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Reprints from the History of Computing Science
and Signal Processing

Historical studies about a scientific discipline is usually a sign of its
maturity. When properly carried out, this kind of studies are more than
enumeration of facts or giving credit to particular important researchers.
It is more discovering and tracing the ways of thinking that have lead to
important discoveries. In this respect, it is interesting and also important
to recall publications where for the first time some important concepts,
theories, methods, and algorithms have been introduced.

In every branch of science there are some important results published in
national or local journals or other publications that have not been broadly
distributed for different reasons, due to which they often remain unknown
to the research community and therefore are rarely referenced. Sometimes,
importance of such discoveries is overlooked or underestimated even by the
inventors themselves. Such inventions are often re-discovered long after, but
their initial sources remain almost forgotten, and mostly remain sporadi-
cally recalled and mentioned within quite limited circles of experts. This
is especially often the case with publications in other languages than the
FEnglish language which presently dominates the scientific world.

This series of publications is aimed at reprinting and, when appropriate,
also translating some less known or almost forgotten, but important publi-
cations, where some concepts, methods or algorithms have been discussed
for the first time or introduced independently of other related works.

R.S. Stankovié, J. T. Astola
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Solving General Tasks in Probability Theory by
Using Mathematical Logic

Abstract

This issue of Reprints from the Early Days of Information Sciences
presents an article by Platon Sergeevich Poreckij which is a record of
his lecture delivered on October 25, 1886 atl the 60th meeting of the
Section for Physical and Mathematical Sciences of the Scientific Soci-
ety of the Imperial University of Kazan, in Kazan, Russia. The article
has been published by this Society as an official publication of the Uni-
versity of Kazan.

Poreckij, P.S., ”Solving general tasks in probability theory by using
mathematical logic”, Izd-vo Kazan Univ, Kazan, Russia, 1887.
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Solving General Tasks in Probability Theory by Us-
ing Mathematical Logic

In the year 1884, I published a treatise ” On methods of solving logical equa-
tions”, where it has been presented a complete theory of these equations.

Here, I intend to apply this theory to solving the following task in Prob-
ability Theory

Find the probability of a complex event which depends on some given
simple events, by using the probabilities of all or few (arbitrarily selected) of
these simple events as well as the probability of some other complex events
under the assumption that the given events satisfy an arbitrary number of
certain conditions.

It is obvious that this is the most general task regarding determination
of the probability of events. As far as known to me, in Probability Theory
there is not a method to find solution of this task in a general form. There-
fore, a solution by exploiting Mathematical Logic cannot be considered as
unnecessary '.

§1. Before all, the question arises: Is it possible to add the study of
qualitative symbols (logic classes) to the study of quantitative (probabilistic)
symbols? The answer is: It is possible.

Essentially, the logic equality

f(a7b7c7d7"') :90(0’71)707(17'”)

means that, in a sample space, all objects belonging to the class f, cor-
respond to the objects in the class ¢, and that the difference between the
classes f and ¢ reduces to the different classification of the same objects.
If so, the number of objects which belong to the classes f and ¢ must be
equal, that is, for example

N[f(a,b,c,d,...)] = N[p(a,b,c,d...)].

!The solution of this task provided by Boole in his treatise An Investigation of the Laws
of Thought cannot be considered as the scientific one, since it is based on an arbitrary
and purely empiric theory of logic equations, as well as since the idea of transition from
logic equations to algebraic equations itself is not properly elaborated by Boole. In this
manner, the main goal of the present article is to provide a scientific form to the deep,
but vague and unrigorous idea of Boole on the applicability of Mathematical Logic in the
Probability Theory.
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This purely mathematical equality, follows directly from the initial log-
ical equality. From there it is already easy to move further to the relations
between probabilities. Denote by N (1) the number of all objects in the sam-
ple space, and by P(f) the relation %, i.e., the probability of the class f.

Then, it is clear that
P[f(a,b,c,d,...)] = Ple(a,b,c,d,--)].

Therefore, if two classes are logically equivalent, then their probabilities
are mutually equal.

Due to that, the following general way for determining the probabilities
can be disclosed: Find the logical relationship between events whose proba-
bility is required, and other events, whose probabilities are known, and then
make a transition from logical equations between the events to algebraic
equalities between their probabilities.

Now, we will consider construction of rules for such a transition from a
logical equality to the corresponding algebraic equality.

§2. Let the logic symbols a, b, c,--- denote simple events. In this case,
logic negation (complement) of such symbols, i.e., ag, by, co, - - -, should de-
note correspondingly every event in the universe which is not a, every event
except b, etc. Further, the logic sum as a4+ b, a + by will denote the complex
events, the first of which is occurrence of a or b, the second, occurrence of a
or any other event except b, etc. Finally, logic product as ab, abg, etc., will
denote a complex event which consists of in the first case - occurrence of a
and b, in the second - occurrence of a and any other event except b, etc.

It is clear, for example, that the logic expression

a—+ b(Co + dp) + body

denotes a complex event which occurs first in the case of occurrence of a,
second in the case of occurrence of the conjunction of b and not ¢ or b and
not d, and finally third, in the case of occurrence of the conjunction of events
not b and not d.

63. From Probability Theory, is is known that the probability of non-
occurrence of an event is equal to the unity (a certain event) minus the
probability of its appearance.
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If so, then

In the same way,

etc.

§4. Further, from Probability Theory it is known that if two events are
mutually exclusive, then the probability of either occurring is equal to the
sum of the their separate occurrences. Therefore, if the logic classes m and
n are disjoint, i.e., do not contain common objects, (with m -n = 0), then

P(m +n) = P(m)+ P(n).

This rule can be applied to an arbitrary number of mutually exclusive
events. For the application of this rule it is necessary to know how each
logic sum

A+B+C+D+---
can be converted into a disjunctive form, i.e., in the form
A+ AgB + AgByC + AgBoCoD + - - -,

where Ag is the negation of A, By is the negation of B, etc., These two
logic sums are logically equivalent, but differ in the fact that the above rule
cannot be applied to the first of them, while being applicable to the second.

In this way, every complex event, that has the form of a sum, can be
always expressed in such a manner that its probability is equal to the sum
of the other, simpler, events. For example, the probability

P(A+B+C+D),
can be converted into the form
P(A+ AyB + AyByC + AgByCyD),
which can be decomposed into the sum of probabilities

P(A) + P(AOB) + P(A()B()C) + P(AOBOCOD).

13



§5. Notice that it is known from Probability Theory, if two or more
events are independent, then the probability of their joint occurrence is
equal to the product of the probabilities of their separate occurrences. This
means, if a,b,c, -+, are simple events not related by any logical relation,
then

P(abc---) = P(a)P(b)P(c)---

§6. If so, then the probability that corresponds to the logic expression
A+ AgB+ AgByC + - -+,
which does not satisfy any conditions, can be expressed as
P(A) + P(Ao)P(B) + P(Ao)P(Bo) P(C) + - -+,

i.e., it is obtained from the probabilities of the simple events by the sim-
ple substitution of classes A, B,C,--- and its logic complements by their
probabilities.

From here we see that the absolute probability of each separate logic
function

fla,b,e,d,...),

defined by a disjunctive form is
f[P(a), P(b), P(c),...].

In the first of these expressions, f denotes the set of logic operations over
the qualitative symbols a, b, ¢, . . .; while in the second the same f denotes the
set of algebraic operations over the quantitative symbols P(a), P(b), P(c), .. ..
Example. If the probabilities of simple events x and y are P(z) = p and
P(y) = q, then the probability of the complex event xyy + xoy, which is
already in the disjunctive form, is p(1 — q) + (1 — p)q. The probability of
the complex event x 4 y which, when converted into the disjunctive form, is
x + xoy or y + yox, can be expressed as p + (1 — p)g, or ¢ + (1 — q)p.

This is the way to perform the transition from the expression of a given
logic function to the expressions of its absolute probability.
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§7. Now, it is known that for the transition from a logical equality f = ¢
to the relationship between the probabilities of these classes, it is necessary
to express both functions, f and ¢, in the disjunctive form, and then replace
on both sides of the sign of equality the qualitative symbols a, b, c, ... by the
quantitative symbols P(a), P(b),....

As an example, convert the logical equality

ab+ cd = ac + bd,

into the relationship among the probabilities, by taking that P(a) = p,
P(b) =q, P(c) =1, P(d) = s.

It is necessary to express both sides of the initial expression into the
disjunctive form. We have,

ab+ (ab)opcd = ac+ (ac)obd

ab + ((10 + bo)Cd = ac+ (ap+ cp)bd
ab+ (ag + abg)ed = ac+ (ag + acy)bd
ab + aged + abped = ac + agbd + acybd.

In the last equality, both sides consists of terms which are mutually
disjoint and, therefore, by performing the transition to relationships among
the probabilities, we get

pq+ (1 —p)rs+p(l —q)rs=pr+ (1 —p)gs + p(1 —r)gs.

68. If we want, then we can always perform in the same way the tran-
sition from operations over logic equalities to relationships among proba-
bilities. Equally, when solving tasks of determining probability of an event
through probabilities of other events, it is natural to do as: Find from the
set of given logic conditions, the definition of the first event through other
events, and then perform the transition to probabilities. We will follow this
approach.

§9. Until now, we were speaking about the absolute probabilities. Let
us turn towards the conditional probabilities.

In Probability Theory the following fact has been proven. The probabil-
ity of an event A, given the occurrence of some other event B, is equal to

15



the joint probability of A and B, P(AB) divided by the probability of A,
P(A), i.e., it is equal to the fraction Plﬁf(“j).

Therefore, if A = f(a,b,c,d...), B= ¢(a,b,c,d,...), then the required
conditional probability can be obtained by replacing a, b, c,d, ... in the ex-
pressions of the product of f and ¢, represented in the disjunctive form,
by their absolute probabilities and divide the result obtained by the expres-
sion for the function f represented in the disjunctive form, replacing at the
same time the qualitative symbols by quantitative symbols. So, the required
conditional probability will be

[f(a,b,c,...)p(a,b,c,...)]
[f(a,b,c,d,...)] ’

where the rectangular brackets denote the mentioned replacement (of vari-
ables).

As an example, assume P(x) = p, P(y) = ¢, P(z) = r, and find the
probability of the event

Yo + X0y,

i.e., if one of the events x and y, but no both, occur, then it will also occur
the event

Y20 + Yoz,

i.e., it will occur either y or z, but no both of them.
In this case,

[z, y,2) = zyo + moy, »(z,y,2) =yz0 + Yoz,
f(xv Y, Z)(p(.’b, Y, Z) = XYz + ToY=0-
It follows that the required probability is

[fel  p(1—q)r+(1—p)g(l— 7”)‘

[f] p(I—q)+q(1—p)

§10. Now, suppose that the given conditional probability of simple
events a, b, c, ..., is determined such that fulfils a series of conditions

fa,b,c,...)=¢ (a,b,e,...), [fr=¢" =" ..,
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and it is required to find the absolute probability of these simple events.
Notice before all that every logic equality

fla,b,ec,...)=p(a,bc...)

can be identically replaced by the equality

1= fo+ fopo,

where 1 denotes the logic sample set (in this case, the set of all events in
the question), fo and ¢( are the logic complements of f and ¢.

Besides that, it is known that all the given conditions are identical to
the single condition

L= (79 + S s + )" + )
which can be shortly written is the form
1= M(a,b,c,d,...).

In this equality, which equivalently replaces all the given conditions, the
function M is called the logic sample set for the task considered, or the
complete unity of the task.

So, fulfillment of all the initial conditions by the classes a, b, c, ... is com-
pletely identical to the fulfilment of a single condition 1 = M (a,b,c¢,d,...)
constructed in the manner described above.

Suppose now that p, ¢, r, ... denote probabilities of events a, b, ¢, ..., ful-
filling the condition 1 = M and let p’,¢’,7’,... be the absolute probabilities
of these events. Since the first of these probabilities denotes the probability

that given the occurrence of M, the events a, b, ¢, ... also occur, then for the
determination of the absolute probabilities p’, ¢’, 7/, ..., we have
[aM] [bM] [eM]
= sy 9= T = P
[M] [M] [M]
where the classes a,b,c,... in rectangular brackets should be replaced by

their absolute probabilities p’, ¢/, 7/, ..., which are determined by solving the
system of obtained algebraic equations.

Consider an example. Suppose that when taking balls from a vase, we
count just the cases when the balls inside are either white or blue (or both
at the same time) and suppose that, under this condition, the probability

17



to find a white ball is p and to find a blue one is ¢. Find the absolute
probabilities p’ and ¢'.

Construct first the condition under which the probabilities p and ¢ have
been determined. Let x denotes taking a white ball and y a blue one. If
when calculating the probability we exclude the case that the balls inside
are neither white nor blue, then we get the condition

zoyo = 0,
or, which is the same,
1 =2y + zoy + zy0.

In this way, for the considered case

M(z,y) = zy+ xoy+ zyo,
tM(z,y) = xy+ay =,
yM(z,y) = wzy+zoy=1y.

From there, we have

(M ﬂv]r:p’,y:q’ (M y]r:p',yZQ’

p= , 4= )
[M]r=p’,y=q' [M]x=p’,y=q'

or

/ /

_ p _ q
- p/q/ _|_p/(1 _ q/) 4 q’(l _p/)’ q p/q/ _|_p/(1 _ q/) 4 q’(l _p/)'

p

By solving these two algebraic equations, we get

; ptqg—1 ; ptqg—1
p_ 7q_ .

q p

§11. Corresponding to that, as mentioned previously, for determining
the probability of an event through the probabilities of some other events,
we need to express the first event through these other events. This forces
us to first say few words about defining a logic class (simple or complex) in
terms of all or a few of these other classes.

18



Suppose that we want to determine a simple class a in terms of all other
classes b,c,d, ..., related to a and also mutually related by the conditions
(requirements)

f/ — (pl f” — (p/l fl// — (pl//
All these conditions can be equivalently replaced by a condition
1= M(a,b,c,d,...).

On the other hand, this last equality can equivalently be replaced by the
three equalities

a = aM(1,b,c,d,...)=abM(1),
a = a+ M(Q,b,c,...)My(0,b,c,...)=aM(1)My(0),
1 = M(1,be,...)+ M(0,b,¢,d,...) = M(1) + M(0).

Here, M (1) is the result of substitution in M (a,b,c,...) the class a by
1, its logic complement ag by 0, M(0) is the result of the substitution in
M(a,b,c,...) the class a by 0 and its complement ag by 1; My(0) is the logic
complement of M (0), or, which is the same, the result of substitution in the
negation of M, i.e., in the function My(a,b,c,...), the class a by 0 and its
complement aq by 1.

In latter three equalities, the fist shows that a is contained in M (1), the
second shows that a contains in itself My(0)M(1). Due to this, these two
equalities can be replaced by the inequalities

a< M®1), a> My0)M(1),

which should be understood in the sense: a is not greater than M(1) and
no smaller than My(0)M (1).

Finally, the third equality 1 = M (1) + M(0), which depends on the
classes b, c,d. .., but does not contain the class a, represents the condition,
which, from the initial conditions, satisfy these both functions M (1) and
My(0)M (1), in terms of which the a is defined.

In the case that these two functions are logically equivalent, i.e., when

Mo(0)M (1) = M(1),
two inequalities which determine a are

a>M(1), a<M(1),

19



i.e., it is sufficient a single inequality
a= M(1).

If we want to determine a from this equality 1 = M(a,b,¢,...), not in
terms of all, but of few classes b,c,d, ..., then all these classes have to be
excluded from the equality 1 = M(a, b, c,d,...). To do that, it is sufficient to
replace in the equality 1 = M(a,b,c,...) all classes that should be excluded
and their logic complements by 1. Suppose that the result after excluding,
would be 1 = M’, where M’ depends on a and few other classes. Then, it
remains to determine a from the equality 1 = M’ in the exactly the same
way as it was determined from the equality 1 = M.

This is the way to determine a simple class through all or few other sim-
ple classes based on an arbitrary number of given whatever logic conditions.

§12. Let us turn now to the determination of complex classes, i.e.,
functions.

It is easy to show that a logic function can be expressed in terms of
simple classes (all or some of them) also when the latter do not satisfy any
conditional equalities.

Actually, suppose that the given n simple classes a, b, ¢, ... are mutually
unrelated by any conditions, and let A be a complex class, where A is a
specified particular function of these classes. In this case, let A = w, or,
equivalently, 1 = Aw + Agwg. We can say that we have n+ 1 simple classes,
w,a,b,c, ..., which satisfy the condition

1= Aw+ Apwg = M(w,a,b,c,...).

From this condition, we can represent the simple class w (i.e., the func-
tion A) in terms of all or a few of these simple classes by the rules expressed
above.

In this manner, consideration of an arbitrary logic function together with
the independent simple classes converts the task without conditions into one
with conditions.

If together with n mutually independent simple classes a,b,c,..., we
start considering m functions U, V, W, ..., then by introducing a series of
notations



we get the task in terms of n+m simple classes, a,b,c,...,u,v,w,... which
satisfy the condition

1 = (uU ~+ uwlUp)(vV + voVo)(wW + woWp) - - -
= M(a,b,c,...,u,v,w,...),

from which, as shown above, we can determine logic definitions of all these
classes u, v, w, ... in terms of all or a few other classes, i.e., we can find any
function U, V, W, ... in terms of all or a few of those given simple classes and
all or a few of these other functions.

Finally, if n simple classes a,b,c,d,... are mutually dependent and re-
lated though p conditions

A/ — B/ A/ — B// A/// — C/// o

where A', B', A", B”,... are functions of a,b,c,d,..., then in determining
one of these m functions

UV, W,...

we will have the problem in terms of n+m simple classes a, b, ¢, d, . .. ,u,v,w, ...
which are mutually related by p + m conditions

A=B 6 A"=B" . u=Uv=Vw=W,...,
or, equivalently, the single condition
1= (A'B + AyB)(A"B" + Ay B{)) - - - (uU + uoUp) (vV + voVp) - - -,
which can be rewritten as
1= M(a,b,c,d,... ,u,v,w,...).

From here, according to the previous considerations, we can find any of
the functions U, V, W, ... in terms of all or a few of these other functions,
and also in terms of all or a few of the simple classes a, b, ¢, d, ..., where all
the initial conditions will be taken into account.

§13. We have now all what is needed to solve the initial task of finding
the probability of a function (a complex event) through the probabilities of

21



all or a few other functions and simple classes, assuming that the latter are
mutually related by an arbitrary number of whatever conditional equalities.
Suppose that by following the above method, we get the equality

1= M(a,b,c,...,uv,w,...),

from which are already excluded all classes and functions the probability of

which should not be taken into account when determining the probability of

the function U in terms of the probabilities of other classes a, b, ¢, ..., v, w,....
In this case, we get

w< M(1), u> M(0)M(1),

where M (1) and M (0) are results of substitution in the function M the class
u by 1 and 0 respectively, (and its logic complement by 0 and 1), where the
other classes a,b,c,...,v,w,... satisfy the relationship

1=M(1)+ M(0) = K.

It remains to determine the probability of u. Suppose that the probabil-
ities of the classes a,b,c,...,v,w,... are determined by taking into account
all initial conditions for the given task. Consequently, they also satisfy
the condition 1 = K, and we denote them by p,q,r,...,a,3,.... In this
case, their absolute probabilities, which we denote by p/,¢,7',..., o/, 3, ...,
should be determined from the requirement

[aK] [bK] [WK] 3 [wK]
= ) q= 77> = ) = T 0
(K] (K] (K] (K]
where in the first part, after expressing the nominators and denominators
in the disjunctive form, all qualitative symbols a, b, ¢, ..., v, w, ... should be
replaced by the qualitative symbols p’, ¢, 7',..., o/, 3, .. ..
The values p', ¢, 7',...,d, 3, ..., determined in this way, will be substi-

tuted instead of a,b,c,...,v,w,... in the first part of the inequality
u< M(1), wu> My(0)M(1),

which provides the absolute probability of the functions M (1) and M(0)M (1),
i.e., it determines the absolute probability of the function w.

Equally, we need to know not absolute, but conditional probability of the
function u, namely, the one in which are taken into account all the conditions
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given in this task, including correspondingly the condition 1 = K. As shown
before, such conditional probabilities of the functions M (1) and My(0)M (1),
respectively, are

(MI)K]  [Mo(0)M(1)K]
(K] (K] ’

where all the qualitative symbols a,b,c,...,v,w,... should be replaced ny
the corresponding absolute probabilities p’, ¢, 7',...,a/, 3, .... Thus,

K = M(1) + M(0),
and therefore

MUE = MD[M(1) + M(0)] = M(1),
My(O)M(DE = Mo(0)M(L)[M(1) + M(0)] = Mo(0)M(1),

Correspondingly, the conditional probabilities of the functions M (1) and
My(0)M(1) are

M) [M0)M(1)
K] K]

If so, then denoting by P(u) the required conditional probability of the
function u, we get

[M(1)] [Mo(0)M (1)]
Plu) < S8, Plu) > S0, 1
[K] (K]
where all the qualitative symbols a,b,c,...,v,w,... should be replaced by

the symbols p',¢',r’,..., o/, 3, .... After this substitution, these latter sym-
bols should be replaced by their values expressed in terms of p, q,r, ... o, 3, . ..
by the equalities

[aK] [bK] [vK] [wK]

e e T me Pt @

in which the substitution of symbols a,b,s,...,v,w,... by the symbols
Dyq,T,...,a,F,... should be first performed. If in the formulaes (1) and
(2), the qualitative symbols a,b,c,...,v,w,... are replaced by the quali-
tative symbols p’,¢,7’,..., o/, ..., which should be afterwards excluded
form (1) by using (2). Then it is clear that it is quite sufficient to view the
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qualitative symbols a,b,c,...,v,w,... in (1) and (2) as some quantitative
symbols and exclude them from (1) by using (2) and the rules of Algebra.
In this way, the final form of the solution of the given task of determining
P(u) in terms of the conditional probabilities p,q,r,...,a, 3, ..., becomes
the following

By using the equalities

K bK K K
K=M1)+M@O)=2" =0 o 20 0
p b o B
where, after expressing all the terms in the disjunctive form, the symbols
a,b,c,...,v,w,... which are viewed as algebraic symbols, are excluded from
the pair of inequalities

Mo (0)M (1)
K )
in which all the terms should be also expressed in the disjunctive form, and
symbols a,b,c,...,v,w,..., are also viewed as the quantitative symbols.
This is the general method of solving the task formulated a the beginning

of this paper. As we can see, in general, for the required probability P(u)
we get just the boundaries where it belongs, and just in the case when

Mo(0)M(1) = M(1),

we can get the exact solution for P(u) as

§14. Return to examples.

Ezample 1. Suppose that the probability that A or B (or both) will die in
a given year is p. The probability that A or B (or both) will not die in
the specified year is q. Find the probability that one of them will die while
meanwhile the other will stay alive (e.g., either A will die while B will stay
alive, or converse).

Let = be the event A will die, and y that B will die.
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Given: P(z +y) = p, P(xo+ yo) = ¢. Find P(xyo + zoy).
We have three functions. Write

r+y=s, To+y ==t TYo+Yro=W.

The task can be viewed as that it contains five simple classes related
though three conditions, or equivalently, by the following single condition
1 = [s(z+y)+ sowoyol[t(zo + yo) + towy]
x[w(zyo + woy) + wo(woyo + zy)]

= stwzyg + stwzoy + stowoxry + SolwoToyo-

From this equality, we should find the expressions for w in terms of s
and ¢, and the classes x and y should be excluded (which can be achieved by
the substitution z =1, y = 1, xg = 1, yo = 1). The result of this excluding
is

1= M(s,t,w) = stw + stowg + sotwy = M (w),
from where

M) = st, M(0)=sty+ sot, My(0)=st+ sotg, My(0)M(1) = st,
K = MQ)+M0)=s+spt, Ks=s, Kt=ts+tsy="t.

Since in the given case, My(0)M (1) is equal to M (1), the two inequalities
which determine the function w reduces to a single equality

w= M(1) = st.

Indeed, the multiplication of s =z 4+ y by t = 29 + yo is w = 2y + xoy.
Therefore, the required probability P(w) is determined by the equality
M(1) st

K s+ spt’

P(w) =

and after excluding from it the symbols s and ¢, since they are viewed to be
quantitative, by the equality

t
Kzs—l—sot:f:f.
P q
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From these equalities, we have

st sk
p = K’ q_K’ pTq= K
s+t—K s+t—(s+(1—9)t) t—t+ts ts
—1 = = = = —.
pra K K K K

Consequently, we finally have
Plw)=p+q+1

To check these observations, we notice the following. If P(z +y) = p,
then P[(z + y)o] = P(zoyo) = 1 — p. In the same way, if P(xo+ yo) = ¢,
then P(zy) =1—q.

It follows,

P(zy + zoyo) = P(zy) + P(woyo) =2 —p — ¢,

and then

P(zyo + xoy) = Pl(zy + zoyo)o] =1—2—p—ql=p+q—1,

which is the result that completely agrees with the one found above.

Example 2. Suppose that the probability that the speaker A tells the truth
is p, and the probability that the speaker B is telling the truth is ¢, and
the probability that their statements differs is r. Find the probability that
if their statements agree, then we get the truth.

Suppose that the class of cases when speakers A and B tell the truth are
z and y, respectively. Given:

P(x)=p, Ply)=q Ployo+zoy) =r
Find the relationship
Pzy) _ P(zy)

P(zy +xoyo) 1—1r"

It is obvious that it is sufficient to find just P(zy) in terms of p, ¢, and
Let

Yo + Toy =S, TY =w.
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These two conditions are equivalent to the single equality
1 = wsozy + wo(sxoy + soToyo + STYo)-

This is the condition which should be satisfied in this particular task
involving four simple classes z,y, s, w. It is required to find w in terms of
the other three classes. We have

1 wsozy + wo(sToy + SoToyo + swyo) = M (w),
M(1) = sozy, M(0)=s(zoy + xyo) + SoToYo,
Mo(0) = s(zy+zoyo) +so(z +y), Mo(0)M(1) = sozy = M(1),
K = M(1)+ M(0) = soxy + soxoyo + sxoy + sTyo.

Since My(0)M (1) = M (1) = spxy, then instead of two inequalities, w is
determined by a single equality

w = STY.
Besides that,
Kz = sqzy + szyo,

Ky = soyz + sxpy, Ks = sxoy+ szyo.

By viewing z, ¢, and s, as quantitative symbols, we should exclude them
from the formulae

S0y
P =
(w) = 22
by using the relationships
zyso+@yos _ xyso+Toys _ woys+ayos _
p q r
= SoxTY + SoxoYo + SToY + STYp-
We have
STOY  STYo
T =
K K’
_ SoTy . SToY
q = K K
SoxrY | STYo SoxLY + ( 5330?4) S0TY S01Y
= = T — = —
P K 'K K K K K
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It follows
sory  prq-—r

K 2
And finally,
Plw) = 1#7
Play) _ pta-r
P(zy + woyo) 2(1—r)

Ezample 3. From the observation of an epidemic in some settlement, let p
be the probability that a house suffered from fiver, ¢ from cholera, and r is
the probability that the house did not suffer from either of these diseases,
providing sufficient sanitary conditions.

Find the probability that some particular house from this settlement
does not fulfill the sanitary conditions.

Let x be the suffering from fiver, y from cholera, and z denotes that a
house does not fulfill the sanitary conditions. Given:

P(z)=p, P(y)=4q, Plzoyoz0)=r-

Find P(z).
Let

ZoYozo = W.

The condition, which is satisfied by the given task of four simple classes
T,Y, 2, W is

1 = wxoyozo + wol(z +y + 2) = F(z).

From here, find z in terms of x,y, w.

We have

F(1) = wo, F(0)=wzoyo+ wo(r+y),

Fo(0) = w(z+y)+woxoyo, Fo(0)F (1) = woxoyo.
Consequently,

z < wp, £ >wWeroYo-
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Besides that,

K = F()+ F(0) = wy + wzoyo + wo(z + y) = wo + wroyo,
Kx = zwy, Ky=ywy, Kw=wzxyyg.
The symbols w, x, y which are viewed as quantitative, should be excluded
from the inequalities

woroYo
K

P(z) < % P(z) >
by using the relationships

TWy  Ywp  wWIoYo
— =T = = K = wy + wxgyp.

p q r
We have
WIQYQ wzoyo(l — 1)
wy = T—wxoyozf:K(l—T),
% = 1-m
by — TWotwroy
K b)
l—p—pr = K—xwo—wa?oyo:wo—wa:xowo
b K K K
L = Ywo + wroYo
q — K
| —q—p — HTUWo—wioko oyt _ Yoo
K K K’
2
wWHToYo
A=p-—rl-g-1) = —=—,
(I-p-—r)1-—qg—r) _ wgivoyo.ﬁzwoxoyo
1—r K2 wo K

And then finally

P(z)<1—7r, P(z)> (1—p—17")_(1r—q—7").

Ezxample 4. Suppose that regarding the balls in a vase, it is know that each
ball is either big or not blue. Suppose that while taking the balls, we pay
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attention just to the cases when the balls inside are either white, or big, or
blue. Suppose that under these conditions, the probability that the ball is
white and big is p. Find the probability that the ball is either white but not
big, or not white, but either big or blue.

Let x denote taking the white ball, y the big ball, and 2z the blue ball.
The first two initial conditions of this task are

x=x(y + 20),
l=o+y+=z

Given is the probability P(xy) = p.
Find the probability P(zyo + zo(y + 2)).
Let
xy=u, xyo+xo(y+2)=n0.

It is possible to say that the given task consists of 5 simple classes
x,, z,u, v which satisfy the above given four conditions. These conditions
can be combined in the following single condition

1 = [ro+y+ 2]z +y+ z][ury + woxo + uoyo)
X [vzyo + vy + vIez + voTy + VoToYo20)
=  UVYTY + UVTY + UoVTZy + UYVITYZ0-

From the given task, it should be determined v in terms of u. The other
classes x,y, z should be excluded which can be done by the substitution

r=y=z=x9=1yYy=20= 1.
After their elimination, we get
1 = wvg + upv = F(v).
From there we have
F(1) =up, F(0)=u, Fy(0)=uo, Fo(0)F(1)=uo.
It follows that in the case considered, v is determined by the equality

V= ug.
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Further, we have
K=FQ1)+F(0)=uy+u=1.

Correspondingly, the condition 1 = K, which is satisfied by the function
u, reduces to the identity 1 = 1, which is identical to the absence of any
condition. Therefore, we finally have

P(v) = P(up) =1—p.
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Addendum

On the Numerization of Logic Equations in General

Above (§1) it was shown that to each logic equality

fla,b,c,...) =p(a,b,c,...) (1)

corresponds the quantitative equality

N[f(a,b,ec,...)] = Nlp(a,b,c,...)], (2)

expressing equality of the number of objects contained in the classes f and
©.

Dividing both sides of this equality by N (1), which denotes the number
of objects in the sample space, another numerical equality is obtained

P[f(a,b,c,...)] = Ple(a,b,c,...)], (3)

expressing the equality of the probabilities of logic classes f and ¢.

For short, the transition from the equality (1) to the equality (3) will be
called the probabilization of the logic equation (1), while the transition from
the equality (1) to the equality (2) will be called the numerization of the
logic equality (1).

In the previous considerations, we were interested in the direct proba-
bilization of logic equalities, for the transition from (1) directly to the e
quality (3) without the intermediate equality (2). Doing that, for determin-
ing features of the symbol P, it was necessary to exploit several facts from
Probability Theory.

If we will construct rules for the transition from the equality (1) to the
equality (2), where for determining features of the symbol N we will already
exploit facts from Probability Theory, then taking into account the simple
relationship between the equalities (2) and (3), from these rules we will also
obtain a new method for defining some features of the symbol P.

It is also needed to notice that the equality (2) can have some meaning
not only as an intermediate rule between (1) and (3), but by itself, so that
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it could find some applications in other areas of knowledge, as for example
in Statistics.

Return to the construction of rules for numerization of logic equalities.

For the numerization of a logic equality, it is sufficient to numerize each
of its parts separately and then to mutually equate these results. In this
manner, the numerization of logic equalities reduces to the numerization of
separate logic functions.

Determination of the number of objects contained in every logic class a,
i.e., determining the number N(a) can be performed by their enumeration.
Equivalently, given the relationship among some of the symbols N (a), N(b),
N(a+b), N(ab), etc., we can determine the values of some of these symbols
in terms of the values of other symbols.

Establishing various forms of relationships between different symbols N
represents the subject of study of the Theory of Numerization.

First, we will find the relationship between two symbols N|[fo(a,b,c,...)]
and N|[f(a,b,c,...)], where fy is the logic complement of f.

From the logic identity

fla,be,...)+ fola,b,e,...) =1,
we have
N{f(a,b;c,...) + fo(a,b,c,...)] = N(1).

Since the product f - fy is equal to zero, then all objects of the function
f differ from the objects of fy, and then

N[f + fo] = N(f) + N(fo)
and correspondingly
N(f)+N(fo) =N(@1),
from where
Nlfo(a,b,c,...)] = N(1) — N[f(a,b,c,...)].

This is actually the required relationship. If we divide both sides by
N(1), we will get the relationship

P[fo(a,b,c,...)] =1— P[f(a,b,c,...)],
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i.e., one of the basic facts from Probability Theory.
Let us find the expressions for the symbol N(a + b).
If @ and b are disjoint, i.e., if ab = 0, then is is clear that

N(a+0b) = N(a)+ N(b).

Suppose that a and b are related by the conjunction, i.e., that ab is
different from zero. From the logic identity,

a = ab + aby,
where in the first part both terms are disjoint, we get
N(a) = N(ab) + N(abo).
In the same way, from the identity
b= ab+ apb,
where again the first two terms are disjoint, we find
N(b) = N(ab) + N(apb).
By adding the expressions for N(a) and N(b), we will have
N(a) + N(b) = 2N(ab) + N(aby) + N(aob).

On the other hand, the sum of the above expressions for a and b provides
(from the general law of logic m + m = m) the logical equality

a—+b=ab+ aby + agb,
in the first part of which all three terms are mutually disjoint. Therefore,
N(a+b) = N(ab) + N(abg) + N (agb).

By comparing this expressions with the expression previously derived, shows
that in general

N(a+b) = N(a) + N(b) — N(ab),

from where for the particular case when ab = 0 and correspondingly N (ab) =
N(0) =0, we get, the same as before,

N(a +b) = N(a) + N(b).
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Further, it is easy to see, that in general (from the facts proven above,
and also the law mm = m)

N(a+b+c¢) = N[la+b)+c]=N(a+b)+ N(c)— Nl(a+b)]
= N(a)+ N(b) — N(ab) + N(c) — N[ac + bc]
— N(a)+ N(8) + N(e) - N(ab) — [N(ac) + N(bc) — N(abo)
= [N(a) + N(b) + N(c)] — [N(ab) + N(ac) + N(bc)] + N(abc).

In the same way we found

Natbtetd = [N(@)+N(E)+ N+ Nd)]
—[N(ab) + N(ac) + N(ad) + N(bc) + N(bd) + N (cd)]
+[N(abc) + N (abd) + N (bed)] — N (abed).

The laws of constructing such formulaes are obvious. In particular, when
all the involved classes are mutually disjoint, we find

NZa = ©N(a®),
from where, after dividing by N (1), we get the relationship
Pl +d" +d"+...)=Pd)+ P(d")+ Pd")+ -,

that is another truth from Probability Theory, to which we referred above.
It is possible to find another expression for the symbol N Yald).
Since in logic there is the identity

a+d" =d +ajd”,
where the terms in the first part are mutually disjoint, then
N(a' +a") = N(d') + N(aja").
Further, by knowing that

" /i N

a+ad" +d" =d+ayad” + apaga”,

where again all the terms in the first part are disjoint, we find

N(a' +ad" +ad") = N(a') + N(apa") + N(agagag').
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In the same way, we have in general
N(d' +ad" +ad" +---) = N(d') + N(apa") + N(agaya”) + .

The third approach to determine the symbol NXa® consists of the de-
composition of the sum Ya'?) into elements (which are always mutually dis-
joint). Thus, if there is such a decomposition

Za(i) =Sl+8//+8w+~-~,
then, it is clear that
Nza® = Nxs.

Finally, the forth approach to determine the same symbol is the follow-
ing. Since the negation of the sum a’+a"”+a"+- - - is the product apagag’ - - -,

then it is clear that
N(d' +ad"+ad" +---)= N(1) — N(ajagay - --).

Let us return to the determination of the symbol N of the product of
logic classes.
It was proven above that

N(a+b) = N(a) + N(b) — N(ab),
and therefore
N(ab) = N(a) + N(b) — N(a +b).
It is easy to see that
N(ab) = N(1) — N|(ab)o] = N(1) — N(ag + bo) (E)

I will not consider generalizations of these formulaes. Instead of that, let
us pay attention to the following. The formulae before the last one shows
that knowing the symbols N(a) and N(b), we still cannot determine the
value of the symbol N(ab). Also, is is easy to determine the area within
which the value for this symbol should be contained, namely, N(ab) is not
smaller than 0 and not greater than the smaller of the values for the symbols
N(a) and N(b).
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We will prove that smaller of these boundaries can be formulated more
precisely. Namely, it can be proven that N(ab) is not smaller than

N(a)+ N(b) — N(1).
Actually, from the equation (E), it follows that

N(ab) = N(1) — N(ag+bo) = N(1) — [N(aog) + N(bo) — N(agbo)]
= N(1) = [N(1) = N(a) + N(1) = N(b) — N(agbo)]
—  N(a)+ N() = N(1) + N(aobo)].

This is a new expression for the symbol N(ab), from where we can see
that obviously N (ab) is not smaller than

N(a)+ N(b) — N(1).
Therefore, for the case of the product of three terms, we have
N(alalla//l) — N[(a/a//)a/ll] — N(a/a//) + N(a/ll _ N(l) + N((a6 + ag)all/)
= N(d')+ N(a") = N(1) + N(agag) + N(a")
—N(1) + N((ap + ag)ag)
= N(d')+ N(d")+ N(a")—2N(1)
+[N(agag) + N((ap + ag)ag')]-

Since each of the symbols N is not smaller than zero, it follows that
N(d'a"a™) is not smaller than

N(d')+ N(a")+ N(a") —2N(1).
By such considerations it can be proven that in general
N(d'a"a" ...a"™) not smaller than XN (a)— (m — 1)N(1).

This is the lower bound of the value for the symbol N of the prod-
uct of classes. Regarding the upper bound, it is clear that the value of

this symbol is not greater than the value of the smallest of the symbols
N(d'),N(a"),...,N(a™).

This is essentially all what I know about the rules of numerization.
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To conclude, I would like to say the following. Above, we obtained
from the rules of numerization two basic theorems from Probability Theory.
Equally, we can obtain other theorems from this theory from the rules of
numerization just by using the hypothesis about the uniform distribution of
objects in each class over the entire sample space. For example, under the
conditions in his hypothesis, we can say that N(ab) is the same part of N(a)
as N (b) is a part of N (1), i.e., we can write the proportion

N(ab) : N(a) = N(b) : N(1),

from where

N(a)N(b)
N(ab) = 2%
(ab) = o,
and correspondingly, after division by N (1)
N(a) N(b)

P = 1y w = P@PO).

Published with the approval of the Society for Natural Sciences of the
Imperial University of Kazan.

President of the Society A. Stukenberg

Kazan, Typography of the University 1887.
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b; Bropoe—B% HACTYNIEHIN WIW @, HIH BCAEATO COOGHTIH, EpO-
ub b, w 7. 5. Hawomems, xormueckia mpoussefenis BB pogb
ab, ab, u . K. ROJEHG 03HAYRTH CIOMBEL COOHT™, cocros-
mig: mepBoe—BH cosmajemim cobmriff @ m b, BTOPOE—BH CO-
BOAjieHin COGHTI# @ €b KAREMTB yrojHO coOmTiens, Eponmb b,
S

Horarno, yro, mampumbps, Jormueckoe BHpamenie

a-+b(e,+0,)+Db,0,
03HA92€1T CIOKHOE COOETie, KOTOpOe HACTYNAETH: BO 1-Xt,
npm HACYymIeHim coﬁr;mia @y BO 2-XB, ODH COBIAZEHIA COOH-
Tig b maw ¢b coOuriems He-¢, WiH-®e CH COOHTIEMT HE-0)
¥ BAKOHENT, BB 3-XB, IpPH Cosuajesin coOmria me-b ¢b co-
OnTieMs He-d.

§ 3. Usw Teopim Bbpoarmocredi mspbermo, uro mbpost-
HOCTH HEHACTymIemis colmria pasEa ejummmb (Focrosbpzocrn)
0ess BBPOATROCTH €ro HACTYILIEHId,
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Eean tars, 10
Ka,)=1—Pa).
Touno Tarnme, HAUPUMBDD:
Pb,)=1—Pb)

u up.

§ 4. JHanbe, ust Teopim Bbpoarmocreit mssbermo, uro
ecan apa coOurisn wecosubBeras, To BBpPOATHOCTH, YTO CAYUUTCH -
T0 WAM JAPyroe Hsh HUXS, pasEa cymumB ux® orbisHEXD BB-
poarnocreii. [loaromy, ecau jormveckie kJIacCCH Mm H % AACH-
OHETHEL, T, €. He uMEOTs O0UUXT UPEAMETOBD, (NpHYEMD MN =
0), 10 '

Pm+n)=P(m)+ Pn).

910 npasuio npumBEEMO KD KaROMY YrOZHO UHCAY HECO-
pMBeraEXD 0480 €H ApYruMn colsriii. JL1g BOSMOIKHOCTA MOAS-
30BATHECA BTUMD TPABHAOMS HeoOXojumo ywbrs gamamii xoru-
4eckiif MHOrowJIeHs

A+B+C+ D+...
lelBO)UiTB i ILHC'BIOHI{.THOMY Bﬂ,ﬂ,y, T. €. KD HH}.’(Y
A+ A B+ A BC+A4,BC,D+..,

rh A, ecrs orpunaniec 4, B,—orpunarie B u 1. 5. O0a ma-
DMCAHHANE MHOTOYICHA JIOrMYECKH PABHOSHAYHE, HO OTIMYAIOTCS
M, YT0 K'H TMEPBOMY M3H HUXH He UpUMEHEMMO mpepmymee
IpaB@AI0, TOrAQ RARD KO BTOpOMY HpuMbHEMO.

U raxs, xamjoe caomuoe cobmrie, mwkioniee suas CyMME,
ME BCErfa MOeNH BHDAZKTL TAKs, 4yt0 ero pEposrTHEOCTS DA~
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sofsercs na cymmy sbpoarmocreli apyrnxs, Goxke npocrsixs,
coomriit, Hanp., sbposraocts

-I(A+ B+0C+ D),
Oyayyu OpuBejeHA KL BUAY
PA+A,B+A,B,C+ A B D),
pasGusaerca Ha cymmy wbpoarmocreii:

P(4)+F(4,B)+P(4,B,0)+ P(4,B,G,D)

§ 5. Surbun, usp Teopin Bbpoarsocreii mssberso, wro
ecau jgsa u Gorbe cobulrin cyro mesasucumin, 10 sbposrHocTs
UXD COBNAACHIN paBua mpomssepenio nxs orAbivanxn, BhposT-
noctreif. D10 BHAYHTH, Yr0 ecAn @,b,C,... CyIL MPOCTHI COBMIA,
HEe CBABAHEWI MEXAY 00010 HUKAKUMTD JOTHYCCKUM'h OTHOLIE-
HieM'B, 10

P(abe...)=P(a)P (b)P(c)...

§ 6. Ecau raws, 10 BBpoarsocts DPHBEJCHHAT0 KD JUCH-
IOHETHOMY BHJY JOTNYECKAr0 MHOIOYICHA '

A+A4,B+4,B,C+ ...,

He TNOAYHHERHAT0 BHEAKHML yCA0siAME, MOKers OHTh HoOpa-
HeHY, TAWb:

E(4)+P(4,)P(B)+F(4,)P(B,)P(C)+...,

T. € NOAYYAeTcs u¥b BHPAJEEHIN MBOTOYJIEBa NPOCTol 3amb-
Hoit Braccoss A4,B,C,... muxs orpunamifi sbposrsocramn 15X%

H Kpyraxb.
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Orcropa supuMs, wro abcoxorsas BEposTHOCT BCAKOH -
orpbasEofl xoruzeckol Qysrmin

f(a,,b,c,d )
npuBefenHoil IpeiBapuTeNbHO KB ANCHIOBKTHOMY BHAY, €CTb

[P (@),P (), P(c),...)

Bt nepsoms nsn 51uXB Bmpamesilf [ osEazaers 'conomyu-
HOCTH 40WMeckums JHHCTB HALD KAUECTS. CHMBOIAME @,D,C,...;
BO BTOPOM® TO~ke f 03HAYAETH COBOEYNHOCTH GMEOPAUNECHULS
nbitcrsit ma1s woxmvecrs. camsoaamu P (a), P (b),P(c),....

Mpawkps. Ecam vbpoarsocrs npoctrx® coburii « u y
cyrs Plx)=p, P(y)=q, 7to BbpoATBEOCTH CIOWBAT0 COOHTIA
oy, +x,y, yke nubomaro ANCHORRTERE BUAD, ecTs P(1—q)+
(1--p)g. Bbposrrocre-we caomparo coOutia z-+y, KOTOpOE,
no mnpaseieain Kb AUCHIOBKTHOMY BH1Y, €CTh &+, WIK
y+y,2 Bupasurea raxt: p-+(1—pg, nim g+(I1—q)p.

Tags gbiaerca mepexois o016 Bupamenia orybisEoil Xo-
rnveckoli (Gymsuin &b Bupameniio afcomorHolt eq bpoarsocra.

§ 7. Momarao Temeps, 4T0 AX# NEPEX0Ofa OTH JOrHIECHA~
ro pasedcrea =@ KT OTHONIEHiO Memjy BBPOATHOCTAMYE BXO-
IAMUXT TYAQ KAACCOBH, nano mpusecr: o0B Qymmmin £ uw @
kY ANCHOARTNOMY BUAY U sarbus sambents BB 00BuXB vacCTAXD
paBercTsa Beh KA YeCTHEHHEE CANBOAN @,D,C,... CAMBOIAMY KOXNTe-
crseganiun P (a),P (b),...

L1 mpambpa npeBpaTHmT JOTHYECKOE DABEHCTBO

ab+ cd = ac-+bd

pp ormomenie memiay sbposrsocrawu, nmpuEsMai P(a) = p,
P(b)=q,P(c)=rP(0)=s. '
Hago wmpusects &b JAUCHIOBETHOMY BHAY 06F uacru
ucxopEaro pasescrsa, Mubems:
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ab+ (ab), cd = ac+ (ac),bo
ab-+ (@, +b,)cd=ac+ (a, +c,)bd
" ab+ (a, +ab,)cd =ac -+ (a, + ac,)bo
ab-+a,cd + ab,cd = ac + a,bd + ac, bo.

B nocabgmems papencrsb 06B uvacra cocrosrs uzb die-
HOBD, AUCHIOBEUHHXD MEmAy co0010, a moromy, xbias o1% me-
ro Nepexoi’s KD OTHOUICHIO MemAYy BEDPOATHOCTHME, MOXYYUM'D:

pg -+ (1—p)rs+p(1 - ghrs=pr+(1—plgs+p(1—r)gs.

§ 8. Xora, raxuns o6pasomn, Hpu OnepanisXd HALD 10-
PUYCCKEMY DABEHCTBAMU MW MOMEM's BL a1000if momen1ts cil-
1aTh UEPEXOAD Kb OTmomeuisns mempy vbposruocramu; ofHa-
ko, upu phmenin sagavyu o6 onpepbienin vbpoarnocru opno-
ro coOuria mocpeacrsoss whposrtnocreit Apyrux® coburill, sce-
ro sarypasbobe nocrymath Tawh: wafitm ush seelt cosomynmo-
CrH JAHAKXD J0rMY, ycaosiii ompepbrenie nepsaro coburis mo-
MO0 OCTadBHLIXD u Yime sarbun epbiars nepexoas &b Bhpo-
ATHOCTHM., OTOr0 mpieMa MK u OyAeMB JepasarTsca.

§ 9. JNoceak mu pean pbus 00 abcoaoranxs sEpoarEO-
craxs, O6pamaemcs Kb BEPOATEOCTAMD OTHOCHTEIBHHME.

By Teopin Bbpoarnocreit jorasmsaercs cabiyomas ncru-
,Ba: pbpoarTEOCT, 10 ecam cobmrie A cayuures, 1O u coburie
. B rome cayuures, passa sbposrsocry cosmajesia coommiit 4

n B, paspburennoit 5a phpoaraocts coburia 4, r. e. paspa apo6n
PAB)
P(4)

[Toaromy, ecan 4= f(ab,c,0,...), B=gp(ab,c,0,..), T0 ncko-
Mas 0THOCHTEIbRAS BRPOATHOCTL NMOAYUUTC:, eCAll B BHPARKe-

Big opousseicnis [ M @, HPUBEACEBAr0 Kb JUCHIOHKTHOMY BH-
Ay, sanbmEmas  abc,.. vxb abcomornmun  vhposrmocravu u
noayueBERE pesyasrars pasgbiunt na supamenie Qymrnid f
npuBeAeHHOe BB AUCHIOHETHOMY BUAY, NPUYEMB Bb HEND HAJ0
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Taxme saMmbEuTE BCH KavecTReHERE CHMBOJIN KOAMYECTBERHMMM.
A tars, nexomad ormocur. sbpoarEocTs OyjHers:

[f(a,b.c,...)p(abec0...)]
[A@aD,e.9...)]

rab sakyioveHie B MPAMES CKOOKM 03HAYAeTH YNOMAHYTYIO
sambay. '
Iast npaubpa, mosaras P(z)=p,P(y)=q¢,P2)=r, Bai-

Zems pBpOATHOCTH, YT0 ecud Ciyyures COOmTie |

myo'*-xoy?
7. €. OZHO u3% coOwrili  u y, Bo me oba swherh, vo cayyuresa
TaE®HEe U COTHTIe

Y&, +Y,%,

T. €. oo ush coduriil y w 2, Ho Be oba BuBerk.
Bb zammons caydal

fry2l=xy, +ay, PiEy:s)=yz+y,2
fiy )p(@,y,2) =y, 2+,y2,.

Caba. uncwkomas orsocur. sbpoarsocts ecrs:

[fo] - p'1—q)r+(1-pgli—r)
[fl pi—g)+ag(1—p)

§ 10 IIpeamvsommws TeUeps, YTO XANW OTHOCHTEIHHELA
phposaraOCTH UOPOCTEX® COOMMA @b,c,..., BRCYNTAHEHST Tak®,
gTo05l Y0BIETBOPAIC PALT YCAORIH
A r

fl(a:b cs---)=‘99’m:b:0r--): f"=99”_! fw'—""qua'"-!

i

u Tpedyerca Halirm adcomorEna shpoaraocrs ThXb-ae OpoO-
CTHXT COOHITIH, '
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SambravT, Opemie veero, UT0 KaEA0e JOrHYECKOE DABEH-

CTBO
f(a':b.-c:- ) = 99(“35;0:- )

MOXKETS OHTH TOMAECCTBEHHO 3aMBHEHO DaBEeHCTBOMD

I=fp+f,9,

ryb 1 osmauvaers moruveckifi mips phuu (sh faHBOM®B cayyak,
uipn Bebxs cofmril, 0 koTopexs waers pbus), £ u @ cyTh
orpunasia f u @.

Kpoub roro, ussberao, wro ses COBOEYNHOCYs AAHEWX'D
ycaosifi Bnoaad papHEO3HAYAA CH OAHAMB YCAOBICMb:

I=(f'p'+ . @' )P+ 1" @" )P+ P",) -,
KOTOpPOE MOEHO COKDANICARO NPEACTABATH MOLH (PopMoik
1 = .M(Cﬁ,b,c,d....).

Bs aromt pasemcrsb, rompecrserso sambmaouems seh
gamAus yeaosis, Qymewia I Ha3wBaercs JOTHYECKUMD MIpOMB
pbun sajaud mam mosdol sormu. eguEmued sajaun.

W raws, noxdumenie waaccoss a,b,c,... Beelt coBORymRocTH
HCXONEHX'S YCAOBil Buosab DABROSHAYHO Cb MOXUNHEHiens NXH
ogaomy ycaosio 1=M(ab,cd...), COCTABIEHBOMY DO UPABHIY
yEa32HHOMY BRIDE.

IIycre Temeps p,g,7, .. 03@auaor™s shpoarEocru coburiif
@.b,c,..., HOAYEACHENXD Ye108i0 1= M, u ayers p',q' 7',... —abco-
aorasis Bbposraoctn 1hxb-me coOmriit. Taws rak® aepsus ush
arux’s BBpoarHOCTeil 03HAYA 0TS BEPOSTEOCTH, 4TO IPU HACTYILIEHIN
coduris M. (mipa pbus) caywarcs cobmria abc,.., 10, 1O
rovasamEoMy pambe, ana ompexbiesis aGcomorauxs whpoarHo:
creit p',q',r',.., Oyzems umbrn:
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' [aDM] [bDL]

- - [ed]
p= [M] :q_" [M]’

r=g

rib BB IpABLIXE YacTiXh BIacCH @,b,c,.. RoamBR Ourb san$-
Hens uxp abcomorasmu sbposrEocravu p'.g'\7,..., KOTOpHA K
maiigyred upesb pbuedie cuCTeMW DOAYYCBBHXE aarefpauy.
ypasuemifi. :

Bospmeus mpumbpn. yers mpu BusuManiv 08s ypum
mwaposs 00paulaiu BEEMAHIC TOABKO Ha CAYYan, KOrJa BLHY-
it maps Osap wan 6baeid, wau mpamopmwii (wiuw TO w ApY-
roe BwBerk), u nycrs, mpu »ToMs yeaosiu, Haiifens: p—ubpo-
argoers Obaaro mapa, g¢—Mpamopaaro. Haiirn aGeomornna
nxs phposraoctn p' u q'.

[Tocrpoums cuauaia ycaosie, €b MOJUMAENieMs KOTOPOMY
Owan maifgenst shpostaocru p u ¢. lyers  ects suayrie 65-
aaro mapa, y—mpasopuare. Iearn mpu secuurcsamin  sbpo-
arnocTe MCEAONAAUCH CAYYAM, KoTAa BHBYrHi maps Ouab He
6bamit u me mMpamopHui, TO 3r0 BUAYNIB, 4T0 Oua0 c0GMI0-
zaeMo ycaosie:

xoyo=0’
uim, 4T0 TOXE:
I=ay+z,y+xY,.
M raws, 8p gamEoMB® Cayuah
M(w,y) = xy+z,y + 2y,

e Mz, y)=2y+ 2y, =2
yMimy)=zy-+o,y=y.

A porouy umbems:

_ [Mx]w:p{,yzga‘ q= [My}.v:pf.‘y:ga‘ ,
[M}a:;ﬂ ,y:ga" [M]p:pﬁy:gf
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nan;

Ve BT 29: 7 T8 A e Q’: g7
5 PE (I (1= T P'ep (1— 1+ (1)

Upess phurenie oraxs AByx's anrefp. ypassesiit moayunus

P"=m: q =1J_+‘g_:j
q - P

§ 11. Coraracao ¢b Thur, w10 BECEaBaHO panbe, A1 ompe-
abaemia sbposraoera oanoro cobmria uepess sbposrsocrn Apy-
ruxbs COOuTi, HAMD RAZ0 OpeEKe BCEro JOPHYECKH BHPA3HTH
mepsoe Yepesh OCTAJbHEA, OJT0 HACH 3aCTaBIIET, CKasars BB~
CKOJXBEO CJOBB O npieMaxt onpepbiesis OABOTO JI0OrHYeCKaro
raacca (upocraro waM caomnaro) uepesws seb mam mbroropme
U3% TpPOYAX'D.

Hyers Tpebyerca ompexbaurs mpocToll RIACCH @ uepesth
pch mpovie raaccm b,c,d,.., CBA3ABHEE C€b ¢ W MEEAY €OG0I0
pajoMs ycaosil (MOCHIOKRS)

[=9' ["=9" 1"=9"..

Beb ara yeaosia TOmAecTBEBEO MOTYTH OMTH sambmenn
OAHYM:

1=Ma,b,e,0,. ).

Cs apyro#t cropomsr, ®T0 mocabyEee parencTBo MOMETH
OnTh TomAtcTBeBRO sambmeno cabayommmn Tpems:

a=aM(1,b,c0...)=aM(1)

a=a+M(1be,..) M, 0)bc,..)=a+M1)M,(0)
1=M1,)be,..)+M(0)b,c0...)= M1)+ M0).

3abes M(1) ecrs pesyasrars sawbmemia s gymEEmin
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M(ab,c,...) wracca a ejumuneil, a ero oTpanamis @, BYIEMD,
M(0) ecrs pesyabrars sambmesis s M(a,b,c...) xiacca @ my-
JeNs, a ero orpunamia @ exmmmneil; M (0) ecrv orpumamie
¢yseniu M(0) miam, uro Tome, pedyaprarh sambuienia Bs orpu-
nasin Qyasnmizc M, 1. e. 8p Qysenia M (a,b.c,...), wIacCa @
HyJ€MB, & ero OTpUmaHil @, elmHumed.

W3 mocabpauxs Tpexs DABEHCTBH NEpBvUe INOKABHBAEIE,
yro @ cogepuurca vn M(1), Bropoe—uro @ cojepmurs BH cedh
M,(0)M(1). Borp mouemy 9T Asa paBeHCTBA MOMHO 3aMBHATH
HepaseHCcTBaMu

a<c M(1), a>M,(0)M(1),

KOTQpESA Haj0 NOHAMATL B cumcab: @ me Goasme M(1) u me
measme M (0)M(1).

Hakomeirs, tperse pasercrso 1=M(1)+ M(0), sasncauee
0TB KJACCOBD ,C,0,..., HO HE Ccolepmallee KIaccd a, IPeicras-
JseTs yciaopie, KOTOPOMY, BB CHJY HEPBOBAYAILBHXH yCAOBiil,
nofgunaesst 5 asb Qysrmin M(1) u M, (0)M(1), nomomio KO-
TOpHX1 onpepbiserca a.

Bs cayuad, xorja arm ab QymEnic JOPHUECKH DABHO-
BHAYHK, T. €. KOrja

M,(0)M(1)=M(1),
1Ba HepABEHCTBA, ONpeRBidOmia @, cyrb:
a> M(1), a<<M(1),
T. €. JOCTaBIAIOTEH OLHO PABEHCTBOI
a=M(1).

Eecan menaems onpepbiaTs ¢ W8 TOTO-A6 ypasHeHin 1=
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Mlab,e,..) e wepess Bch, wo uepess BBEOTODHE WSH HIACCOBBH
bc,0..., 10 BEH FaUIHie KAACCH HAJO0 MCKIWNYATH UH DPABEH-
crsa 1=M(ab,cd...). Has 910ro BCEMIOYERis AOCTATOYHO' 3a-
ubenrs By pasencrsb I=Ma,bc,...) BCh HCRI0IaEMEE Kiac-
CHl, & TaRe uxs orpumanis, egmanmamu. [lycrs pesyrbTars
nceaiovenia Gyrers: 1=M', rpb M' sasucurs 015 @ a4 ABKO-
TOPWXB WL UPOUAXD Kaaccoss. 3arbui ocramerca onpepbaurs
a wsh pagescrsa 1=IM' cosepmenHO TAKD, KAKT WE BRME
onpesbasia ero usn pasescrsa I1=IM. '

. Tagn ompeghagerca mpocroii kiaccs vepess sch mam ab-
KOTOPKIe IPOYie WPOCTHE RAACCH HA OCHOBAHIN KAKOPO OH TO
Bi OBI0 Yncaa JABHEBIXT JOrUYECKNX'b YCIOBii.

§ 12. Odpamaesca kn ompeakiesioc CAOKREHXD KAACCOBD,
1. e, (ygxmiii.

Jerco mowasars, yrTo sormueckas (yEKmia MOKersb OHIL
BELPARENa uepest mpocrse kraces (sed wam mbroropee) xame
Torga, KOria pTE nocabiRie He MO UMNCHM RHEARUMD YCIOBHEIMD
DA BEHCTBAM.

Bo camoms abad, myers Za@n % npocrsie KIACCH ,b,C..
He CBASAHENE MEmAy c00010 HEKALHME YCIOBIAME, W CEOHK-
mnit waacen A, rab A4 osmavaers omnpegbiemrmyo Qymriie
rEXBp-fe KkaaccoBs. Bb Tamoms cayuak, mosomurs A=w, nin,
uro rome, 1=Aw-+ 4w, NOmeMD crasarTs, Yr0 MEH nmbems
-+ 1 TPOCTHXT KAACCOBT: W,a,b,C,...., KOTOPHE MOZINACHN YCIO-
Bi10

1=Aw+ 4w, =Mw,abc,...).

Msn sroro yeaomis w momers Ourh onpepkienn wpocroi
kraces w (1. € (Qyssnia 4) wepess Bch mrm whroropue wss
PO MXT KIACCOBD (10 MPABAAANMY, YKABAHHENT GBRE.

Taxumn 06pasoMs, PA3CMATPUBATIE XOTI-GH TOALKO OXHOI
aornyeckolt Pyexmin coswbcrE0 Cb HE3ABUCHMMMH DPOCTRIMU
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EJ12CCaMU 0GpamaeTs sajady ust GesyciosHOH BB yCAOBHYIO.

Ecam, panows cb % BesasmcHMEME TDPOCTHME EIACCAME
@,b,C,..., MH HauHeMs pascMarTpuBars M QyHELH Uv,w,..,
T0, énena pALE 0003naveHii

U=u, V=0, W=w

yere g

ME H0AyYaeud 3ajauy 00%h %-+m HPOCTHXH KIacCCaxb: @,b,c...,
w,0,% ..., TOJYAHERHRXs YCIOBiO:

1=wU+u, U)o V+v, V,)wW+w, W,)....
= M(a,byc,. w3150, W,...),

U35 EOTOPAI0 00 MPPATHAYIIEMY ¥ MOMKETh OHTsL J0rAYecKH
onpeibiers a06oil ms® K1accoss %0, ... noMOmin Bebxs uam
BBEOTOPHXD M3% IPOYHXT KIACCOBBH, T, o, Haiigercs awobas
ush Pyakniii U, V,W,... nomomio sehxs uam mbroropuxs nss
AAHBHXD OPOCTHXD KA4CCOBH u BeBXT miu BBEOTOPRXH H3BH
0poyYnxs Qymemii.

Hakomens, ecin mpocrse # kiacesm a,bc,d... cyrs sapa-
CHMHE, CBASAHEHE MEemRJy Co00i0 p yciaopiaMu

A'=B A'=B", 4"=(",...,

rat A'\B',A",B",.... cyrs {ysrnmin a,b,c,0,.., 10 mpu ompexk-
JAeHin ONHOH usn paga m Pymemii

U, V,W,...

up Gyaems mmbre sagauy 00 %+ m HDPOCTEIXD BAACCAXE: @b,
C,0, ooy Us0,W,.,., CBASAHAHXD MEEAY COOOI p--m YCIOBigMu

A=PB, A'=P,.., u=U, o=V, w=W,..
uiId, 4T0 TOWe, OAAUMB YCIOBieM':

54



—_ 15 —
1=(4'B'+4' B ) 4"B"+ 4", B",)...(uU+u,U, )0 V+0, V,)..,

KOTOpOe MOZAO 0300pasuTh TAKS:
1=Mab,c,0,.,uv,w,...).

Orcroga u Momkers OnTh Haiifema mo mpeiwpymesy fodaf
uss Qymenifi U, V,W,.... novouiio Bchxs miu BBROTODEIXE n8s
opounx® (yarniit, a Tagme schx® naum BBEOTOPHXB U8B DPO-
CTHX® KJACCOBS @,b,c,0,.., mnpryeMs vBCH HCXORHHS YCIOBHE
pasemcrsa GyAyTSs UPAHATE BO BEEMAREIe.

§ 13. Bors um uwbems sch pammna gaa pbmenis mocra-
paenHO# BT Havaxh cratou ofweil sagaum o0B ompexbiaeriu
phposarrocru ojHO# (ysruin (oaHOrO CA0MEArO coGMTiA) mnO-
cpercroM® BBpoaruocreil pebXn nap BEROTOPHXT IPOYAXE PYHE-
milf 1 UpPOCTRXD KAACCOBT, Wpejnonaras, uro umocabimie cnasa-
HE Me#Jy co00I0 KakuMB-01 70 BM OWJIO YACIOMT YCAOBHHX'L
PABEHCTRE.

Iyers, mocrynas no mpepsAyweny, MH DPUIIIA Kb paBeH-
CTBY

1=M(a,b,c,..u0.W,. .),

U3 IE.(IZOTO]}&I'O yae meraiovern Beh nuacem m Qymrnin, whpoat-
BOCTH KOTOPHIXD HE JOMEHK OH'Th NPUEHMAEGME BO BREMATIE
npn onpegbaenin pbposrroctr Pymrnin U momomio whpost-
HOCTEH HPOYAXD RIACCOBD @,D,C, o ,0,W,...

Bo rarxoms caysah Mm moaywnmrw:

u<M(1), w>M,(0)M(1),

ral M(1) w M(0) cyrs pesyasrarst samBmenis st Qysrmia
M wxaacea % eyuEANed u myiems coorsbrersemmo, (a ero orpu-
IR OyJAeMT M efunulieil), mMpaueMT MERAY MPOUYMMH RJIACCA-
ME @,D,C,...0,0,... YCTREABAUBAEIC OTHOMEHIE:
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1=M(1)+ M(0)=

]

"Ocraerca nepeiita B oupefbrerio shpoarmocra w. Ilyers
pBpoaTEOCTH EIACCOBD @,D,C, .0,W,..., HalijeHEARa c¢5 cobJiwje~
HieMs BCEX® MNEPBOHAUANBHHXD YCIOBii sajawu, a cabjpoma-
TEIbAO TARME n0ojYnHeHEUmA @ yeaosio 1=K, cyrs pg.7,....
afB,.. Bb ragoms caysab mxm alcoaworEma BEposTEOCTH, KO-
rropim nH Basosems gepess p',q',r,.a'.B',.., BaALO HCEATH U3B
yCAOBIiL: ' '

_laK] _DE] , [K] (K]
PR T T T

raB BB IPABHXT YaCTAXh, MO HpHBejcHiA vucauTeaell w 3HA”
MeHaTelefl KD AUCHIOHETAOMY BHLY, BCE KayecTBEBHGIE CHMBOJE
a,b,¢,..0,W,... ROMEHE OHTs 3aMBHEHN KOIMYECTBCHHNMU CHMBO-
aamm pg'r',..a' B

Hafizesnma orciopa sesmumnm p'g' .o/ f',..., ﬁi'p.ytm
moacrasaenn, smbero a@,byc,.. ,0,w,... BH IpaBus YacTH Hepa-
BEHCTBD

w<M(1), w>DM,(0)M(1),

pocrapars saMs aGcoioraus sbposrsocrs Qymenii M(I) u
M,(0)M(1), . e.upexbast gua afcoxornoit phpograocra fynr-
nia .

Oguaro, HaMb HYEHO 3EATH He abCONOTHYI0, HO OTHOCH-
rensEy0 BEpOsTHOCTS (QYBENIM %, & WMEHHO TaKyoO, BB KOTO-
poii Gmau Gul DpEEATH BO BHEMAHie BCE YCJNOBHEI DAaBEHCTBA
safaun, a4 cabi. rawme u ycaosie 1=K. Bp cuiy goxasan-
saro pamke, Tagoro poja ormocareasnus Bhpoarmocra (ymn-
niit M(1) n M,(0)M(1) cyrs coorsbrersenno:

[M(2)E] [M(0)M(1)K]
K]’ K]




i TT
b Beh mavecrseEmEe CHMBOJN @,0,C....0W,... ROILMAE OHTH
samhmens coorpbrereennsiMu abcoarammMu Bhpoarsoctamu p',
g7yt yee. Ho
K=M(1)+ M0),

a moroMy

M 1)K = M(1)[ M(1) + M(0)] = M(1)
M,(0)M (1)K = M, (0)M(1)[M(2) + M(0)]= M, (0) M 1).

Cabosareasyo, oraocurensssrd shpoaraocra Gysruiit M(1)
n M (0)M(1) cyrn

[D1(2) [M (0O\M11 1]
[K] (K]

Eecam rags, T0, HaswBasg WUCKOMYI0 OTHOCATENbBYIO BEpO-
arsocrs QyRsnio % depess P(w), moayuumb

| ] g, [0
(1) Plu)<<—5= [K] .P{%))-—-——[jf]—-——’

rik Beb wagecrBeBHRE CUMBOAN  @,D.C,..0,W,... KOAMHER OLITH
sambrenn cumposayu p'.g'r,...a" B ... Tlocab rawoli sambum
pwbero 5ruXb MOCIBAREXT CHMBOAOBL XOMEHE OMTH MOACTA-
BIEHR HUX'H SHAYEHIHN, BEDAMCHHHS NOMOMID 2,4,7)..0H,.. HA
OCHOBAHIM paBeBCTHE:

(2) p= [GK] g= [b-K] e [”K] ﬂ_[W-K],
- n ] e

AR i R K [&]"™™
b EOTOPHXb npejBapureabao ROJREO ORITH GJI'IM&BO TO-ie
sanbumenie caMponoss a,b,c,...0,%,... cumsorann p'.q' ' ...a' L ...
Ho ecam BB Qopmysaxdp (1) u (2) KauyecTseRHNE CHMBOIN @,
b,C,...,0,W,... 32MBHAOTCH KOAMYCCIBERANME cAMBOIAME ' \g' 1" ...,
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a'\B,..., goropsie Bcaban sarkus ucsaovatorcs musn (1) momo-
wio (2), To nomarmo, uro Bhrs majgobHocTy nbiaTe O3HAYEH-
Hoe sambmenie ma camoms® jbak, a cosepmerso xoCTATOYED
Hayare cumrars BB (1) u (2) KnueCTBEHHHE CUMBOJH @,bC,...
V,W,... RAKH-O51 KOAUYCCTBEHEEIME W HCKJIOUATH HXH, 10 Npa-
paaaMs  Aarepr, use (1) momomino (2). Taxums o6Gpasoms,
oxonyaTesbEAd Qopma pBmenia sazaum 06% ompexbiemin P(u)
momomin ormocar. BbposrEocredl p,g,r,...,a,8,... €CTH TaKoBa:
IIOMONIII0 PAaBERCTBb: -

E=M(1)+MO)=2"=22x, P2 _

rah, mo npupeicHin BCBXD MROPOYJAEHOBS KB LUCHIOHETHOMY
BHAY, CHMBOJN @,b,C,..0,w,.. NpEAEUNAIOTCS airefpanveckumu,
MCKJI09ATH BCL BTH CHMBOAL ¥3TD NAapH HEPABPHCTBE:

Blu) J—ﬂgﬂ, Pou)> Ml’iﬂ(—-ﬂ
BB KOTODHX® TOME BC MHOTOWIEHH AOMRAN GHTH UpUBEKe-
HG KB RUCHIOBETHOMY BHAY, CHMBOJH-KE 0,b,C,..0,W,.. TPak-
TYI0TCH KOAMUECTBOHHLMH,

Taros® ofmift cnoco6s phmenin saxauu, (opyyiuposannoi
pp Bayarh craren. Raws Bugwms, BooOme Axg uckomoif Bbpo-
sraocTn P (%) mOIyuanTes TOIBLO npep’bast, MewAy KOTOPHMHA
OHA CONEPEUTCA; U TOALKO TOTKA, KOTAA

M, (0)M(1) = M(1),
noayyaerca ‘rouysoe oupexpbiesie P(u), nmenso:
M)

%
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§ 14, OGpamaexca ks mpumbpams.

Hpumnps 1-¢. Ilycrs vbpoarmoers, 9ro yMpers BB Ta-
goMs-10 rogy wim A, wau B, (nau o6a), ecrs p; BBposTHOCTS,
9T0 HE yMpers Bb TOME Ke ropy wix A, min B (mim o6a), ects
g. Hafira sbposrmocTs, uYTO yMpers BT TOMb-&e TOLY TOIb-
KO OfMHG ush aAnxs (1. e. aau 4, upn vems B ocramercs
#UBB, NIA O6PATHO).

[lyers 2 coburie cmepru A4, y—cuepra B.

Jans: P(w-+y)=p, Pz, +y,)=q. Uwerca P(zy, +z,y).

3nber Mu mmbems 3 Qynsmia. [Hosomumr:

B+ Y=8, x,+Y, =, xY, +yz, =w.

3aja4y MORHO CYATATH COjepmaleli naTh IPOCTHXD KIAC-
COBD, CBASAHHEXT OTHMM TPEMd YCIOBIAMH, I, TIO TORE,
OXHAMSE CABAYIOmUME:

1=[8(z+y) +8,%,9, 6@, +9,) -+, 2y]<
<[w(ay, +5,9) +w, (@Y, +2y)] =
= Sbwxy, + Sbww,y -+ S5, W, 2y + 8 Iw .Y, .

Haus majo mafiTh u3H 9T0r0 pPAaBeHCTBA BHpAMeRie xig
W uepest 8 u f; JAMHIE RIACCH & M § HAXO UCKIOYATH (YT0
gocruraerca uoacramosroo: x=1, y=1, x, =1, y =1). Pe-
8yJbTATH BTOTO MCKJOYEHIH €CTH:

1 = M(8,},w) = stw + 85, W, + 8, tw, = M(w),
oTIyAR

M(1)=st, M(0)=st, +8,8, M, (0)=st+8,,

M, (0)M(1)=st, K=M(1)+ M(0)=s+s,t,
Ks=s, Ki=1is-+1s, =t.

Taxs waks po gamsoms ciyuab M (0)M(1) passo M(1),
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TO JABAa Hepasescrsa, ompepbasiouiis (ysrnio w, CBOAATCA HA
OAHO pPABEHCTBO ‘

w=DM(1)=st.

W pbiicrsmreasso, npomssefienie $=2Z-+y Ha t=z, -+,
eCTh W==2Y, +,Y. ’

A raxh, uckomas shposraocrs P(w) oupeabanres pasen-
CTBOMT

P(w)=M(1)= st
K s+st’

nocak HCRJOYeRis BSD HEro, CYHTAEMHXT KOJAUYECTBERHRIMH,
CHMBONOBD § W ! IOMOULII0 DABEHCTHD:

Wat srnxs pasedcrss uybemu:

s ¢ s+t _ s+i—K

= s+ t—I(s+ (1—s)t) _l—t+is_ts

— —

K BV 3

CabroBaTensno, OKOHYATEABHO;
¢ . P(wy=p+g—1.

Jas moshpeu sambrams cabayiomee. Ecan P(x+9y)=p
10 P[(z+y),]=P(x,y,)=1—p. Touto Taxs-me, ecau P(z, +
+Y,) =4, 10 P(ay)=1-g. ' '

Cakx.

F(zy+a,y,) =P (zy) + P2,y,) <R—p—q,
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a moroMy
F(wy, +,y)=Pl(zy+2,y,),]=1—[2—p—q]=p+g—1,

pe,sym:'ram, Boo18’k coraacamii ¢b ualileBHRIMB BHIIe.

IIpummps 2-04. [ycrs sbpowroocrs, wro csupbrear A4
HOKASWBACTS HCTUHY, €Clb P; Bbposrmocts, uro ceupbresr B
NOKA3LIBACTh HCTHHY, €CTh ¢, Bbpoarmocrs wecosuaAjCHin UX'D
nokasagik ecrs . Halitu sbposrmocrs, 4to ecinm uxts mogasa-
nid cOBHAJAIOTH, TO WOAYIAETCH  HCTHHA.

Iyers wraceu cayuaess, xoria csufgbresa 4 u B covr-
phrcrBenn0 MOKA3KLAIOTS UCTHRY, cyrh & u y. JaEw:

P(@)=p, P (y)=q, P(zy, +a,y)=r.
Mwerea ornourcnie

Play) _ Play)
Pay+x,y,) 1—r’

Ouesupuo, pocrarouno maifrn roavko P(xy) uoepeacrsods

pg n .
Iycrn
@Y, +2,Y=8, BY=w.

Cosogynnocth 9TuXh ABYXD YEAOsii pasBosgavna ¢'b 04HUMD

PABCACTBOM®:
1 =ws, w0y +w, ST,y + 8,%,y, + STy, ).

Borh R4KOMY YCIOBIO MORYMHEHA AABNA 3AAQ4A O UETHI-
pexbh upoctuxb Kaaccaxu 2,y,8,w. Tpedyerca oupexbinr, w

uepess peb mpouie waaccu. Mubews:

L 4
1 =ws,zy + W, (2, +8,2,9, + szy,) = M(w),
M(1)=s,my, M0)=s(x,y+zY,)+83,Y,
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M,(0) =s(@y+,y,)+8,(@+y), M (0)M1)=s2y=M(1),
K= M(1)+ M(0) =82y +8,2,Y, + %,y + s2Y,.

Taws waxs M, (0)M(1)=M1)=s,2y, 10, BMBCT0 ABYX'
HeDaBEeHCTBS, W oupeibiaderca OXHMMS DPABEHCTBOMD

w=S$,2Y.
Kpout roro,
Ko=s xy+sny,, Ky=sxy+sz,y, Ks=szy-+szy,.

Cuuras 2, y @ § ©0AUYECTBENHEIME CHMBONAMH, HAMD HA-
J0 MCEMNIOYETE UXB HSH (POpMyin:

P(w) a%%y

IOMOIiX0 oTHOUIeHii:

DYS,+TY, S __ TYS, +H,YS T ys+ay,

SZK =8, 2Y +8,%, Y, +8T, Y+ STY,.

p q r
Aubens:
r="%Y | %%
K x °
=57y | %Y
="k x :
i O S SR BN o 280N %Y __ o
o dds dun Sl ab < b
Caba.
So&Y _D+g—r
K 2
A moroMy OKOHYATENBHO: e
+g—r
P)=t=—,
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Play) _ prg—r
Pay+ay,) 21—r) "

Hpumnps 3-%. Uycrs uss mabiopenii orsocHressno sud-
Jemif pp wakoif-uubyns mbermocr: maiizeno, 4ro p ecrsb shpo-
armocts uochwenis orxbisuaro foma ropauroil, g¢-— xoaepoi,
r ects sbponraocrs memocburemis xoma o0hmuu Goalsnawu
npyd yAOBJETBOPUTENLHOCTY CARUTADEHXD €ro yCaoBii.

Haitrn vBposarsocts neyLoBieTBOPHTEIbHOCTH CARNTIAPHHXL
yeaosiit orgbasaaro poma Be To#-ke mberaocrn.

Iyers z—mochuienic goxna ropausvil, y—xoiepolf, z—ue-
YAOBAETBOPHTEALNOCTh CAHUTAPHMXT yeaosili goma. Namw:

P(x)':'p: P(?f)“’Qa .P(:cuyuzn)=r.

Haitra P (2).
Hyers

woyozu =w.

Ycaosie, £0ropoMy MOAYMHEEA AABAA] 3aJaYd O YETHPeX’D
UPOCTHXD LJACCAXD &,Y,8,W, CCTH

1=wz,Yy,%, +w,(a:+y-&-lz)==F(z).

Orciofa Bajo malitn 2 HOCPEACTEOMD ,Y,%.
Hnbenn:

F(1)=wu! F(O) :moyo +wo(w+ y)!
F,(0)=w(z+y)+ w5y, F,0)F(1)=w,,y,.

Cakposare1bHO
3<wo i 3> wn‘xo yo i
Kpouk wovo,

K= F\1)+ F(0)=w, +wa,y, +W, (@ +Y)=10, + W,
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Kz=aw,, Ky=yw,, Kw=wzy,.

Hago ucwaiouurs, cumraeMue KOXAYCCTBEHHMMH, CHMBOJH
W%,y UsH HEPABEHCTBD

P(5)<3, Pe)>"p

noMomio 0THOmMERI;

EU.E“ ='%=%=K=w + W y
r o ovo"

» q
Wnbemn:
wu 2,2%%, _ wmo yo ﬁ‘!.l)iﬂuyoiz““"?'):K(I ___'r); %‘:1_,’.;

T, +wzy,, D —— K—zw,—wa,y, W2, Ty Wy,
p+r 7 o l—p—r= T e K’

Y, Hwz,y,, I, =K__"ywo"_wmo? o Wo YW, =?5"‘-1%’0.
ki 1—-q—v T T 4

w, @,
(I~p—r)(1—g—r)= Lozt

(I—p—rll—g—r)__w,'zY, K w2y,
I—r K . w, K

A TOTOMY OKORYATEABHO:

—r)(1—g—r)

P(s) <t—r, P (>0l

Ipumnps 4-4. TIycrs OTEOCHTEIBHO MAPOBL, HAXOXAMUXCH
pe AaEBON ypub, wssbcrso, uro Bearilt Obamii maps ecrv niu
kpynesi, wig wempamopumsiit. llyers wpu paEuvadin maposs
ush 9roit ypam ofpamaercs pamyamie TOAbEO HA Takie cayvam,
Korga BHEYTHI maps ecrs uanm Obawii, winm wpynemi#, wiu
mpamoperii, Ilyer, mpm oraxs yesosisxs maiinemo aas pbpo-
ATHOCTU Cay4as, KOUrAs BHEYTHE mapv ecrs § Ohywi, wEpyn-
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anlf, gucao p. Haliru pbpoarmocrs, yro GyAers sREYTSH mWapb
wiv Obastit, w0 eEpyummd, wiw, ecan ne Obamii, ro mam Kpyu-
gnif, mIg-Ke MPAMOPHEI. “ ’
[Oyers x—saayrie 6baaro mapa, y—kpynsaro, &—mpa-
MODHAIO.
[lepsorayaisarsl JBa YCAOBiH 3ajadil CyTh:

=2y + 2,)
I=x+y+-e2.

Tama whposraoers P(zy)=p. Yieres sbpostaocrs P(zy, +
, (y + 2))-

[Horomums

Yy =u, oy, +x,(y-+2)=0.

Mounuo crasars, 9ro JaEEas B8ajaaua COAEPEHTH D mpo-
CIWMXD KAACCOBYL: 4,2, %, ¥, NOAYHHEHNXT BCEMD, namucas-
BEIM'G BRIOTE, versIpeMt yeiosiams., Beb aru ycaosis cosmb-
Waires BH OXHO cabayouiee:

1=, +y+ 2, [+y+ e]luwy + w2, +u,9,]<
<[vwy, +vx,y + 08,28+ 0,29 +9,2,Y,2,] =
=W, ZY + U, VB, Y + U, V%2, ~+ U, VY, 2, -

o cmecay sajaum, OTCORA Tpebyercs omperbiurs v ve-
pess . Jumaie rxuaaccu: @,y ROMEHH ORTH ACKIIOYEHH, 4TO
JOCTATAETCS NOJCIAHOBEIO:

B=y=z=x,=y, =2 =1
[To meraouerin WOAyYUMB:
1 =uw, +u,0=F(v).

Orcioga aubems:
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F(1)=u,, FO0)=u, F,0)=u,, F, 0)F1j=u,.
Crbx. 8w gasaoms cayuat v oupegbasercs paBedacTBOMD
v=1u,.
JNanbe, umbens:

K=F(1J+HO}=-uo+u=1.

Cakbrosareanno, yeaosie 1= A&, Koropomy nogyuacaa Qyng-
13 %, cpolurcs Ba TOmAecTBe 1=1, 4YTO pPaBHN3AAUHO CD OT-
CYTCTBIeM's BCAKATO YCAOBis, A NMOTOMY NOAYYUM'D OKOHYATENLHO!

P)=P(u,)=1—p

TIPHJIOKEHIE.
0 HYMEPHSAI[TH JIOTHYECKUXD PABEHOTES BOOBIIE.

Bame (§ 1) 6wmao mokasano, Yo KaRAOMY JOTUYSCEOMY

paBesCTBY
(1) f(a,b,c,... )=p(abc,...)

cooThTCTBYeTH K€0JUUECTBEHN0e PABCHCTBO:
(2) N [f(ab,c,...)]= N[p(a,be,-.)],

BHIDARAIOLEE PABEHCTBO qucens IpejiMerosh, COJAepKRAILUXCH
| Bb Kanccaxs [ u .

Upess pbiemie o0buxs yacreil a1oro nocakxearo pasencrsa
Ra uuero N(1), osmavatomee 4ucao0 mpeimerosh Mipa phuum,
IOXYYAETCA eime OfHO TUCIOBOE DaBeHCTBO

(3) P[f(a,b,6,...)]=P[p(a,bc,..)],
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BHpPA®AOUEe PaBeHCTBO BPOATHOCTEH JOIMUECKNXS EIACCOBD
fu e

HasopeM® Ax8 Kparkocrs Depexoxs OTh pasencrsa (1) ks
pasercIsy (3) mpobabuausauied normiecraro pasescrsa (1);
mepexoish-#4e 0Tt paseHcTsa (1) Kb paBerCTBY (2)—HYyMEPUSAULHE
xzoruyeckaro pasescrsa (1).

Bume MH 3aHEMaIHCH Henocpedcmsernodw npobaduausamnieii
JOTHYECKAro paveacrsa, Abras mepexoixs IPAMO OT'H PABEHCTBA
(1) ®n pasercrey (3), Gesh HOCPEACTBA TPOMERYTOYHATO PABEH-
crpa (2). Ilpm sroMBd Jus ycranoBiemis csoiicrus cmmsoxa P
paMB ORIC HEOOXO0AWMO 110J4b30BaTHCI BBKOTOPHME MCTHHAME
Teopin Bbpoarsocreii.

Ho ecau M mocrpoums HpaBuia Jia Iepexopa OTH pa-
sescrsa (1) ©1 pasedcrBy (2), upuyem’s upH YCTAHOBIEHIH
csoffcten cumoaa N yme Beanss 6yeTd HOAH30BATHCH HCTHEAME
Teopiu Bbpoarmocreif, 10, »h BUAY UpoCTOf CBASH MEEXY pa-
pegcrsanu (2) u (3), Bh NPABEIAXB DTUXD MH MOAYYuMDB BME-
cvb c¢v rhub moBmii  cmoco6n  ompepbaenia HBEOTOPHIX D
cBoficres camsoaa P. '

Cabayers raxime sanBTuTs, Wro pasencrso (2) Mokers unbrs
smauemie me TOJsE0 Bh wavecrsb mpovemyrToumaro memxy (1)
u (3), Bo u camo mo cefh, Taxs KAKH OHO MOMETH HaHTH ce-
6% mpumbmemie BB apyruxs obiacraxs smaniif, manp. »s Cra-
TacTaLb.

OGpawmaocs &b MOCTPOEHIIO MpaBmi® BYMEpHSAIin Jorpye-
CKUXD DPaBEHCTB.

Jlis gyMepHsamiz Jorud. pPaBeHCTBA AOCTATOYHO HYMEPUSH-
poBaTh KamAyl0 €ro Yacrh MOPOSEL u 3arbws IpupaBEATH
Memjy coGoio pesyanrars. Taxaus 06pasoms, #ymepusamisa Jo-
THYeCEUX's PpABeHCTBh CBOAUTCA KB ByMepusanin OTAEIBHEXSD
JOIMYECKEX (ynEmiil,

Onpexbaenie umcra MPeAMETOBB, COAEPEALUXCA BB EAM-
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xomM®m Joruy., waaceh a, 1. e. wncia N{a), somers Owrh R0-
CTUrBYTO HOMOULI0 HEUOCPEACTREHHATO WXB CYeTa HA CAMOMD
abak. Onmaro, sHas saBucHMOCTD MemAy HEKOTOPHME U3B CuUM-
Boa0ss N(a), Nib), N(a+b), Niab) n op., vermouens ompe-
rbasTh BeAEYEAY OJHEXB U8B JTUXD CHMBOAOBG 0O ARHHEIME
BeANYUEAMD JAPYIHX'D.

Veragosaceie pasEHX’s BUAOBT BaBHCHMOCTEH MemAy pas-
anyeamME cumsoaaMu N u cocraBiasers OpeAMers Teopiu my-
MePUBAILIH. ’

Hafizemn cmayaja ormowenie MCHAY NABYMS CHMBOJNAMM
N[, (abc..)] n N[flabe,..)], tab f, ecrs xornueckoe orpu-

nagie f.
V3s soraueckaro ToisLectna

fla,b,c,...) +f(abe...)=1
nmbeMn:
N[f(abc...)+f,(a,bc,..)]= N(:{).

Ho Takd kakt upoussejenie ff, pasno mymo, o BCh
npeaserst QyHE@in £ orsudEn 0Th mpegMeross Qynsuia £,
HOTOMY

N[f+£,]=N(F)+N({.)
u cabjposarennno
N({f)+ Nif,)= N(1),
OTEYAQ

N, (@b ,6-)] = N(1) ~ N[f(@h,..)].

1o u cers uckomoe orgomenie. Jban vn mems 00b yacrn
B N{I), mOAyYUM's OTHOMmERie

P[f,(abc,...)]= I—I[f(w by, .,)],
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T, €. OHY M3D ocHNBORXTL ucraas Teopim Bbpoarmocref,
Haiigens srpamenie gan cnmpora N(a-+D).
Eean ¢ uw b XACHOBRTER, T. €. ab=0, TO MOHATHO, 910

N(a+b)=N(a)+ N().

Ho noyers @ u b kossi0OHRTEE, T.€, ab OTINYHO 01 HYAH.
Wst 10rnyeckaro TORAECTBA

a=ab+ab,,
rah BB mpaBoit dacrm o6n WieHA JNACHOHKTHH, MONYYREM
N(a)=.N(ab) + N(ab,).
Toyno Takme wsmH TOIRAECTBA
b=ab+a,b,
rgb omats o6a urena wpasoii yacrTH JANCHIOHETHN, HAXOAAMB
N@y=N@b)+ Mab).
Craajuvasn supamenin gis Na) u N(b), Oyrems umBrs:
N(a)+ N(b)=2N(ab) -+ N(ab,) + N(G,b).

Co apyro#t croposm, cyMmMa UpeABHAYUMXB BHpazenii
a1 @ u b pocrasaners mams (54 OCNOBABIM O0W@Ar0 B8aKORA
JOTHEE MM =m) JOI'NYECKOE DABEHCTBO:

¢

a-+b=ab-+ab, +aDb,

BH KOTODOM™ BT
ApyU's Ch APYroMs. A mnoromy

N(a+b)= N(ab) + N(ab,)+ N(a,b).

npasoil wacrts BCL Tpu 9reEd AUCTIOBEKTHE

Cpasrenie 9r0r0 BHpa#eHia b BAiIEHANMT BHIIE TOKA-
BHBACTT HAMT, 410 BOOfine '
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. B
N(a+b)= Na)-+N(b)~ N(ab),

OTEYJA, BB YACTHOCTH, AIA cayuas, Korid ab=0 u cabs. N(ab) =
N(0)=0, noaysuus, wakr u padbe,

Ma+b)=Ma)+ Mb).

Janke, rergo supbrs, uro sooGme (85 cmAy AZOKAsaHHATO,
a Tak®e 3aKO0HA MM =m):

N(a+b+cj=N[(a+b)+ c]= N(a+b)+ N(c)—N[(a+Db)c]=
= N(a)+ N(b)— VMab)+ Nic)—N [ac+bc]=
= N(a)+ N(b)+ N(c) —N(ab) —[ Niac)+ N(bc)—N(abc)] =
=[Na)+ N(b) + N(c)] - [N(ab ) + Niac)+ N(bc)]+ N(abc).

Tou4r0 TaRBKE MH HADLIE-08:

N(a+b+c+0)=[Na)+ N(b)+ N(c)+ N(©)]—
—[ Niab) + N(ac)+ Niad) + N(bc)+ N(bd)+ N(cd)]+
+ [ N(abe) + N(abd)+ N(bed)] —
— N{abcd).

3akouT, mOCTpOeHis HTHXB QopMyxs ouesniews. Br uacr-
HOCTH, EOrJa BCH claraeMsle KJACCH AUCHIOHETHH MemJy CO-
0010, ME BAXOJUME: B

. N3g)=ZN(a'),
oTkyAa, 10 paspbsedim Ba N(I1), moayuaems orsomesie:
Pd +d'+a" +...)=Pa')+ Ra")+ P@a")+ ...,
r.'e; eme oxmy merusy Teopim Bbpoarnocreil, na xoropyo Mi
CCHLIZINCH BHIIIE.
Momuo maiita nHOE BHpameHic Aaa cumposn NIa'i),
Tarks kaks &b Jorugb umbers mbero Toumpecrso:

a'+a"=ao +d a",
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rat BB mpasoif gacru oba as0m8 AHCHIOHETHE MeEAY €006010, TO
N(a' +a")=N(a')+ N(a',a").
Jarke, smag, uro
a'+a’ +a"=ad +ad a"+d a0’ a",

rpb omars Beh uwnedAn 1mpaBoit vacTu JUCHIOBETHN MERAY CO-
0010, HAMEMB: '

N(d' + " +a") = N(a')+V(d',a") + V(a,a",a").
Touro Tannh-ke Haiigems u BoOOE:
M@ +a" + 0" +...)= V@) + M@,0") + V(@) ..

Tperilt upiems fas onpepbiemia cmmpoxa /VEal!) sarao-
yaerca Bb pasiomenim cymusr Fa'®) Ba snementH o0nema (KO-
TOpLIE BCErja JHCHIOBETHE MeEAYy coGowo). [losromy, eciu Ta-
K0e paslomeHie ecTs:

20 =g 8" +8" + ...,
T0 MOHATHO, YT0
NZal) = Vg4,

Haxomens, uwernepraif mpiems ompeabrcmis Toro-me cy-
Boaa ecrb cabpyomiin. Taxs rar® orpunamie cyMms a'+ o+
+a" +.... ecrs upoussefenie @' a” a”,..., 10 TOAATHO, 410

Ma + 0" +0" +...) = NA)—N@,a" a"....).

Odpamaenca ks ompexbaenio camBoaa N orb mpoussefe-
Rid JOrmYeCEUX® EJACCOBD.
Bame Gwio fokasaBo, 4ro

N(a+b)=N(a)+ NV b)—Vab),
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a4 ToToMy
V(ab) = V(a) + V(b)—Ma+Db).

" Jlerko Tarme BuABTH, 4ro
N(ab) = M1)—N[(ab),]= ND—Ma, +8,) . . .. (B)

Obobmeniens 9ruxs Qopuyrs a samuMarcs ne Gyay.
Bubcro Toro, ofpamy smumamic Ba cabayiomee. IIpegmoca$z-
gas Qopwyfa NMOKASHBAETS HAMB, yro, 3Had cmmsoxst N(a) u
N@®), ua eme He Momens OnpeibIuTL BEAMYAHE CHMBOJA
N(ab). Opmako, .Jerko yrasars upejbis, BEYTPH KOTOPHXE
COJEPWUTC BEIUYUEA BIOTO CaAMBOJa; a mymesHo: N(ab) me
MeHbIIe BYJd # Be Goibme maiimenpmaro ush cumpoxoss N(a)
u N(b).

Byis poxasais, wro HERDIH m8H 9TEXB npesbrosh MOE-
#0 Gopmyrmposars olcroaressabe. A WMEHHO, 0R'S 0KASHBAETT,
4r0 /Y(ab) me MeHEme

Ma)+ Vb)— V1),

Bs camons pkab, wusy lIJOpEI[y.'IbI (E) cabgyers, uro
Mab) = V(1) ~ Ma, +b,) = V(1)— Ma,) + V(b,)—N(ab, )] =
= M2)—[V(2)—Ma)+ V(2) — Vb)—Ma,b,)]=
=M“)+Mb) ;M1)+Maobo)' '

Born mosoe smpaienie i3 cmmpoaar N(ab), orkyga Ba-
AuMn, yro, pbiicrenressHo, /V(ab) me mempuIc

Ma) + Nb)— V).

Harbe, g1a ciyyan Tpexs mBomuredeii nmbess:
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e T
Mda"a")=N[(a'a"ya"]= Ma'a") + N(a")—N(I) +

+M(d',+a")a",) =
=Ma')+ V(@) — N 1)+ Md' a",) + Va")—N1)+
+M(d',+a" )" )= Ma')+Ma")+ Ma")—RN(1)+
+[V(d,a") + M(d, +a",)a",)].

Tars kaks Eamusi# n3s camsoross N He MeELIIe HYJS,
10 orciofa cabpyerrn, yro Ma'a"a"") me mensuie

MNa')+ Va") + Ma")—2.N(1).
Taxumu-e CYRACHIAMA MOKEHO JOLASATH, UTO BOOGIIE
Ma'a"a"...at™)) e membme I/V(a)—(m—I1)MI).

Taross Eampiii mepeabns peamyman cowsoxra N or'5 Ipo-
uspeledid Kaaccoss, UTo-iRE KACAETCA BEPXHArO, 10 TOHATHO,
910 BEANUEAA TOI0-ZKe -CHMBOIA He 60JbIIe BEARYHHH HAHMems-
maro n3s cumsoross N(a'),N(@’),..,.N(a™).

Bors cobersenno m see, uro imh uspBeTHO O MPARHIAXD
ByMepusain.

Br saxiouenie sambuy cabpyoiee. Brime MEl mOXyYHId
N3G NpaBuIs HyMepusamizm ABG OCHOBHEA HCTHHE Teopiu BE-
M poa'rnoc'l‘eﬁ. Ognaro, paxapebiimia MCTHAR TOli-7Ke HAYEU ME
‘MOJEEMB MOAYYHTh U3H TPABHAL AYMEPUSALiu TOJREO NpH NO-
Momum rumoresst o pasEoMbpEOMB pacnpexbiemiy IpeAMETOBE
KamAATO KAACCAa [0 BeeMy mnporamemio Mipa pbuu. Haopu-
mBpb, TOJIGEO TpPW YCAOBIM BTOH THIOTESH, ME MOEEMH CRa-
sarh, u4r0 N(ab) cocraBizers’ Ty-me Yacrb OTH N(a), ®arm
N@®) ors N(1), r. e. mammeaTs IDPOMOPIiio.

N(ab): N(a)=N(b):N(1),
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/I T
e B
0TRYZA
. _ Nla)Nb
N{(ab) =1.W%)(1§._1’

n cabgos., mo pasgbienin ma N(I):

P(ab)=%%). %%=P(w)1’(bl.

Tewarano mo ompepbuenin (6ueersa Berecrnomenmraresest npu Il muepa-
T0pckoMs Kasaucxoms Yuunepeuwrerd.

Tipeswaents 06mecrne A. Hmyrentepss.
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Kasaup, Tunorpaein Vuusepewrera 1887 roaa.
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Biography of P.S. Poreckii

Mopeyknn M.C

> - .-‘\\
A

Figure 1: Platon Sergeevi¢ Poreckii.

The photo obtained by the courtesy of Ms. Galina Alexandrovna Aukhadieva, the
Director of the N.I. Lobachevsky Scientific Library of the Kasan State University, Kasan,
Russia.



A detailed biography of Poreckij can be found in [3] and [8]. We present
here basic facts related to his professional work.

P.S. Poreckij received his High School education at the Gymnasium in
Poltava, and then continued at the Faculty of Physics and Mathematics, the
University of Kharkov, Ukraine, where he graduated in 1870. In the period
1871 - 1874, he worked at the same University as a student of the Professor
of Astronomy L.I. Fedorenko. After that, he moved to the Astronomy Ob-
servatory in Astrahan, Poulkova, St. Petersburg, and finally in 1876 to the
University of Kasan.

Poreckij received his Master degree in Astronomy in May 25 1886, at
the Faculty for Physics and Mathematics of the Kasan University. The
master thesis was very positively reviewed and highly recommended by the
famous astronomer Professor D.I. Dubjago, the Director of the University
Astronomy Observatory in Kasan, due to which the Council of the Kasan
University decided to award Poreckij with the degree of Doctor of Astronomy
on a meeting held on May 31, 1889. The diploma was written already on
March 12, 1889, and was presented to Poreckij on April 5, 1889. For a period
of time, Poreckij served as the secretary of the Kasan Society of Natural
Sciences. Because of weak health, Poreckij retired from the Kasan University
on his own request submitted to the Rector of the Kasan University on
March 4, 1889, however, preserving his cooperation within the Kasan Society
of Natural Sciences.
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Scientific Work of Poreckij

As it was pointed out in [4], Platon Sergeevi¢ Poreckij was motivated to
study logic by the famous mathematician A.V. Vasilev, and father of the
founder of imaginary logic N.A. Vasliev, see also [13].

As documented in [2], [3], [4], Platon Sergeevich Poreckij was the first
who gave a course in Mathematical Logic in Russia, at the University of
Kasan.

Poreckij has been primarily interested in logic equations and inequalities,
and application of mathematical logic in probability theory. As noticed in
[3], the method developed by Poreckij in this area has been more univer-
sal than approaches by Jevons and Venn [15], [16], at least as it has been
estimated by Couturat [7].

In [12], it is given a first attempt at a complete theory of qualitative
inference, where under the term quality Poreckij meant one-place predicate
in modern terminology [1], see also [10].

A detailed information about Poreckij, and his work including also a
biography can be found in [2], [3], [4], [8], and [14].

7



Publications of P.S. Poreckij

The following list (in Russian) of publications by P.L. Poreckij has been
compiled by V.A. Bazhanov [3], [4]. We added item 20, the review of which
appeared in [5]. In the same paper, the items 2, 3, 7, 13, 15, 17, 18, 19,
22, 23, and 24 have been reviewed. Item 20 has been also referred in [6],
together with the items 17, 18, and 19.

1.

Determining of geographic latitude of the Astronomical Tower of the
University of Kharkov, Kharkov, Ukraine, 1873, 57 pages.

. " Presentation of fundamental principles of mathematical logic in more

evident and popular form”, Presentation at the Third meeting of the
Kasan Society for Natural Sciences, Collection of Records of Meetings
of the Section for Physic and Mathematics of the Scientific Society of
the Kasan University, Kasan, Russia, Vol. 1, 1881, 2-31.

. 7On methods for solving logical equations and the inverse method of

mathematical logic”, Collection of Records of Meetings of the Section
for Physic and Mathematics of the Scientific Society of the Kasan Uni-
versity, Kasan, Russia, Vol. 2, 1884, No. XXIV, separate publication,
170 pages.

. 70On the question of solving certain normal systems appearing in spher-

ics astronomy, with applications in determination of the errors in the
division of the meridian circle of the Observatory of Kasan”, (four
presentations in 1885), Kasan, Russia, 1886, separate publication, 144

pages.

. 7On the relationship between the days in a year and the days in a

week”, Collection of Records of Meetings of the Section for Physic and
Mathematics of the Scientific Society of the Kasan University, Kasan,
Russia, Vol. 4, 1886, separate publication, 12 pages.

. ”Historical notice on the development of spherics trigonometry”, Col-

lection of Records of Meetings of the Section for Physic and Mathemat-
ics of the Scientific Society of the Kasan University, Kasan, Russia,
Vol. 5, 1887, separate publication, 16 pages.

”Solving general tasks in Probability Theory by using Mathematical
Logic”, Collection of Records of Meetings of the Section for Physic and
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10.

11.

12.

13.

14.

15.

Mathematics of the Scientific Society of the Kasan University, Kasan,
Russia, Vol. 5, 1887, 83-116, (Translated into German).

. ”"Mars-Opposition im Jahre 1879”7, (P. Poretzki) Astronomische Nachrichten,

Vol. 116, No. 24, 1887, 369-372.

. ”Four observations, Mars opposition 1877, Mars opposition 1879, Mars

opposition 1886, Beobachtungen des Cometen 1881 1117, (P. Poretzki)
Astronomische Nachrichten Vol. 117, No. 8, 1887, 131-132.

”Determination of the geographic latitude of the Astronomical Tower
of the Kharkov University”, Collection of Records of Meetings of the
Section for Physic and Mathematics of the Scientific Society of the
Kasan University, Kasan, Russia, Vol. 6, 1888, separate publication,
58 pages.

” Apropos of the presentation by P.V. Preobrazhensky Trigonometric
series of a particular form, Presentations at The 76th Meeting of the
Section of Physics and Mathematics of the Scientific Society of the
Kasan University, Collection of Records of Meetings of the Section
for Physic and Mathematics of the Scientific Society of the Kasan
University, Kasan, Russia, Vol. 7, 1888, 330-334.

” Apropos of the publication by Mr. Cesarski Astronimic photome-
try”, Collection of Records of Meetings of the Section for Physic and
Mathematics of the Scientific Society of the Kasan University, Kasan,
Russia, Vol. 7, 1888, 334-339.

” Apropos of the brochure by Mr. Volkov Logic Calculations’, Pre-
sentation on November 12, at the 81st Meeting of the Section for
Physics and Mathematics of the Scientific Society of the Kasan Uni-
versity, Collection of Records of Meetings of the Section for Physic and
Mathematics of the Scientific Society of the Kasan University, Kasan,
Russia, Vol. 7, 1888, separate publication, 9 pages.

”On the theory of prime numbers”, Collection of Records of Meetings
of the Section for Physic and Mathematics of the Scientific Society of
the Kasan University, Kasan, Russia, 1888, Vol. 6.

"La loi de racines en logique (The law of roots in Logic)”, Revie de
mathématiques (revista di matematica), 1896-9, Vol. 6, No. 19, 538-
593.
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16.

17.

18.

19.

20.

21.

22.

"New science and the Academician Imseneckij (with attachment of
three letters by Imseneckij)”, Nordic Newsletter, December 1896, 103-
112.

”Sept lois fondamenteles de la théorie de égalités logiques”, Bulletin
of the Society for Physics and Mathematics of the Kazan University,
Second series, Vol. 8, 1899, 33-103, 129-181, 183-216. Also a separate
publication Sept lois fondamenteles de la théorie de égalités logiques,
Kasan, Typo-lithography of the Imperial University, 1899, Vol. II, 157

pages.

"Exposé élementaire de la théorie des égalités logiques a deux termes
a and 0", Revue de métaphysique et de morale, 1900, Vol. 8, 169-188.

”Quelques lois ultéuieures de la théorie des égalités logiques (Supplément
au traité - Sept lois foundamentales de la théorie des égalités logiques
7, Bulletin of the Society for Physics and Mathematics of the Kazan
University, Second series, Vol. 10, No. 1, 1900, 50-84, No. 2, 1900,
132-180, No. 3, 1990, 191-230, Vol. 11, No. 2, 1901, 17-63. There
is a separate publication Quelques lois ultéuieures de la théorie des
égalités logiques, Kazan, Typo-lithography of the Imperial University,
1902, No. V, 163 pages.

”"Théorie des égalités logiques a trois termes, a, b, et ¢”, Bibliothéque
du Congrés International de Philosophie, Paris, Vol. 3, 1901, 201-233.

”From the area of mathematical logic”, Physic-Mathematic Year-book
Devoted to the Questions of Mathematics, Physics, Chemistry, Astron-
omy and Elementary Presentations, Second Year, Moscow, Publishing
house of the group of authors Proceedings in the Aid of Self-education,
1902, No. 2, 482 pages.

”Théorie des non-égalités logiques. Supplément aux deux traités - Sept
lois fondamentales de la théorie des €galités logiques et Quelques lois
ultérieures de la théorie des égalités logiques”, Bulletin of the Society
for Physics and Mathematics of the Kasan University, Second series,
1904, Vol. 13, No. 3, 80-119, No. 4, 1904, 127-184. There is a separate
edition Theorie des non-egalites logiques, Kasan, Typo-lithography of
the Imperial University, 1904, Vol. III, 112 pages.
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23.

24.

” Appendice sur mon nouvel travail ” Théorie des non-égalités logiques”,
Bulletin of the Society for Physics and Mathematics of the Kasan Uni-
versity, Second series, Vol. 14, No. 2, 1904, 118-131.

”Theorie conjointe des égalités et des non-égalités logiques”, Bulletin
of the Society for Physics and Mathematics of the Kasan University,
Second series, Vol. 16, No. 1-2, 1908, 9-41 and Vol. 16, No. 2,
1910, 41-118. There is a separate edition Theorie conjointe des égalités
et des non-€galités logiques, Kasan, Typo-lithography of the Imperial
University, 1909, Vol. 111, 109 pages.

Fig. 2 shows the title of the paper reported above as the item 9, and
Fig. 3 shows the closing paragraph of this article where it is written the
name of Poreckij as the person who did the observations.

'ASTRONOMISCHE NACHRICHTEN.

N: 2776.

Mars-Opposition im Jahre 1877
beobachtet am Repsold'schen Meridiankreise der Universitits-Sternwarte zu Kasan.
Mitgetheilt von dem Director der Sternwarte Prof 1. Dubjago.

Figure 2: The title of the paper reported as the item 9 in the bibliography of
Poreckij.
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245 ' 2776 246

Stern « app. E—R d app. B—R Stern @ app. B—R & app. B—R
W. 1261 23" 1™ 2%8 —12°27 5476 W. 497 23" 26™ 7356 —11%40" 1971
W.57(med)| 23 5 37.62 —12 35 30.5 W.571 23 29 976 —11 13 437
Lal. 45504 |23 g o006 —12 13 42.7 B.A.C. 8239 23 34 5110 —12 21 22.0
piAquarii | 23 12 37.83 —io 16 36.6 B.A.C.8285| 23 43 57.96 | —10o 39 16.0 |
W. 315 23 16 58.56 | —10 3 0.4 .
W. 402 23 21 45.21 —12z 7 10.6 1877 Oct. 23 )
\wi.l’;?-: :i :g ;?: _:: ‘:; :":2 531\‘1‘1“?? 22 25 13.96 —11 31 48.7
. ° 64 Aquarii —
W. 629 23 31 55.39 | — 9 18 43 4lauarit | 2z 32 5190 1o 39 43.1
. | 74 Aquarii 22 47 3.96 —12 15 51.4
1877 Oct. 21, Mars 22 52 42.39 | —ol34 |—10 ¢ 22.3 [—1%g
58 Aquarii | 22 25 1388 | —11 31 46.5 W, 1156 22 56 .68 —I1 55 12.6
64 Aquarii | 22 32 51.67 —10 39 42.9 W.iz261 23 1 LOg —12 27 53.4
74 Aquarii | 22 47 4.05 —12 15 52.0 W.57(med}| 23 5 37.37 —i2 35 40.9
Mars 2z 51 19.69 | —oly1 | —1o 26 57.8 | —1%2 | Lal 45504 | 23 8 s59.97 —12 13 43.5
W.origh 22 56 .4 —1t1 55 13.1 Wi Aquarii 23 12 37.73 —10 16 35.5
W. 1261 23 1 199 =12 27 540 W. 315 23 16 58,47 —I10 3 12.4
W.g7/med)| 23 5 37.43 —12 35 39.5 W. 302 23 21 4512 C|—1z 7Ly
Lal. 45504 | 23 8 50,00 —12 I3 44.2 W. 497 23 26 7.40 —11 4o 18:4
P* Aquarii 23 12 37.98 | —1o 16 36.8 W.571 23 29 .74 —Il I3 44.2
W. 315 23 16 58.50 | —10 3 108 B.A.C. 8239 25 34 §50.97 —12 21 21.4
W. 402 | 23 21 4504 —12z j 1L.7 | B.A.C. 8285 23 43 58.03 —1e 39 16.9.

Die ersten 5 Beobachtungen sind von Prof. M. Kowalski, die ibrigen von dem Observator P. Poretzki ange-
stellt worden. '
Aug. 18, 20 und 25 Bilder unruhig; Aug. 26,27, Sept. 1,4 und 18 Mars in Wolken.
Sept. 4 und § ist statt des sidlichen Randes der nordliche, Oct 21 und 23 statt des nérdlichen das Centrum
des Mars eingestellt.
Mittlere Oerter der Vergleichsterne fir 1877.0.

Stern a1877.0 Autoritit " di1877.0 | Autoritit
58 Aquarii | 22" 25™ o288 | !/, (Pulk.4+-Cap+4-GL) —11°32" 68 | 1/, (Pulk.4-Cap+Gl+Y))
64 Aquarii | 22 32 47.62 | Y (Pulk.4-Cap) —10 40 2.4 | Yy (Pulk.+Cap)
o4 Aquarii | 23 12 38.40 | 1/, (Pulk.4-Cap+8j) —14 7 401 | Y, (Pulk.+Cap+5j.)
B.A.C. 8239 23 34 46.82 | '/, (Pulk. +-Cap-+GL~+8j) | —12 21 44.8 | 1/, (Pulk.4-Cap-+GlL.—+8j)
B.A.C. 8285 23 43 53.75 | "4 (Cap+GL+Y.+5j) =10 39 39.2 | Y/; (Cap+GlL+Y.48j)

Der Ort von 1 Aquarii ist dem Fundamental-Catalog von Auwers, die Oerter der iibrigen Vergleichsterne sind
der Gill'schen Besti (Monthly Not. 39) )
Die simmtlichen Vergleichungen beziehen sich auf die Transit-Ephemeride des Nautical Almanac,

Kasan 1887 Februar 16, '

Figure 3: The closing paragraph of the paper reported as the item 9 in the
bibliography of Poreckij.
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References about the Work of Poreckij

The biography and work by Poreckij has been explored in detail and reported
by V.A. Bazhanov in [2], [3], [4]. The famous astronomer D. Dubjago, a
contemporary of Poreckij, was a reviewer of the Master thesis of Poreckij
and a friend of him reporting his work [8].

In [7], the work by Poreckij in logic equalities is presented as an original
method more universal than the corresponding works by S. Jevons and J.
Venn [9], [16].

The work by Poreckij has been mentioned in the review by George L.
Kline of the work by S.A. Yanovskaya (Janovskaja) [1], [10], and in the
review by Werner Stelzner [13] of the book by V.A. Bazhanov [2].

In [11], it is written at page 2,

There was in prerevolutionary Russia a certain tradition of studies in sym-
bolic logic, going back to Poreckij, who published his first work as early as
1881 - two years after the ”Begriffsschrift” 3.

Fig. 4 shows a part of the text of the review by Kline discussing the work
by Poreckij as it was reported by Yanovskaya. This text appears at the page
46 in [10].

Turning to the historical development of mathematical logic, the author mentions the
work of De Morgan, Boole, Jevons, Peirce, and Schrider, and goes on to state that “the
culmination of this period . . . was the work of the Russian logician, P. 8. Poréckij, Loba-
¢évskij’s colleague at Kazan University’’ (p. 19). Poréckij considered his 582 the first
attempt at a complete theory of qualitative inference (by a ‘‘quality” Poréckij meant
what is now called a ‘“one-place predicate’).

Figure 4: A part of the text at page 46 in [10].

3The book by Gottlob Frege published in 1879, viewed by some scholars as the most
important publication in logic after Aristotle founded the subject. The complete reference
of the book is Begriffsschrift, eine der Arithmetischen Nachgebildete Formelsprache des
Reinen Denkens, Halle A /8, Verlag von Louis Nebert, 1879.
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