OUTPUT 
DATA/UNITS 

Im IA! 
~-----

_ _!t~-~---

----~-~-------

!--·------

----------

1---------
!------··· 

COMPLEX 2x2 MATRIX OPERATIONS - PART 2 469 

Exampl e 4-5 .1 
-1 

Given the A and B matrices of Example 4-4.1, calculate B AB. The 

loading of the A and B matrices is shown.in Example 4-4.1, and is 

omitted here for brevity (they were actually loaded from the magnetic 

data card from Program 4-4). 

Load Program 4-4, and load A and B matrices 

GSBE form AB + A 

Load this program (Program 4-5) 

Reload Program 4-4 

GSBf 

GSB·~· 
.; /-, --, !:' :+::+::+: -""f 1: 1. .:: ._l 

-4S. 86 :+::+: :+: 

-54. 5[1 :+::+: :+: 
cc ·:: ~ :+:i;: .;: - --' ··-'· ..:.., ._1 

49. se :t:;+: :+: 

45. "7-C' .;::+: .;: ;".,_; 

56. ·-:r :+:.;::+: .:::._1 

53. fl[i :+;it::+; 

interchange AB and B 

-1 
form B +A 

-1 
form B AB +A 

print result 
Im al l 
Re all 

Im al 2 
Re a1 2 

Im a 21 
Re a21 

Im a2 2 
Re a 22 



4-5 

@81 tLBU; LOAD Ml.TRI.I A 
- - - 056 9 002 SF2 J acll"O•t• ~t!Iz r 057 GSB9 flel j .tLBLB _M>~MATRIU - - - - 058 GSB2 6B4 - - - - - -i 

059 F2? it ct.tendaant oaloulation 00.'5 2 060 GTa@ p_to ..Jtlll~\UiJlet._ t1fl6 
061 - --

->P 0@7 X.>0·;· 
062 J/X calou.late aatl •tore 1 008 8 calculate storage register l163 x:y iiT 0139 X.> g ·;· looation troa eub•cript 064 CHS em -
065 x:y 011 ENH 
866 ->R 812 + 
86? 9 Bi 3 .J 

. t168 GSBB - - - - - -014 + 
069 3 ani 015 EU 
070 G"SB9 

calculate stores 
1316 F2';' 

071 9 017 CLX 
072 GS Be 8.fi 018 + 
073 3 - lAI -a12 - - - - - - - -019 R.J. 

it polar data, CODTert 0?4 GSB8 @2[1 F1 ·~· - - - - - - -, ' to rectangular format 075 5 
caloulate 021 .;.p 

anti store; - - storage index - - 07t:7 GSB9 022 R·t recoTer 
077 9 8-tOrema trix "iremelit - -£12.....; GSBB 
878 GSB~ a:H 024 GT01 goto spao.--&nd retui'il"su"Dr-
079 C" -w -a1z 

·-' 02'5 .'f:LBLi:.. __f.RUl'T ~ ,,..,., ..1. & 
t18ff GSB8 026 fJ:'.,f initialize index regi•ter - 081 EEX - - - - - - - -0·-·' STOI hr matr.11; L 082 GSB9 caloulate and stores 

c.r 
- - - -&28 HO? j\mp 

08.j STOP [129 ~;LBLh l'IU.NT MATRIX I!__ 
- - 084 X:'r' 03@ ·~ initialize index regi•ter fi85 STOB 

.:: 
€131 STOI for matrix B r.186 7 ,_ [132 :tL BL? ~trix print subro~~ - 087 &SB9 033 GSB4 ~oall.Jatw el.munt __ - BBB 9 aZ2 

-- a~1 
034 GSBl3 -1!:iDt matrix elem.ent 

089 GSB9 TAI -- -- -035 ISZI increment index by 2 B9B GSE3 ff36 ISZI - - - - - - - 091 ff\' 1337 0 

t192 GSB8 
,_, 

- - --- - - -~ 038 RCLI tHt for loop exit 893 F..'CLB caloulate and store• ff39 ,}:;£:.·'r''? 
094 RCLF! Mff GTO;' - -- -- - - fi9.5 9 041 GT01 2oto naoe and return. subr 0.96 GSB9 042 !l:LBLe OALOULATS Dl'l'.Em(INANT or A 697 GSB3 a"" i adioat• dotenunant -

-- a22 
@43 SF2 calo t198 ? IAI 044 tLBLC OALOULATE A MATRIX INVERSI Et99 L~SB8 -- - - -04.5 EEX 

calculat• ud scratchpad. 10€1 GTOl t146 GSB9 
store HlJ :tLBLe multiply and ohange sign f!47 ., au-a22 ,. 

H.12 GSB~::i au'llroutine t148 GSB.9 
103 G8B3 t149 G'SB.? 
104 CHS OSt• 9 
105 Xt\·' !35i G"S88 - - - - - - - 106 CHS t";rC"·-· .3 
107 '··'-+'.! 

t.i._;.::_ 

calculate and ,···,pf 053 GS89 a21·a12 
108 HN ff54 C" eu.btract troa all .a22 which _, 

055 GS Be 
is •to red 

REGISTERS 
0 
scratch pad 

I 2 3 4 5 6 7 8 9 ~ Re a11 Re b11 Re a42 Re b12 Re a21 Re bz1 Re an Re lo22 Re lAI so S I 52 53 
Im 

$4 SS 56 57 SB 59 ~ scra b::hpad Im a11 Im bH 8 t 2 I m br2 Im a2.1 I m b 2-1 I rn a2'2. I m P22 I m lAl 
A IB scratchpcid r D 

IE strakhpad II index/ scratch. 
scratc h pad 

4-5 

164 ISZI 109 :+:LBLB COllmOD 01l~t su'broutiA! -....:....::.-==---'-=~-:=-
165 GSB5 110 F1

9 
ooaTert to polar it require• 

111 -tF' 
112 Xt'r' print both parts of' a - -

166 DSZI interohange and store 
167 IU corrHpontliag matrix 

113 F'F..'TX.....__complex number 168 RJ· el-ent• 
114 ;,::·r· '-.....(may be IVs statements 
11.5 F'RTX/ if desired) _ _ __ 

"""1_i_6 __ G_"T_0_1 tMto s1>aoe ""'d return 1n1"ir 

169 GSB5 __ 
""'"i""""7'"'"ff-....,D:-:S:-=Z:-:-I deor-eat in•ex. and-
171 GT06 te•t tor lQ2Lex.1.L __ -

.:.1...:_7.;.2--::G=T~0.,...1 ..ato s11aoe aad return wbr 11? :+:LBL2 ooaplex add subroutine 
118 
119 
12ff 

x·-+•.r ,·.+-) 

RJ· 
+ 

121 RJ 
122 + 

1 ?5 
176 
177 .~·:·r· 

...:1...:..7.::.8_....:E:....::T""""O"'="B _ _ _ _ - - -

1 79 •'.C:B_~ recall a 21 aa• et.ore in 

12.3 R·t 
124 RTN 

18ff ~- ~. a 12 looai1oa 
181 ; 

126 .:.1..:.8~2-...;G=--::S,.,.B-=-8 __ __ __ -- - -1 - - RJ· 
::: t c;~,. r_iJ 183 RCLB recall a

12 
troa soratchpad 128 - 184 RCLF! 

125 :+:LBLJ complex multiply subroutine 
STOE 

129 RJ· 
185 5 

an• store in a
21 

looation 
13ff ENTt 186 
17 1· Rt 
~ 187 

132 ,,. 188 
1 """' 7 Fi1" ,;:,._. 189 
134 F..'CLI 190 
1 ..,C" ' • .'-+' . .' 

.j._J ,···,+-I J 91 

136 x 192 
1-- LSTX 
.j( ".'-'· 193 

GT01 
*LBL9 

STOI 
RJ· 

:tLBL4 
r-1-+c ,.+- .... • 

RCLi 
138 ~· 194 
139 - 195 RCL i 

F' -+C· 
+-·-· 

- - -- - -
mto •naoe and. retu- 11Ubr 

140 R"t 196 Rm 
141 R'CLE l97 *LBL8 store atorage UiU:JL.mlbi:_ -
142 x ...:1.::.9.:....8--'c...::_~'-=:Tc=-07-I 
147 R·t 

~ 199 R.J. 
144 RCLI 2ff0 :tLBL5 complH_Jl~e_m'llrmdiDL-
1 4 5 }~ =-2.::.0.::.1 ---'c...:::s'"'=· T='=o""""i 
146 + 2ff2 XtY 14., .~·=::y 

, 203 PtS 
148 RTN Tl' 
149 *LBU -PO~REOTANGULAB_!.OGGL~_ - 204 s LI 

_::....:c:._.......;..;:::..::L·--:.i:-,...,..1 indicate reotan.,.ular fonu.t 205 F'tS 
i .5ff ~- 2136 RTN 
151 CLX and place a zero -1A_d~1-J---..:~!;---""."':""~~..,nm11'.?ll'l ... ir:.,Til'-rl!;nAAmT.-rA'i!Olco.MPWi•J,J!;l,riBrcooiiN1iJli

1 1.52 RTN return to kevboard con.tral ~2~0.:....7---'•'-=:L:..::B=L7E - -- -- -

2ff8 F'tS reTer•e the •i'"" ot the 153 *LE:Lc: __ -- -- -- -- - 209 1 e--

154 SF1 indieate polar forw.at and ·"· 
10 

imaginar,- part. ot the 
.1 - ~I CHS i 1 t 155 EEX lll.au..a...o.nfL..iJL..t.he__di- a-_ 

2
i1 STx? aatr Xe•• • 

1.'56 R TN return to kevboard. .. ~;tr;1 C" 

l1Jllf'1:r'r"-.' 1·HTERCIWTGE 212 STX,, 
157 *LBLd ~au.~ - - - - - 213 STX3 
158 

8 
initialize index 214 STx1 

1.59 STOI 215 F'tS -

~ ~i *~~~! !:::1;t::rHp-o:n-d.iag - - - .:;=..=~.;.~_,:...::l:..::~c:~~~- ~ace and return nbrouti~ 
162 DSZ I matrix elements 
163 GS84 218 RTN 

a print/:>... 
o complex 

1lt"11'"1 t 
5 a.omplell 

store 

LABELS FLAGS 

B lt>ad 9 0 

b pr-tnt B c pola..-/red: d A.=:: B e calc IAI 1 polar 
1 2 com pl ex 3 aornple11 4 complelx 2 LI[~ wrt1'\ 
space.fret.u,.,, add multiPLV l'"QCB 

6 /!..%. e 7 aornmon B st.o 1nc1e,.. 9 <;;tore 1 .. eit 3 
91.1broul1ne 'onnt routine .t eMpl~ sk>re t C?MPtx rel 

SET STATUS 

FLAGS TRIG DISP 
ON OFF users ChOICQ 

0 DEG FIX 
1 • GRAD SCI 
2 • RAD ENG 
3 "--

·-----------------------~·--------------------~ 
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PROGRAM ~1 ELLIPTIC INTEGRALS AND FUNCTIONS. 

Program Description and Equations Used 

This program calculates complete elliptic integrals of the first 

kind and the following elliptic functions: elliptic sine (sn(u,k)), el­

lipic cosine (cn (u,k)), elliptic delta (dn (u,k)) , and el liptic amplitude 

(am(u, k) ). 

The elliptic integral of the first kind is defined by Eq. (S-1.1) , 

and the complete elliptic integral of the first kind is defined by Eq. 

(5-1 . 2), which can be evaluated using the infinite product shown in 

Eqs. (S-1.3) through (5-1.6). The product is terminated when k becomes m 
smaller than 10- 10• Generally this condition is achieved after the 3rd 

term of the series , hence , the series converges rapidly. As the ioodulus, 

k, approaches 1, more iterations are required, e . g., K( . 9) = 2.280549137 

requires 4 iterations and K(.999) = 4. 495596396 requires 5 iterations. 

" u(t/>,k) = (1 - k sin x) dx J 2 2 -~ (5-1.1) 

0 

K(k) 
l1 

= u(2 , k) (5-1.2) 

00 

K(k) = ; lT (1 + km+l) (5-1.3) 

m=O 

k = (1 - k ' >/<1 + k ' ) m+l m m 
(5-1.4) 

(5-1. 5) 

(5-1. 6) 

475 
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The elliptic modulus, k, is commonly expressed three different 

ways, which leads to some degree of confusion. In the Abramowitz and 

Stegun tables of elliptic functions [ 1 ] , the parameters m and 9 are 

used where m = k 2 ' and e = sin -i k. The parame.ter e is called the 

modular angle. 

The elliptic sine is an elliptic function, and is defined in a 
somewhat reverse manner from the elliptic integral. Referring to 
Eq. 5-1.1, given the input u(¢,k), the limit of integration, ¢ must be 
found to satisfy the equality, then sn(u,k) = sin ¢. Likewise, the 
elliptic cosine is defined; cn(u,k) = cos ¢. Notice that when k = 0, 

the elliptic sine equals the trigonometric sine and likewise for the 

respective cosines. 

The descending Landen transformation [12], [46] is used to cal­

culate the elliptic sine. Starting with an initial value for 

sn(u 1 k ) as given by Eq. (5-1.7), Eq. (5-1.8) is recursively r r 

used to find sn(u , k ) which is the answer. 
0 0 

1 + k sn2 (u ,k ) r r r 

where 

r = m+ 1, m, •••• , 1 

(5-1. 7) 

(5-1. 8) 

and k is obtained from storage, and was calculated from Eq. (5-1.4) r 

during the complete elliptic integral calculation. 

The descending Landen transformation is also the basis for Dar­

lington's elliptic filter algorithms (Program 2-15). 

The other elliptic functions are calculated from the elliptic 

sine as follows: 
k 

cn(u,k) ( 1 - sn 2 ( u , k) ) 2 
(5-1.9) 

k 
dn(u,k) (1 - k2 ·sn2(u,k)) 2 

(5-1.10) 

am(u,k) = 
-1 

(5-1.11) sin sn(u,k) = ¢ 

STEP 

5-1 

•oapl•t• 
elliptic 
int•Jral , 

JC(k) 

INSTRUCTIONS 
INPUT 

DATA/UNITS 

1 Load both eiclea of_P.~'-!:8Jll__!I_!':~~~---------- ---------....,._ ____ ---------------------------------------- ---

2 Select print/no-print option 
------- - -- ----------------------------------~-

---·-----------~-----~---------------- -----·----
------ -------------·-------------------------

4 Por ell_!pt10_~~-~!_p __ !~J~1J_~)__ _______________ - ---~-------- -------- - k -- ------------·--·----------------------------·--- ------

5 Por elliptio coein~n(u,~)__ _____________ 1!' ______ _ 
>--·- ---------- ----- ------- ---------------- k 

-~- ---·~----... ------·-----*-·~----·----~----------- -----------

6 Por elliptio delta, dn(u.,k) ----------------· ----~-------- -------------------- le 

-- --------------------------------------- -----

1----~ --------------------------------·--~------------...- ---------

>--·-·-----------------·-------------------------------- 1----------

........- ------,---- -~--------~-------~~-----------·-------- -----------

,___ '------- ·-----------·-------·-------------·+- ---·--
----- -----~----­.----- -·---·----·----------------~-----

>---..- -------------------------..-. ------------·-----~-- ~----..-----~--

i------ j;..--~------------~--~-------- ·----------- ~----------·-

----------~-----~--------·----------·-~---~~ ~~--·~----

-------•------------·-•••--··----~-•-·m••-•--•-••••-•---•-••--• -----·-

----~-------------------·----------------------------------

-----------~----- ---- - -----~--·--------------~--- !-----·-------__ ___..._ ___________________________________ ~--- --·--·--------
-------------------- -----------~-- ____ ...___. _________ _ 

___ .,,_ ____________________________ ~--·-------~- t---· 

KEYS 

CD Li J 
CLJ O:::::J 
[LJ[i~ 

OUTPUT 
DATA/UNITS 

o (IVs) f---------
-~_(pr_~~-L 
_<?.J_~~L-

• • 
------------ -.~ 

___ !.\~_L __ _ 

---~_(_~!~) ----

--q(u,k) 
----------

----- ----·--

P..-------
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Example 5-1.l 

Evaluate the following elliptic functions and compare with 

Abramowitz and Stegun [ 1] Tables 17.1and17.5. 

K(k); k = Jo.9 
sn(3.09.448898, sin 88°) 

HP-97 printout 

9.486:332981-01 *** calculate k 
GSE:R 

2.578092113+86 *** K(k) 

3. 0944 88) 8 EN71- load u 
06 . DH 

·~ rn calculate k = sin 88° 
9. 99J.90f:2?6- ii l *'1:.•· sin 88° 

9. 961S46SS· - 01 •¥· sn(3.09448898, sin 88°) 

[l [ ,; 

~iW calculate and print 0 = sin-1sn (u,k) 
8 . 58866000.~i : *·· r 

From Table 17.1 (p. 608 of [ l]), K(m) form= 0.9 is: 

K(m) = 2.57809211334173 

Rounded to ten significant figures, this figure agrees identically with 

the program output. 

From Table 17 .5 (p. 615 of [ 1]), the elliptic integral of the 

first kind for a. = 88°, ¢ = 85° is 3.09448898. The program output dif­

fers by 1 part in 8.5 x 10 9 , which exceeds the precision of the input. 

0 

so 

A 

5-1 l,rc,~ram I.Jsrln~ I 
B01 *LBLR COMPUTE COMPLETE ELLIPTIC IN~ 

~Ef-=-tr~"""? --'-'i;=_.S~B-2 oaloulate_filk) -=--- _..=-~ 
003 GT09 mto out11ut routine 
~0,__04 ___ :f:L..,....B=.L ....,,,f ]ilk} _!_&l~l&t.10J:l _!UDrout.1ne _ 
805 s ra0' store k 

""'0---06-=------=pc-:-; -o-alo-\11-at.e-and-s-tore_a _ - -
130 ( 2 
008 
009 
IJHl 
011 
0 12 
01 J 
iU4 
015 
81 6 
fJ1 7 
8 18 

.-..019 
020 
021 
022 
023 
024 
025 
026 
027 
028 
029 
030 
031 
032 

STG1 
EE!< 

1 
STD8 
STOI 

EEX 
CHS 

1 
-B 

ST09 

EEY 
RCLB 

x~ 

CHS 

.E.. -- R1 2. . 

~~O 
-to .-- R9 

--- -
oalculate and stores 

I 2. )fz 
km = ( 1 - ktn 

---------- -
calculate and stores 

+ I 

RCL? 1 - k1n 
EEX krn .. ~ = 1 .._ I<~ 

.. 
033 STOIJ 
034 STfli St.or; k;:-rordeB;ending -
""'0~35_--'--'If=;z_,r Landen transf'ormat~ _ _ 
036 EEX 
037 + 
038 STX1 

form 1T (1 + krn+1) 

IB9 RCL9 

teat for loop eXi t 046 RCLfi 
041 x.>\"? 

~B42 GTOIJ 
04J RCL1 recall K(ic)- - - - -
...::.8~44~~R=·r""""N 'r."tumto main program. - -

045 *LBLB CALCULATE ELLIPTIC SINE _ 
046 GSB3 calculate ~u-;k> ~ - _ 
..;:0,.;-4=-7-J;:::-=T=:::0~9 izoto output routine 
048 *LBL3 ~u,kL_caloulation ~r _ 
849 5T02 store k ----------- -
:;~ sr~i recner anci at.ore • -------052 RCL2 
053 GSB2 

oalov.late l(k) 

054 DSZI setup for an(u,k) calo. 
.-..0~55.__-"R~A=D _ _ _ _ _ _ _ _ 
856 RCL3 form and store initial 

en value f'or deacending 
Landau transt'ormati0n1 

057 
058 
059 
060 
861 
062 
063 
064 

.-065 
066 
Bo? 
&68 
069 
0713 
1371 
13(2 

073 
074 
1375 
i376 
07i' 

P i 
x 

RCL1 
ENTt 

+ 

SIN 
ST04 

sn ( u111• 11 k"'t-1) .. sm f; ~(,J 

:+:LBL1 transformation lo~ starL 
RCL i rocuraiTely use descending 

EEX Landon transformation to 
+ find en(u0 , k0)a 

RCL4 
x 

RCLi ( ) (1+k,.)sn(~1 l<r) 
RCL 4 

911 IL,._,' l<r-~ "' 1 + Sn 2 {u.i- , k,.) 
x2 
)I 

EEX 
+ 

1378 ST04 
..;:e=79=--D:--:rs=-=zc:-1 - - - -- - - - - -

080 RCLI 
081 RCL8 
082 X~Y? 

-@83 
084 
085 

GT01 
RGL4 

RTN 

test for loop exit 

REGISTERS 
1 2 3 4 5 6 7 8 9 -10 

ki K(k) ko Uo sn(u, k) aci-atch. 10 10 

S1 S2 S3 S4 SS S6 S7 SB S9 
k1 l<i I<, k4 ks kc. 

18 IC D IE r 



1186 
08 7 

[°88 889 
090 
091 
092 
093 
094 
B95 
096 
[197 
698 

[ 99 100 
101 
102 
103 
104 
105 
106 
107 
mt: [109 
1113 
111 
112 
113 

[" 115 
116 
117 
118 
119 
120 
121 

A 
KC1<) 

a 

°K(lil.) loop 
5 

tLBLC 
GSB3 
GT06 

tLBLD 
GSB3 
RCL2 

x 
tLBL6 

:X,"2 

CHS 
EEX 
+ 
,[",\' 

GT09 
tLBLE 

GSB3 
SI/'4-r 

tLBL9 
rn·~· 

PP.T X 
rn ·;· 
SPC 
HN 

.f:LBL 7 
R .. ·c .· ..... 

GTO? 
•:LBLe 

FB? 
GTD i=I 
SFl~ 
EEX 

GT07 
tLBL8 

CFfi 
CLX 
RTN 

5-1 

CALCULATE ELLIP...llO COSINE _ 
calculate snJ_u,_!tl 
ConTert to en( U le)°& outnut -
.Q!!.OUL....ATE ALin.lC IOO>TA_ -
ca lcula. te sn( u.,.k.) _ _ __ 
form k•sn(u,k) and convert 
t&....!in(y_Jc) ...tben....2.UtlUrtt. _ _ 

routine to calculate: 

iroto outDutroutine - -
CALCULATE ELLIPTIC AMPLITUut; 
oalculate sn(u"JC) - - -
~vert to amfi7':"lc) - - -
21rtp\.\1.._!ubrout1ne _ _ _ 

print and space if 
flag 0 is set 

-- -
return to main oro"'ram 
N_S lockup _!'.2!lti,!!.!... _ - -

PRINT - jV'S_'.!'9GGLE _ _ 

jump if flag 0 is aet 
- - -

~e-tf la-g-o and place a 1 
in the displq_ _ _ _ 
l!'oto -R/s lockun routine 

------clear flag 0 and place a. 
..2._in the di•play_ _ __ 
return control to keyboard 

LABELS 
B sn(u,k) c cn(u, k) 

0 dn (Q1 k) E a1n (u., I<) 

b c d e 
print. tog9le 

1 Sn loop 2 K(k) 3 sn(Ll, k) 4 

Flag 0 should be set (cleared) prior 
to magnetic card recording depending 
whether the user normally wants the 
program in the print (R/S) mode. 

FLAGS SET STATUS 
0 p,.1nt: FLAGS TRIG DISP 
1 ON OFF 

0 0 0 DEG FIX • 2 1 GRAD SCI 

6~ 8 9 3 2 RAD • ENG 
7 

R/S loclc pl"tnt toqqle print or R/s n_L.. 3 

PROGRAM 5-2 BESSEL FUNCTIONS AND FM OR PHASE MODULATION SPECTRA. 

Program Description and Equations Used 

This program will calculate the magnitude of the spectral lines 

arising from a frequency of phase sine-wave modulation process. In addi­

tion, the power in the higher sidebands is calculated which can be used 

to help define the bandwidths necessary for a communication channel 

carrying frequency division multiplexed data with either frequency modu­

lation (FM), or phase modulation (PM) on the individual subcarriers. 

Phase modulation is often used to transmit digital data with precondi­

tioning such as Manchester biphase coding, or doublet modulation. 

The spectra of both frequency modulated and phase modulated signals 

are the same when expressed as a function of the modulation index, m. 

The modulation index for the FM case is: 

m = peak carrier deviation from nominal frequency 
f modulation frequency 

Notice that the FM modulation index is ioodulation frequency dependent. 

The modulation index for the PM case is: 

m = {carrier phase shift in radians produced by the 
p modulating frequency. 

Also notice that the PM modulation index is modulation frequency inde­

pendent. 

The carrier and carrier sideband levels are described in terms of 

Bessel functions with the modulation index as the argument. The spacing 

of the sidebands is equal to the modulating frequency. For example, with 

a modulation index of 5 and a modulation frequency of 15 kHz, the FM 

or PM spectra is: 

carrier amplitude 

first sideband pair 

second sideband pair . 
n-th sideband pair 

481 

J o (5), 

J 1 (5) • 

J2 (5)' 

J (5). 
n 
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Figure 5-2.1 shows the above concept graphically. 

.J'.clSJ .r. (5) 

J5(5) 
J,(6) J;(S) 

J,~) 

J's(S) 
]5($) 

Jo(s) 

J,.Cs) ,4(s') 

:J7{j) Ja Cs) Ja(ll) J'1($) 

.Je.(s) ..la(S) 

~ It> ~ ;t> t"> ~ it"> ~ ~ ~ ~ ~ ;I') p It> IP ~ 
I I I I "' • + .. .. .. ... .. 

-J (F" °' .b. VJ "' 3' ~ 
1\) w ~ a- ...J OI ()D ..., i' Va p p i' l' ?P 1' r 3 r ~ ~ f' 

Figure 5-2.1 FM or PM modulation spectra. 

A Bessel function identity allows the power remaining in the 

higher sidebands to be calculated. With FM or PM, all the sidebands 

carry modulation information in somewhat redundant form. If the higher 

order sidebands are removed by filtering, the modulation information 

can still be recovered, but the effective power will be reduced hence, 

the signal-to-noise ratio decreased; some distortion will also be in­

troduced. 

The Bessel function identity is: 

i=l 

J . 2 (m) = 1 
l 

The sununation is broken into 2 parts and the equation rearranged: 

00 

L 
i=n+l 

J. 2(m) 
l 

n 

12(1- Ja- 2 Cm)) -L. J/(m) 

i=l 

(5-2.1) 

(5-2. 2) 

Therefore, if the magnitudes of the first n sidebands are known, then 

the power in the higher sidebands may be calculated since power is 

proportional to magnitude squared. 

When the modulating signal contains 2 sinewaves of different fre­

quencies and amplitudes superposition does not hold, since the resulting 
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spectra is represented by the products of the Bessel functions of the in­

dividual spectra. Let m1 be the modulation index for modulation frequen­

cy f1 , and likewise, m2 for f 2 , then the combined modulation spectral 

components will be as shown in Table 5-2.1. 

Table 5-2.1 Spectra for combined modulation 

Spectral Component frequency of amplitude of 
component component 

Carrier f Jo(m1)·J0Cm2) c 

Simple sidebands of f c ±fl Jl Cm1)·J0Cm2) 

fc ± f2 1 0Cm1)·J1 (m2) 

f c ± 2f1 J 2 (ml ) • J O ( m2) 

fc ± 2f2 
1 0Cm1)·J2Cm2) 

. . . . . . 
Intermodulation fc ±fl ± f2 Jl Cm1)·J1Cm2) 

fc ±fl ± 2f2 Jl (m1)·J2 Cm2) 

fc ±2f1 ± f2 J2 (ml) •Jl (m2) 

. . . . . . 

The Bessel function of the first kind is easily evaluated using 

the sununation of an infinite series; however, for values of m larger 

than 10, computational difficulties arise because of small differences 

between big numbers, i.e., using Eq. (5-2.3), Table 5-2.2 shows the 

individual 

(5-2. 3) 

i=O 
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Table 5-2.2 
Infinite series terms. 

1. 00oeoeeeo T .. 
-10.0. 0000806 T.i 

2500.000000 
-27777.?7??8 

1?3611.1111 
-694444. 4444 Ts 
1929012.:346 

-3936759. 8·89 
6151187.327 

-7594058.428 
7594058. 428 Tio 

-6276081. 347 
4358389. 82:3 

-2578928.890 
1315780.046 

-584791.1313 -r.~ 
22.8434.0357 

-79042.91893 
24395.96263 

-6757.884387 
1689. 471097 li. 

-383.1000219 
79.15289702 

-14.96274047 
2.597697998 

-0.415611680 Tz, 
8.861483976 

-8.808434816 
8.081075767 

-8.080127915 
0. 888814213 Tao 

-8.088001479 
8.808008144 

-8.888808813 
0.080600001 

The computed J (20) by this method is 
0 

0.166021646. Because the range of the 

numbers exceed 1010 , the least significant 

figures have been lost. Even though the 
-9 

summation was carried out until Ti< 10 , 

the answer is only accurate to 2 significant 

figures. The correct answer to J
0

(20) is 

0.1670246646, which is c.omputed by a slower, 

less direct method shown next. 

Equation (5-2.4) is the recursion relationship for Bessel functions 

of the first kind. 

All Bessel functions approach zero as the order becomes large. This 

cha!acteristic can be used to compute Bessel functions. If 
-9 

Tn+2 (m) = 0 and Tn+l (m) = 10 , the recursion relationship can be run 

backwards to arrive at a result that is proportional to J
0

(m). Abramo­

witz and Stegun [ 1 ] has the ±elations for the minimum starting index 
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and the constant of proportionality for J
0
(m), i.e., given 

(5-2.5) 

then, the minimum starting index is 

. 2 ( 6 + max(n,z) + (9z/(z+2))) 
i • = .INT 2 min 

(5-2.6) 

which for n = 0 may be reduced to 

(5-2.7) 

where 

z = 3m/2 (5-2.8) 

and "INT" means the integral part of the expression. The constant of 

proportionality is given by Eq. (5-2.9) 

(5-2.9) 

Th_e first two Bessel functions are then: 

T~(m) 
=-

k 
(5-2.10) Jo (m) 

(5-2.11) 

With J
0 

(m) and J 1 (m) and the recursion relationship given by Eq. (5-2.4), 

all the higher order Bessel functions may be evaluated. 



5-2 

~ 
BESSEL FUNCTIONS AND P'M OR PM Out.p\lt. Format.a 
MODULATION SPECTRA 0 i 2 ·-· 

load m & I 
J"o(rn) J,(m) Jz (m)·· 

a tart print 1 (1-J.,,2 )/ 2 iOlOQ t .\ 2 fOLOIJ tJi': .. 
2 !I 

STEP INSTRUCTIONS INPUT 
DATA/UNITS 

KEYS 

2 Select print/no-print (R/S) option --.----. --...----------------- ___ ..__..__ ___ ~----~------- --~-------

·-- --... -----~~------~-------~-----------·--------·--- ·---·-··--·-
----- i.-..---- --------~---~--..__·--··--------·---------~·-·-~ --------~-

___ _, ·----------------~-·--------------..---------.----------- ------·----

~--- - ----------------------. --------------------- - ----~-·----

----- - -------------..----------..... ·---·----..--.---------------- ---------

l~ 

OUTPUT 
DATA/UNITS 

0 (R/S) 
l - (printf 
'"-~----------

0 (R/S) ---.-·---
• ___ !_ _____ _ 

0 ----------·· 
___ -!5)_\!lL_ 
( l-Jg_2)/2_ 

1 ---------
- J l (m) 

___ -------- 1rem.!_dB1nin~yow~!.-~~-~~~h_e_r _ __!~~-eb_an_~'! ____ -_ -t_-__ --_-_-_-_-_+------.....t..i_1~~j_ .ii'~~ 
n 

!----.- --~------- --- .. ---------------..------~---------··--- ~-------

>-------- --··------···--·----··----------------------- ---------
1-----~ -------~--~---~---------------·-- -------------------

;_ ___ -------------------·--- -----~--~------------------ -----
.,.._ __ -------~----~---------------------·--~----- ----------
,____ ------------------------... ------·-·-.-----------... --.---·-----------...---------
l...-_ _____ --·-------·------------.. --------~------ -·--·-·-

L---- ·---- · - - - --------· ------- - .... ·---------------~------~------------- ------

-- -~---------------------·------------·-----·----·---·- -------------

- --- ~---------------·--·-----~------------------- -----· 
-·-~----·-------------~-----------------·--·-· ------
- ·----·--- ---·-·--···---··----------------· 
---- ....--~----------------·--------- -------~-----..~-------- ..__---~-

--- ---·------------------------·--------.------- ------­
~- -·-------- -- ---------·--------------------~ -----
~- - --------------------·-----~--------------~-------- -·---------
--·- ~--------~-------- ... ·---------------~---------- -------~----

---- ~-------------~------------------------------------ 1-------------
L--·-- po------------------·------------------- -----------
1-------- ~--------~----------·-------------------~---

___ ___, __ _ 
c.,_ ------------------------~--~ ----------- ---------
---- ~------~-------------~-----------------~-·-------... -.--- --------

---------

- -·--·-

~------

~----· 

------- ----
--------! 
----·-
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Example 5-2.l 
The 400 MHz carrier from a navigation satellite is phase modulated 

with a 400 Hz sinewave causing 60 degrees peak modulation. What is the 

modulation index, and what are the amplitudes of the PM sidebands? 

The modulation index is the peak modulation expressed in radians: 

m = 2n(60/360) = 1.0472 radians 
p 

HP-97 PRINTOUT FOR EXAMPLE 5-2.1 

"' :; .t+ load modulation index and start 

1;:; II ;f,."llF .• 

6. ~ ~~D~ L l:+·.~. 

l . :,. ... ,. :; 

0. 4 ;:. ~f;i,,) J .f f . . ~ 

- j : .( 4 .f : .,.:+. 

-
~ . .f.• :+: 

0. 12.;..:;-L· :.: .~ .. ~ 
-::.c: . 4 :•· ·!· ·~ 

-..;..1. :t.:f :• 

carrier 
Jo (m) 
(1 - J 2 (m))/2 

0 

first sideband, f ± f c m 
J1 (m) 
relative power in higher sidebands in dB 

second sideband, f ± 2£ c m 
J2 (m) 

O. i;i:.,:3.,:3 • n J 
3 

(m) 
-44. ti .•. ;;:;. 

r- - If"" 
- t t .;: 11 : : •••• :~. 

J (m) 
4 

J (m) 
5 

(5-2.12) 

Notice that 99% of the power is contained in the carrier and the first 

two sidebands (-26.4 dB= 0.23% remaining power in higher sidebands). 



488 ENGINEERING MATHEMATICS 

Example 5-2.2 

Calculate the sideband structure of a connnercial FM station trans­

mitting a 15 kHz signal with 75 kHz peak carrier deviation. The modula­
tion index is: 

mf = 75000/15000 = 5 

HP-97 PRINTOUT FOR EXAMPLE 5-2.2 

- 6 . 1 ;-7537 
6.4B4230 

l. 

-t1. 32'i.5(S-
' . - j • .L 

ti. B4t.5t.S 
J.. j 

-3.0 

4. 
@. 391 i:3::.: 

-7. 4 

:+. ., . -~. 

it.:t .• 

~:.;;::~. 

.t:.y f 

:nr.¥ 

.,i;: f . 

:+: :t:.f 

.-;: .+-+ 

.f :0'.'f 

.t:l·:+ 

; :.t .¥ 

:H::ot 

.'+; ;/: .~: 

:+:it'--+ 
.-+:;.; -.+: 

5. :+::+::+ 

carrier 
Jo (m) 
(1 - J 0 

2 Cm) ) I 2 

first sidebands 
Jl (m) 
power (dB) outside 

2nd sideband pair 
J2 (m) 

J (m) 
'+ 

0.261141 t :+.:+. J
5

(m) 
-1.:,.i:, f.f. ~ 

' . 
0 . 85~31£ 

~ . --..:! J • • :.: 

0. 8 S¥t~: 
- 41. f 

113. 
6. ti&i468 

- 65. ' 

l-t. 
.>;.+: .• 

.... , .• 

.+ .. ; .... 

.'f .. '+ .• 

f- -~. 

.. : .-;. :~ 

.'f .. tl 

-l: •.. , 

:u:.v· 
.-.:.;. ¥-

... . , .. ¥ 

;/: .~: .. 
.'f: .~: :; 

(5-2 .13) 

Js(m) 

Notice that one-half the power is contained in the first 3 sidebands 

and 99% of the power is contained in the first 6 sidebands. 

The sideband structure for this example is shown in Fig. 5-2.1. 

0 
m 

so 

A 

5-2 

tlBJ *LBLR LOAD a .AID 81'ART _ 
0ft2 ST00 etore a - ~ =- =-_ -
.=.0.::::0 3=----=-F.;.;O:-=· ?'-

004 SPC 
005 F0? double epaoe if flag 0 Ht. 
.:::.0.:::.:06:::_____;~;:;.:.-·P-=C _ __ __ __ 
807 1 - - --
008 
009 
1310 
011 
812 
013 
014 
015 
61 6 
017 
018 
019 
020 
021 
022 
823 
024 
025 
026 
027 
828 
029 
03@ 
€131 
832 
033 
034 
035 
@36 
037 
038 
039 
040 
1341 
042 

5 
x 

ENTt 
ENTt 
ENTt 

+ 
x 

1 
? 

2 

6 
+ 

x:y 
2 

+ 

INT 
ENTt 

+ 
2 

+ 
STOJ 

2 
RCL0 

STOB 
CL X 

STOE 
ST09 

EEX 
CHS 

9 
STO[l 

oaloulat.e ainimua et.art.iag 
in•ex plue t.wo 

---
calculate and store 2/m 

---

ird tializo Ti+l 

REGISTERS 
4 

51 S2 53 S4 S5 

,. 043 #LBL0 caloulat.e Tl_!:Dd_.'.!D _ _ 
044 GSB 1 d to I T 
045 ST+9 ~1-cu_lat_e_an _e_ ~ _ 2j _ 

046 CF2 execute reoursion formula 
...:0::...:4:.:..7-...:G;.::S!=B-=-1 _ _ __ __ _ ___ __ _ 

f4 8 F2? teat for loop exit 
~ 049 GTOB 

050 CL X 
051 STOI 
052 GSB? 
053 RCLE 
054 RCL9 
055 ENTt 
B56 + 
1357 RCLE 
058 
B59 
060 
061 
062 
363 
064 
065 
066 
06? 
068 
069 
0?[1 
0?1 
072 
073 
074 
8?5 
076 
077 
6;-:"8 
079 
080 
08 1 

@83 
[184 

ST02 

STOl 
G'SB6 

CHS 
EEX 
+ 

2 

ST05 
GSB9 
I8ZI 
GSB7 
RCLD 

CHS 
RCL2 

C· Ti!·:• .... , ._, ~ 

GSB6 
xz 

CHS 
ST06 
RCL5 

+ 
GSB8 

ini tiali:ae 1 
-- -- - - - - -- ·-_uinD _ __ - -
calculate and print J

0
(m): 

( 
\ To (m) 

Jo mi= k 

-- - - - ---
oaloulate, store and prints 

1 - Jo Z. 

'2. 

-
incraaent and print 1 

-
calculate, store, and print 
J1(111)s 

Ji (m) = 

- - -
caloulate and print power 
in higher sidebands 
using Eq. (5-2.2) 

6 ~J/(m) 7 
8 ... 

SS S7 Sa S9 

0 
T.: , Tl.+1 n i.' n 



-MS 
886 
087 
£188 
889 
898 
091 
892 
fJ9J 
894 
895 -
ti96 
097 
098 
899 
HW 
101 
102 
183 
184 
105 

i-10£ 
10? 
1£18 
109 
110 
11 i 
112 
113 
1i4 
115 
116 
117 
11 8 
119 
12ft 
~ 21 
122 [23 124 
125 
126 
i 27 
12B 
125" 
131] 
.;7 ; 
.:. .... • J. 

~ ::2 
i 33 

A load m 
and sla1d: 
a 

0 To 6 Jj calc 
looP 

5 

:+:LBL2 _lQ_op to cal c Bu eel .twllJ tiJm. : :;4 !j:Lf:Lf. calculate ~rt lO·log _!_Ubr --RCL1 :Jn-z 
• -:"C" ... . : ._/ RCL5 

CHS :36 
RCL2 Jn-~ 1.37 LCli~ 
STD1 1.3B EE.:,, 
RCLB 2/rri ! .j:f l 

· ... · 
i 4(1 .. , 

J,.,(tn)=g_(n-11.T (m) -J: (m) 
:·. 

1'.'CLI n-~ 1'Tl n-1 n-z 141 DSF' ! 
- - - - -- - -

::-:: 
set display format 

14~· Rfi[' 
+ !43 Ji:LBL~ 

STD2 r .... 1'+4 F0-, print and space if flag 0 
- -- - - - - - - 1e set, otherwise stop ISZI increment n .45 p~· TI 

GSB? 146 FO';-
RCL2 - - - - - - -

J'n(m) 
',,-:" SF·C. recall and print 
j.., i 

t:SB6 l4B FtP xz - -- -- - - -
calculate and print power ~49 F:Tt; 

ST-6 15•3 
- -- - - - -- -

RCL6 in higher sidebands F.: •::. stop and await R/S 
1.51 RTt, 

RCLS 14' 152 G:T 04 --.. .. -- h1,,, .. 1r 
+ I 5J 11.LBLE PRIN~S_TOOOLE 

GSB8 i54 rn·=- - - -
GT02 jump if flag 0 is aet 

:tLBL1 '!'.1 {ml._!ecursioa su~routine _ 
155 i;ro::-
J5ij SFf 8etr1&g Oliici - - - - -

DSZI 
place 

SF2 
!57 EE, a one in the di~y __ 

i..- 1 se GTGJ roto -RlS lookuJ> routine -
RCLE T.:,2 J 5.9 .f.LBLJ. 

CHS J60 
-- -- -- -- - -

RCLI ~+~ 
CFfl clear flag 0 and place a 

.~· CLB 2/m 
~bl cu. zero in the disnlay 

x 
i.- 1 e2 *LBL4 F,{]__loqkyp ~1-n•_ - -

RCL[I T•+~ :2 . '63 It'/ -

STOE 
T.;{m)c n:\(H) TiH(m) - TLH(m) ._ 1 b'I {; T0.:1 

-~-=-

+ 
STOD Ti 

P.TN 
tLPL 6 ~rint in ~ L subroutin!_ _ 

D.SPf 
GTOt 

tLBL 7 -JlriPt-1nduJ.1Lil.,ep_Q imRr_ -
OSPf? 
P-CL! 

:~'LBL ~ 

FtY' print and return if flag 0 
ppn· is set, otherwise stop 
rn·~· 

RT!J - - - - - - - -p ·s stop and await R/S CO!llllB.nd 
;.,. - r·J 

Notes 
Flag 0 should be set or reset. prior 

to magnetio oard recording to cause the 
program to initially be in the print or 
l\t'S mode reepect1Tely as ueers deaire. 

LABELS FLAGS SET STATUS 
B R/s - pnnt c 0 E 0 

toqgle print FLAGS TRIG DISP 
b c d e 1 ON OFF 

0 0 0 DEG FIX • 1 J"of;~ calc 2 output. 3 RJ.S- pnnt 4R/s lode.up 2 1 GRAD SCI 
loop ca le. locu::i t .-Anle loop eut 

6<Npb, 7d,po, pd: I 8 ~o lc.g , d&p ~ 9 print~ spac.e 3 2 • RAD ENG 
pnnt 3 n_.Q__ 

PROGRAM 5-3 CURVE FITTING BY THE CUBIC SPLINE METHOD. 

Program Description and Equations Used 

This program will fit a cubic spline interpolating curve through 2 

to 9 equally spaced points [31]. The cubic spline represents the shape 

of the curve that would be generated if a clock spring were threaded 

through the data points. This technique is often used by draftsmen to 

draw a smooth curve through given points. The shape of such a curve 

looks natural, and is generally the shape one would attempt to draw by 

hand. 

Let the ordinates, yi' be given at xi =x1 + (i-l)·h, where 

i = 1,2, ••• , n, and h is the point spacing. Furthermore, let y(x) be the 

interpolating curve that is fitted to these points, and let y.' and y." 
l.. l.. 

represent the first and second derivatives of y(x) evaluated at x = x .• 
]. 

y(x) may be represented piecewise where the function and its first and 

second derivatives are matched at the botm.daries. The first and last 

segments of the interpolating curve may have their first and second deri­

vatives specified by the user. The individual cubic interpolating poly­

nomial fi(x) can be expressed in terms of the ordinates yi and Yi+l' and 

either their first or second derivatives. Both forms will provide the 

same y(x), but the second derivative form requires simpler calculations. 

Assume the third derivative, y'"(x), is constant in each interval, 

h. 1his assumption implies that y" (x) is linear in x, i.e., 

(5-3.1) 

Equation (5-3.1) is integrated twice with respect to x, and the con­

stants of integration chosen so the boundary conditions are met to the 

extent that f.(x.) = y. (i = 1,2, ... ,n-l), and f. 1 (x.)-y. (i = 2,3, 
l.. l.. l.. ].- l.. l.. 

••• ,n). The results of this integration yield: 

491 
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fi(x) = yi(l - (x-:x:i)/h)+yi+l<x-xi)/h 

- (h2/6) (y i 11
) [ 1 - (x-xi) /h - (1 - (;x-;x:i) /h)3] 

- (h2/6) (yi+l") [<x-xi)/h - ({x-xi)/.h)3] (5-3.2) 

Since the first and second derivatives of the function must also 

match at the boundaries, Eq. (5-3.2) is differentiated with respect to x 

and evaluated at xi: 

(5-3. 3) 
and 

(5-3. 4) 

Equating Eqs. (5-3.3) and (5-3.4) implying boundary match yields: 

where 

h II 
•Y. 1 l.-

i = 2, 3, . • . , n-1. 

(5-3.5) 

This - equation set represents n-2 equations inn nnknowns. If the 

starting and ending second derivatives are specified (y " and y ") 
1 n ' 

then the number of unknowns is reduced by 2, and a solution exists to the 

equation set. This equation set may be expressed in matrix notation: 

(5-3.6) 
4 1 0 0 ..... 0 Y2 II (6/h2)(y1-2Y2+y3) - Y1 II 

1 4 1 0 ..... 0 Y3" (6/h2)(y2-2Y3+y4) 
0 1 4 1 0 •• 0 (6/h2)(y3-2y4+y5) 

-

0 0 1 4 1 Yn-2 
11 

0 0 •• 0 0 1 4 1n-l 
11 

(6/h 2) (yn-2-2Yn-l+yn) -yn" 

Because of the tridiagonal characteristic of Eq. (5-3.6), a Gauss 

reduction is an effective method for finding the values of the various 

second derivatives. Let, 

(5-3.7) 

CURVE FITTING BY THE CUBIC SPLINE METHOD 

and select y 1" = Y
0

" = 0 (ano.ther common selection is y1 " = y 2"/2 and 

yn" = yn-i''/2). If a recursion relationship is defined thus: 

493 

i4 = l/(4-i_14) for i = , 1, """, n-1 (5-3.8) 

i.e., 

04 = 1/4 = 0.25 

14 (1/3.75 = 0.2666-

24 = 1/(4 - i4) = .267857143 

then the Gauss reduced matri:k becomes: 

(1/ 04) 1 0 . 

0 (1/ 1 4) 1 • 

0 0 (l/24) 

0 • • . • • 0 

. • 

. 

0 

• . • 0 

• 0 

0 

(1/ 4) 
n-3 

(5-3.9) 

Y2
11 

d2 

d3 - o4·d 2 

d4 - i4(d3 - a4·d2) 
-

Yn-1 " 

Equation (5-3.9) is evaluated by the program as shown by the flowchart 

in Fig. 5-3.1. 
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Label D, calculate spline 

calculate and store n-1 - Ro 

initialize Re, the running sum register 
0 -Re 

initialize the index register, Ro; i -R
0 

increment Ro by one; (i + i - i) 

calculate . 24 
1-

i= Rn ? 

finish derivative calculation and store 
result. (Re - yi+-i")(i_24) ,.~ _ lO) 

decrement imax= R0 - 1 

Ro> 1 ? 

return control to keyboard 

Figure 5-3.1 Flowchart of Gauss reduction algorithm. 

~ 

STEP 

1 

CURVE FITTING BY THE OUBIO SPLINE METHOD 
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number of load 
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l~ 
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>-----------

2 

~-- ....... ------
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1--- '--~E-.t..~_Z:l'~-~~-t.-~~~- - ~!:'._¥__' ____________________________ ~--------

I----------- -- -----·-···------~-------~------~-... --- ~--------

a) Load sweep point spacing t.:z 
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b) Start sweep 
1-- 1---------------------------~---~--------------- --------------------- x1 ______ " ___ ,_ 
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1-------.___----------------------~-----------------
x 1 • 2llx 
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• 

t--~--- ~------------------------------------......___ ... _ .. _______ _ ..... -~-·----• 
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Example 5-3.1 

Fit a cubic spline interpolating curve to the data given in 

Table 5-3.1. Provide the output sweep with x increments of 0.1. 

Table 5-3.1 Data for cubic spline interpolation. 

x 

I 
1 2 3 4 5 6 7 8 9 

y 0 5 9 7 4 3 5 8 9 

The HP-97 printer output is shown on the next page, and the interpolated 

output is plated in Fig. 5-3.2. The bold points represent the given 

data. 

9 ..... .. 
8 

7 • 

6 
y 

5 • • 

4 • 

....• · 

2 

1 

x 
0 '-~--~~~~~~~~~~~~~~~~~~~~~~~---

0 1 2 4 5 6 7 8 9 10 

Figure 5-3.2 Cubic spline interpolation of given data. 

CURVE FITTING BY THE CUBIC SPLINE METHOD 497 

HP-97 PRINTOUT FOR EXAMPLE 5-3.1 

PROGRAM INPUT 

9.600 GSBA load number of data points 

1.000 GSBB 

;J. 066 GSBC 
.5. 333 GSBC 
9. 000 L;sac 
7.800 GSBC 
4.000 GSBC 
3. 006 L;SBC 
5.000 GSBC 
8.000 GSBC. 
.9.600 GSBC 

GSBO 

load ht the x interval 
load y data points 
Y1 
Y2 
y~ 

Y4 
Y5 
Y6 
Y7 
Ya 
Y9 

execute spline calculation 

1.B66 G'SBe load x1, the first x point 
.108 GSBo. load x interval for output sweep 

GSBh start sweep 

1.000 .:::.ooe z.000 
0.000 5.000 9.800 

2. 1 [1[1 .3.i00 
0.4B6 5. 5.38 9.059 

.;. • 2fJfJ 2.200 3.208 

PROGRAM OUTPUT 

4.MO 5.000 6.006 7.000 
? • 000 4. 0@fj 3. 800 5. 000 

4. i[ifj 
6.65S 

4.200 

5. mo 
7 707 
·-'a I 1.1._r 

5.280 

6.108 

6.260 

7.100 
C' "7 .. C" 
.,_;. ~rJ ,.J 

7.200 

8.000 9.006 
8.000 9.000 

8.100 .x 
8. i96 y 

8. 260 
e. 974 6. 058 9. 035 6. 32JJ ~, . 587 J. 1se s. 639 s. 361 

.la3@0 2.Jf.10 .J.Jt3B 4.300 .J.3[1@ 6 •. J0fj ?.JOB 8.30tJ 
1.463 6 •. 574 8.938 5.996 3.415 3.318 5.968 8.500 

,,4BB 2.400 3.480 4.400 5.400 6.406 7.400 8.406 
1.954 i.667 .-. ..,.~ .-c:· .,.. (b 5.667 J.267 J. 487 6. 297 8.615 

1.560 2.500 3.500 4.500 5.513"0 6.500 ?.503 S.506 
i..449 ?.529 B.560 5.354 3.147 .3:.683 6.621 8.710 

1. 666 2. 608 
2.947 7.948 

1. ?6ii 2. 786 
3. 4.51 8. 315 

1. 806 2. 806 
3.961 8.619 

1. 96"6 
4. 'f (,. 

2.900 
. :-.r= .. 
C1. ('l._IJ. 

3.600 
8.308 

3.706 
8. [iiJ4 

J.800 
t . 682 

J.906 
{.344 

4.600 5.600 6.606 
5. 053 .::. 054 J. 9[t5 

4. 706 5. 700 6. 700 
4.?66 2.992 4.149 

4. 866 5. f:iJ[; 6. 800 
4.493 2.961 4. 415 

4. 986 
4.2.37 

5.900 
2.963 

6.906 
4.699 

7.680 
6.935 

7.706 
~.235 

I • 866 
: C"t: 
{ • ..J l,.,) 

7.966 
: ., .,. ·:i 
i •I I A-

B.660 
B. 788 

8.700 

8.800 
8.987 

B.900 
8.955 



5-3 l,ro~ram IJsf in~ I 
LOAD~ or DATA POINTS 

9tor• nllllberor Cfata 11oat8 --------662 
ff/ Ht Yn' to zero 

+ 
STDI 

CLX 

1303 
BB4 
005 
806 
BB? 
0t18 STO! ----

EE::-' 009 
010 STOI 

initialize index register 
~-=-----=-..;,..;..;=-- -- -- -- - -
011 RTN 
012 :+:LBLB LOAD h, THE x POINT 
013 STDf SEPARATION 
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B1? ISZI _Micreme~storagundex _ 
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019 RTN return control to kevboard 
-=-'J=.{"8=---'*-=·L-=-=BLL=-+1 _QAimJLA-1'.J S.flJNL __ _ 
021 P.CLf:! 
022 EEX 
023 
824 STOD 

calculate and store n-1 

.....--025 :tLBLf. ....!Plille__.2utor _!Qon __ _ 
.;B,.:2~6--'-=-:::c.;:.LX.,_,. 11--

.:;0~2.:,,.7_...::S~T.::,O.:,..(' _:n1_t _1ai_1z_e running 8Ulll 
8?8 ff}; -- -- -- -
029 sro0 initialize index register 

.-~!'I tLBL ! ~line .inn~lOOJL - - -
031 EEX 
032 SHIJ increment and store index 

033 l<CL@ 
834 EE i< 
035 
f136 STOI 
-==-----'-- - - - -037 RCL i 
1338 DSZI 
039 RCL i 
840 ENT 
041 + 
042 
043 
1344 
045 
046 
04 7 
048 
!N9 
135@ 
05! 
052 
353 
054 
055 

osz_ 
PCLi 

+ 
6 

x 
l"CLB 

X£ 

RCU' 

RCL@ 
2 

calculate di 
-- - - -

-

- --

jump if i-2 is zero 056 
057 

...--058 
859 
060 

X==B? 
GTD2 -- -- ---- -- -

-061 
062 
063 
064 

STOI 
4 

tLBL'< 
1/X 
CHS 

4 
065 + 
066 CIS21 

'-067 GT03 
r0r0,68 GT04 

'-1-069 tLBL2 
070 4 

'-071 8LBL4 
0?2 1/X 
07J STOE 
074 RCW 
075 RCLD 
076 X=r? 

- 077 GT02 
078 RCLC 
079 RCLE 
BBB x 
081 STOC 

initialize I 

test for loop exit 

._~0s2 GT01 <Mto iruleiToon start -
'-~0~8~3-*':"iL~B~L;.;2:---'!f~i.::ni;...:sh~d~e~r~i-=v;:::;a~t~i v-e~c~a~l~c--_--1 

084 RCLB 
085 1 calculate and store n+lO 
886 ! as storage index for 
087 ~ derivatiTe 
888 STOI 

.. .,,e..,,.s_..,,.q--p-c-=-L-=-c - - - - - - -

090 RCL i 
091 

calculate s.nd store 
seoond derivative, y1 • 

892 
09 7 

094 
095 
096 

RCL E 
)! 

09 + 
1398 STO I 
09!' RJ 
100 STO i 

-=1,..,,arr1-~E,.;;,E~;.... .• - - - - - - --
10C- RCLD 
183 EE. 
104 
10.5 ~TOD 

decrement 1 -max 

--1~1.1~6~~u->~y-r; - - - - - -
~113 7 r,roo test for loop exit 

....,1~3""8---....8 .... F'l-. - - - - - -
109 GT08 

- -

--

REGISTERS 
0 A><..j;;..-:.weap 1 

~ scratOipad 'Y1 
SO S 1 Wr rent. -~ 

.fo.- ~weep 

A n 

2 

S2 y' 
2. 

h le sc.r ale h pad 
D 

lhdex 

6 

S6 y~' 

IE 

7 

57 y• 
T 

scralchpad 

8 
Ye 

9 y, 
S9v" 

19 - 0 

5-3 l,ro~ram IJsf in~ 11 
11fl :+:LBLe WAD_LIR~x POINj'_(x-l-vtl_u~ 
111 PtS at.ore data 
112 STOl3 
113 P:S-
114 r-rne 
J 15 tLBL E CALCULATE ~ 1'lMA!!_, !__ - :J_ _ 
116 PtS 
117 PCLJCl lC-x1 
118 Ptf 
119 
120 PCLB 
121 
l ?~ STOC 
123 HJT 
124 EEX 
125 + 
12'6 
127 
128 
129 
130 
131 
132 
133 
134 
135 
136 
13( 
138 
139 
14B 
141 
142 
143 
144 
145 
146 
147 
148 
149 
150 
151 
152 
153 
154 
155 

STO I 
PCLC 

STO[I 
P.CL i 

RCLC 
PCLI 

Er:-'-' 

STOE 
ISZI 
PCL i 

+ 
STOC 
RCLE 
F.:CLE 

'i)o: 

RCLf -
EEX 

+ 
STOI 

""!· 
RCU 

PCLD 
RCLD 

-------
l( - x~ 

n 

X:i+~ - x 
h 

__,.Re 

- --

- - -

- - -

- -

--------

- - - - -

- - -- - - --

-

Jf.5 
1 t:6 
167 
16E: 
169 
170 
J 71 
172 
17.J 
174 
nc; 
176 
177 
178 
1 Z,9 
188 
181 
182 
183 
1S4 
1B5 
181:1 
127 
188 

192 
193 
194 
i95 
196 
197 

~ 19t: 
199 
2BB 
201 
202 
263 
2B4 
205 
266 
207 
288 
209 

generate 0 if first interval 
otherwise generate 1 

ENT1 
~{i(V' 

X:::B'! 
p.i 

(frees up one register) 

- ------- -
+ 

PCLE' 

compute running sum 

calculate 
h' 
b 

-

-------
CH~ 

PCL c finish running sum oalc 

+ 
F'PTY print y estimate 
_ SP0 '(may be R/S statement) 
GTOt' 11:oto RIS loc'ln•n 

:+:LPL o ____M?~ x_EQR~W~ 
ST00 
noe 100to R/S locku'P 

CHS 
PtS 

RCLB initialize registers 
+ 

STO! 
P .. C· 

+- ·- · 

--

- --
~·CL0 

F':S increment x value 
ST+ 1. - - -
F'CL1 
RCLf 

P"C ' .,_._· 
PCLt; 

EEX calculate largeet x value 

RCLB 

.... 2~1:.:..B __ +.:..__..:_ _ _ _ _ _ _ _ 

2i 1 Xt'r' 
212 X> \"~· test for lo0p exit 

-=2=1-=-3---=G:....:Tc..:Oc.:..&A,ms.L]te ~ stQ..t..emtm.t.) _ 
...... 2~1_,_4_...:..P_,_,R-'-T!..:..:.: print current x_vaw __ 

156 
15? 
158 
159 
160 

DSZI 
i;'CL i 

x 

_ _ _ _ _ __,:_,,_,-·1""5---'c=-=.e:..=,f!=:E- ..JLalQ....!ln4-prinf. y_e_stimata.. _ 
161 
162 
163 
164 F'CLl 

( Y/') f x,·t~ - K - ( x<,i,- 1' )11--~[.,.-~ "';Jo~~;-*..:.' ~~;.:;;~-.,~--. -=-_&""'s=-=1-o_c,_IrnP. __ s_u_b_r_o_lltJ.n __ e ___ ~----I-
- _ _ _ _ 218 RTN 

219 GT08 

LABELS FLAGS SET STATUS 

TRIG DISP 
ON OFF USE'R5 Cl-IOICE 

DEG FIX 
GRAD SCI 
RAD ENG 

n 



PROGRAM 5-4 LEAST SQUARES CURVE·FIT TO AN EXPONENTIAL FUNCTlON. 

Program Description and Equations Used 

Many processes both in electrical engineering and in physics have 

behavior that can be described by an exponential law, e.g. , the voltage 

across a capaci tor being charged through a series resistor asymptotically 

approaches the charging voltage :l.n an exponential manner . When time 

constants are to be determined from oscilloscope photographs of these 

phenomena, only part of the entire waveform is available, and some error 

is introduced transferring the photograph data into numbers. If these 

errors are random, then a least squares fit can help remove them. 

The equation form for the exponential function is given by: 

-bt x = a(l - e ) (5-4.1) 

Let d. represent the difference between the measured point, x., and the 
1 1 

exponential curve as shown by Fig. 5-4.1 and Eq. (5- 4 . 2) . 

x· I 

x 

x =a ( 1-e- b t') 

~ 

t· I 

Figure 5-4.1 Exponential ftm.ction . 

- bti d = x - a(l - e ) 
i i 

t 

(5-4.2) 

The object of a least squares fit is to minimize the sum of the 
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502 ENGINEERING MATHEMATICS 

squares of the deviations as implied by Eq. (5-4.3). 

s = 

i 

d 2 = 
i 2: 

i 

-bt· 2 
(x. - a(l - e l.)) 

l. 
(5-4. 3) 

The minimum can be found by setting the derivatives of Eq. (5-4.3) 

to zero, i.e. : 

or 

as -= 0 
aa 

as 
--- = -aa 

as 
-= 0 

' ab 

2l:{xi 
i 

~= -2a L {xi ab 
i 

-bt· } a(l - e i) -(1 - -bt· e i) 0 
(5-4 .4) 

-bt· } -bt· - a(l - e l.) · (ti·e l.) 0 (5-4.5) 

Equations (5-4.4) and (5-4.5) represent 2 equations in 2 unknowns. 

a and b. Equation (5-4.4) is solved for a as shown in Eq. (5-4.6) 

and substituted into Eq. (5-4.5) to yield Eq. (5-4. 7) 

2: 
-bt· x.(1- e l.) 

l. 
i a= 

-bti) 2 2: (1 -e 
i 

g(b) ~ 

-bt· L xi (1 - e l.) 
i 

bt -bt· L t. • e - i (1 - e i) = 0 
l. i 

(5-4. 6) 

(5-4. 7) 

To simplify things, the various sums in Eq. (5-4.7) are assigned numbers 

in the same respective order as they appear. 

(5-4. 8) 

The object is to find b so g(b) = O. Since Eq. (5-4.7) is nonlinear, 

an iterative solution is employed to- find b. Wegstein's method [29] 

is used and is flowcharted in Fig. 5-4.2. This method is chosen be­

cause no derivatives are re~uired and the convergence is very rapid. 

LEAST SQUARES CURVE FIT TO AN EXPONENTIAL FUNCTION 503 

Basically Wegstein's method is Esperti's method where one curve is a 

straight line (see Program 2-9 for Esperti's method). Equation (5-4.8) 

will have to be modified as Wegstein's method finds the solution to 

f(b) = b, therefore, let f(b) be as shown in Eq. (5-4.9) 

(5.4-9) 

The reason for this form is to try and avoid the small difference between 

big numbers problem. It is advisable to keep b between 0.1 and 10 for 

best accuracy. If the data is on a microsecond time scale, enter the 

time as though it were in seconds and denormalize b after it has been 

calculated. Likewise for millisecond data. 

After b has been fotmd by iteration, a is obtained by using Eq. 

(5-4.6), which can be expressed in terms of the numbered sums: 

I: 3 
(5.4-10) 
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enter initial guess for b, b - b 

olear flag 0 

oaloulate f(b) - b 

flag 0 7 

b" -r(b) 

b -b' 

b - f(b) 

set flag 0 

ABS ( b - b) > E. .. ? 

f(b) - b = q 

f(b) - b 

i\b = 
b-b 
q - 1 

b" -r('b) 

b -f(b) 

output b 

Figure 5-4 .2 Flowchart for Wegstein 1 s method. 

-6 -* For this program, 8 is chosen at 10 •b 

STEP 

5-4 

LEAST SQUARES FIT TO AN EXPONENTIAL FUNCTION 

INSTRUCTIONS 

print 1 

INPUT 
DATA/UNITS 

2 Select print or ll/S opt.ion {toggle) ---~--~----------------------------------~------
,_ ---·---------~---.. - ·-·····-----.. ---~~--------.. -·.----.-.. _____ ,. ________ _ 
.......... '"' .. ·----------~--------··---- ---------···-~f--------

--·-·- ----~---·----------------- -------~--------- - - --- - -----..----· · ·- ····----------

--~-- --~!~m_-t'k_~s~~~-~----------- - ·· --·----
a) time of fir•t data point tstar.t -----··----------~ ----~--- ----- -~-- ....... ~ 

b) time of lut data point. tstoJ) = .... ~r·-~-ci;t;·-~~~E~~~oin_g__ ~--

__ !! __ ~ad data 0:2.. P.?J;!!~~ - -~~!!~------- - ·- ·-···--
----- - ___ _!oa«!_~-~~-~Jl:t.arl....__________________ xl 

___ ----~~~~--~--~~-~Jf.tJ1.rt + t. ~-----·------ --~----• . : . -·------.-~~~-....----~-------· ---~------ .. -------..-- ·---·-···------: . 
f-·--- ---------~-_.!.....___-------------- ---------- --· - ---- ---- ----~ --!'----· -

x 
i---·------~~~~--.!~-~~--~~~~-J~oin~------- ·---- n 

KEYS 
OUTPUT 

DATA/UNITS 

• • - -.i·--·· 

-----------

--~~!.L ...... . 
!~rt_+ At ___ _ 

tstaYl + 2td. 
-~-.-- ----

5 Load estimate for b {0.1{, b~ 10) Deetim.ate l:rJ 1-------- ---·~--~~----- --.------------------- ~-----~-

------ ------------·-------------------------·----·- -
i---·- ,__ To examine the curre~~l__!_tor~~~~~ for __ !i __ "---·-·--··-­

key 110 11 without numeric entry. The input 
I---..-- - - -·----------- - -- ---- -- ·--·· ---·------~ 

mode can be cleared with keys nr•, "E". 
f----- ---------------------~-------------·---- i.-------

6 To clear input mode {used with step 5) ..-- ------------------------------~ -----~-~---------- -..---·---·--

,__ ~·----------------·---------------- ~------

~~- ~------------·--------

-~-- ..__~E~~~~-~J ... ~~~~~!~ .. !~P-~~--d_a_ta __ w_i t_h ___ l_ee. __ s_t ____ +·----

---· ._ _ _5~ar~_!_~~_c!~~---------·-·---·--- ·-·--- ~------
------ 1...-----.---------------~-~----------·- 1----------

.___,.__ ______________________________ ~----~~--·-..,_ _____ _ 
~--~---------·------------------------ ------t 

a --------
b 

----~-

u::::J [r] ~:;.~~-= 
x1 

·--x1 --· 
--------• • . _ ____ _____....._.__. 

" x 
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Example 5-4 .1 

A constant voltage was suddenly connected to the field of a large 

de traction motor, and an oscilloscope photograph taken of the cur­

rent. The field time constant is needed to determine loop stability in 

the overall motor control loop. Table 5-4.1 shows the field current 

as read from the oscilloscope photo as a function of time. 

Table 5-4.1 Motor field current vs. time. 

time~ 0.1 0.2 0.3 0.4 0.5 0.6 0.7 seconds 

current, 
amps 10 18 26 33 39 45 50 

Assuming the field to be a simple series .LR circuit, find the time con­

stant and the asymptotic field current. 

HP-97 PRINTOUT FOR EXAMPLE 5-4.1 

• 166 ENT-; load starting time 
• 766 rn rr load stopping time 
• 190 GSBA load time increment 

GSBE' setup for data entry 
16. 8[Ji] 1;SBB load I~. l~ 18.[i[Ji] GSBE load I .2 
26.600 G5f:E load I( .3) 
33.606 f.'SBB load I( .4) 
3~~. 666 t;·.SBB load I( .5) 
4.'5.606 GSBE load I (. 6) 
5i3. 6§6 i;·sBB load I (. 7) 

1. 066 GS'E:C load b estimate 

f.SBD start least sqrs :f'i t 

e. rne :+::+::+ 
Hi. [HJ[ :+·~--+ 

3. 587 .+:.-+ .. -+: 

6. 260 :+:;t:;f. 

18. l1iJ6 :+:;+::+ 

18.211 :+:.'f::+ 

6. 360 i;:.;:.-.: 
26. BOO .H:.+: 

[i. 4f1[i i;:.-+: .t: 

T3. fiOfi :+::+:.-+: 

95. 569 :t::u a (asymptotic current) O. St16 .;::+::t: 
1. 057 ."f:.t:f b ( 1/1', time constant) 39. fll3fl .-+:.'f.-.t 

1' = 1/1.057 0.9461 seconds 
39. 2J4 J;;.'f.ir: 

B. 606 i;:.H 

45. [fi][1 :+::+:.#: 
44. 8B5 *·'+-·:+. 

ti. 76[1 :+::+:11: 

so. fl60 n.-11: 
49. 969 :+::+::1.· 

compare input~ least squares 
time 
I(t) input 
I(t) from least sqs 

001 
M2 
003 
004 
005 
t106 
0117 
fl.08 
009 
010 
011 
012 
013 
814 

.----015 
016 
817 
01 8 
f:H9 
020 
021 
022 
023 
824 
025 
026 

,...027 
828 
029 
030 
831 
032 

~ 033 
~,. 034 

035 
036 
037 
038 
039 
848 
841 
842 
043 
844 
045 
846 
047 
048 
849 
050 
~~l 
052 
853 
054 

, 055 

0 , 
ti. t 

so SI 
><o 

A 

a' q, 

5-4 

*LBLR _!P~t.u.a~ .!.t.Qp.,~t- 056 RCL5 
ST00 - 857 RCL6 

RJ· store entrie• 058 x -bt;( -bt.) 
STOD 859 RCL7 2:4 + t~ e 1- e ~ ~ 

RJ. 060 x 
STOC 061 ST+4 . !'l;to llWllJll&tion 100~ start -bTOe -to OF3 and H/S loclcup""'SUbr .. 862 GT00 

*LBLC WAD b A~-.U.llA'.l'A ......._063 .f:LBL3 ~art Wegstein solution -- - - - --- -- -- - -
FJ" it nU111eric input, store data 064 RCU 

STOB 065 RCL4 
RCLB reoallh eetiaate tottspfiY 066 x 

~3' ~4 GT06- iz:oto R7S locku11 subroutine- 067 RCL2 - I-1 
*LBLD START UUT ~~ES C.Al.0 - 068 . l:" z 

CF0 indicate first time tbru loo, 069 RCL1 
*LBL9 outer loop star!__ 070 -- - -- -- -- -- -- -

CLX 
initialize sumsi 

071 F0'? jump if not first time 
STOl .-0?'- ~TQ ! Jth..J:Yugb._JOQ.JL_ - - -
ST02 073 RCLB b -- .f'(b) 
STOJ o ~ ~~ ~ ~2 .-:a:3 .-z4 074 STOf -- - - -- - -
ST04 075 + - - - -- -9 initialize index 076 ST08 b ....... b -- t' ( b) 
STOI 077 STOB - - -- - - - SIQ9 R~:..C ~l.B - - - - - - --RCL0 initialize time register 879 SF0 ..m..t fJ..z:.pt lime ..thru ..laop _ 

- t- ,..... .080 GT09 iz:oto outer 1001> start 
ST05 ~ -081 ~:LBL1 jU111p destiu~ tion _ --.fLBL0 _!!.nranation loop star~ 082 RCLE: 

-t(b) ~ b - -ISZI increment ind•!__ 883 + - - -RCL0 increment time 
084 STOS - - - - - -ST+5 085 RCLB - - -- - - -RCLD 086 -

ABS f t\; b} RCLS test tor loop exit 08( RCLB 
X> Y? 088 
GT03 - - - 089 Hf:S - -- -- - - -- - - -RCLB 090 EEX 

x -bt.: 891 CHS 
CHS e 0c;::· 6 test for loop exit J~ 

eX 893 '··'"- ur1 
,·\/I ! 

ST06 - - - - r-094 GT02 - - - - -- -- - -
CHS 095 RCL9 
£EX -bt.: 096 RCL B 1 - e 

+ 097 -
ST07 - 898 RCLE 9r -= 

f(b} - b - ~ (1 -bt~ )z_'E_ f( b) - b x2 099 RCLB 
ST+2 

z+ -e .,. 2. 
100 -- - - - - - -

RCLi 101 
RCLS 

-bti. 
102 STOA - - - - --- -

x ~1°'" Xi · t 4· e -> L1 103 RCLB 6 -- f (6) 
RCL6 l~~ HQf - - - - - - -

x 105 RCLB 
ST+l 106 -

b-b - - - - - - -
RCLi 1B7 RCLA t:..b = 
RCL 7 ( -bti ) ! 108 cEX ~ 

x L3 + Xi. 1 - e -- 3 109 -
ST+3 11 0 . 

REGISTERS 
2 3 4 5 6 -bt• 7 -bt; 8 9 f(b) 

'E1 E2 ~3 ~4 t · e 1-e b 
' 

S2 S3 S4 SS S6 S7 S6 59 
)(~ X1 X2 x, x. )(5 Xi, X7 )(.g 

IB IC D IE f' ( b) II index b tstal"t tstop 



111 
112 
113 
i14 
115 

1f7 
118 
119 
12fl 
121 
122 
123 
1c.4 

RCLB 
+ 

STOB 
RCL8 
ST09 
GT09 

Fl ·! 
SPC 

RCLJ 
RCL2 

126 GT04 
12 .·LBLo 
126 RCLC 
12? Pi.,L@ 
13fi 
131 - l~ 

JZ 
133 8 1CI 

5.4 

b - f'(b) 

-toouteriooatart 
_egstein outp\!1._ _ _ 

space if print mode set 

setup time register 
and index register 

-"1.:c3_•~_;'-':L=-=B=-=:L:..:...;· _JooE._starj. __ _ 
_1_3_2 __ ~_· s_·z_I _!ncrement ~iater _ipde~ 

RCLff increment time index c ·· -
136 

"•' r 

i 3B RCL 
139 
14B 
141 
142 
143 
14 
145 
146 
14 
14€ 
!49 
• 5& 
' 51 

RCL ~: 
>::.> y·;· 
f,'TOf 
GSB: 
RCL i 
GSB5 

~'-4 

GSBE 
GT07 

»LBLE 
RCLP 

x 
CHS 

!52 e: .. · 
~-3 Cf: 
: c;4 

~ S.5 + 
156 RCLP 
15? ):: 
158 *LBL d 
159 GSB5 
160 F1 '-' 

61 SF'C 

test for loop exit 

output_.!ime_ _ _ 

recall and output input 

calculates 

" -bt) 
')( oc a( 1- e 

prin an space eu routine 
~sub ~nt or R/S aubr 
space it print mode eet 

goto OF~ and 11/S locku sub 

LABELS 
C load D II art 

b est.imo e lead. uat"es A load times 6 load data E t .... -X: 

163 
.I .- ~ 

1 t .. t 

165 
166 
16? 
168 
169 
170 
171 
172 
173 
1 ?4 
1 ?5 
1(6 
177 
178 
j7Q 

1E:0 
181 
1 f:2 
133 
184 
185 
1f:6 
; ·- ( 

!88 
[ 189 

19fl 
91 

132: 
193 
~.-•• of 
jJ&f 

195 
196 
19? 
198 
199 

Notes 

*LBL5 
F1 ? 

PRTX 
Fl? 
RTN 
R·"" .. -· 
RTN 

*LBLB 
9 

STOI 
».LBL8 

lSZI 
RCLI 

EE.x.· 
1 

RCLC 
_:{ 

RCLC 
+ 

R/8 
»:LBLB 
STOi 
GTOB 

tLBLe 
CF?. 

:tLBL f 
F..'TtJ 

006 
lLELd 

CF1 
CL / 
PTN 

»:LBL.:1 
SFl 
EEX 
PTN 

___R.r nt or_ 

print and return it 
flag 1 1• set, otherwiee 

stop and await B/S co11J11and 

initialize register index 

data storagL.loo]L.Jltatl.... 
_in_crmiwit .ngist.er. index 

calculate time for x(t) 

_A_ata_!.toUi;e __ 
_!tore data __ _ 

clear flag Tforils .mode 
and ~o!._!- zero in d,llp a 
return 

_!oggle .22.DUmleL _ -
set flag 1 for print mode 

~nd ~c~one in c!i..!pla 
return control to ke . board 

Flag one should be set or reset 
prior to magnetic card recording 
depending whether the user wishes the 
program. to normally come up in print 
or B/S 1110de after the card read. 
Step 2 can be skipped in this instance. 

FLAGS SET STATUS 

FLAGS TRIG DISP 
a out.put b 
summzw e clear f'lag 5 print ON OFF usrns HOICE: 

0 • DEG FIX 
c 

o oorm 1 w~stein 
sums ma or Loo 

5pnnt or--R/S 6 R/5 Loe.le: 

3 1Neqste1n 
sta..t. 

8 da a input 
loop 

4 pr~nt 2 

9 ou ar leas 3 
uarea loop 

1 D D GRAD SCI 
2 RAD ENG 
3 "--

LIST OF ABBREVIATIONS 



LIST OF ABBREVIATIONS 

alternative or alt des tina ti on dest 
alternate diameter diam 
amplifier amp display dsp 
approximately approx distance dist 
arithmetic arith 

attenuation atten electrical elect 

elements el ts 
bandpass BP enter ent 
bandstop BS Equation(s) Eq (s). 
bandwidth BW equivalent equiv 
branch br evaluation eval 
Butterworth But tr even part of (·) Ev(•) 

execute exec 
calculation or calc 
calculate 

capacitor cap 
feedback fdbk 

Chebyshev Cheb 
Figure Fig. 

circuit ckt 
format fmt 

clear clr 
frequency freq 

coaxial coax 
ftm.ction fen 

coefficient coef 

complex cmplx 
go substitute go sub 

conductance cond 
go to gto 

conjugate conj 

conversion conv henry h 

co-ordinates co-ords highpass HP 

decibel dB imaginary imag 

decibel ripple dBR increment incr 

denominator den initialize init 

denormalization denorm input/output I/O 

density dens integral int 
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512 LIST OF ABBREVIATIONS 

label lbl resistance resist 
level lvl return rtn 
linear lin review re vu 
loop lp root sum square RSS 
lowpass LP root mean square RMS 

matrix mat secondary sec 
minimum min section sect 
multiplication mult solution soln 

space spc 
negative neg specification(s) spec(s) BIBLIOGRAPHY numerator num square sq 

starting frequency fst 
odd part of ( ·) Odd(·) stopping frequency f sp order ord store sto 

subroutine subr 
page pg, p sweep swp 
parameters par ams 

peak pk temporary temp 
polynomial poly terminating, term 
preamplifier terminal, or preamp 

termination 
primary pri 

through thru print prt 
toggle tog program pgm 
total tot 

recall rel 
transform xfm 

transformer xfmr rectangular rect 
transistor xstr reflection re fl 
transmitter xmit register(s) reg(s) 
transmission xmsn required reqd 
trigonometric trig 
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